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1 Introduction

Automatic sequences are one of the links between number theory and theoretical computer
science; for example, see [17, 2]. A sequence is said to be k-automatic if, roughly speaking,
its n-th term can be computed from the (classical) base-k expansion of n using a finite state
machine.

Now suppose that one takes an integer base k, say & = 3, and that one replaces the
familiar digits {0, 1,2} by other digits, say {—1,0,1}. (This example is called the balanced
ternary expansion [29].) Then the ordinary notion of 3-automaticity is replaced by a seem-
ingly new notion, as we consider a new set of digits. Actually, it happens that this new
notion is equivalent to the more familiar one.

Still looking at the balanced ternary expansion, one sees that every integer in 7 (not only
in IN) has a unique representation in base 3 with digits —1,0, 1, up to leading zeroes. Hence



one could define in a natural way the notion of 3-automaticity for a sequence indexed by
Z. The question is then: is there a relationship between the 3-automaticity of the sequence
(tn)nez and the 3-automaticity of the sequences (uy,)nen and (t—y)nen? We will prove here
that the sequence (uy)nem is 3-automatic in this sense if and only if both sequences (uy)neN
and (U—,)neN are 3-automatic in the usual sense.

In the same spirit, consider the expansion of integers in base b = —3, with digits 0,1, 2.
This yields a notion of (—3)-automaticity for sequences indexed by IN, but also for sequences
indexed by Z. One of the results of this paper asserts for example that a sequence in-
dexed by 7 is (—3)-automatic for the digits 0,1,2 if and only if it is 3-automatic for the
balanced ternary expansion, and this is also equivalent to the (ordinary) 3-automaticity of
the sequences (Un)new and (U—y)neN-

Another motivation for defining the automaticity of sequences indexed by 7 arises from
the attempt to produce by finite automata the orbits of linear cellular automata which grow
in both directions [6, 8, 5].

In what follows, we give a general framework for the automaticity of a map from a ring
(or even a semiring) R with additional properties to a finite set V. Our work subsumes
the examples given above, as well as the case of double automatic sequences in the sense
of [36, 38, 37], (note that double sequences are also investigated in [11]), and the cases of
sequences indexed by the Gaussian integers or by quadratic irrationals.

Here is a brief outline of the paper: in Section 2 we give the definition of a (D,b)-
semiring, (i.e., a semiring with digits), (D,b)-automata, (D,b)-automatic sequences, and
(D, b)-substitutions. In Section 3 we give the basic properties of the (D, b)-automatic se-
quences, in particular the equivalence of the definition by automata and the definition in
terms of generalized substitutions. In Section 4 we study the effect of changing the set of
digits and keeping the same base. In Section 5 we both change digits and multiply the base
by a root of unity. In Section 6 we consider the situation where the semiring is embedded
into a ring. In Section 7 and 8 we show how our notions of linked sets introduced in Sections
4 and 5 can be translated in terms of transducers, showing the relation between a “purely
arithmetic” property and a “language-theoretic” property. Finally, in Section 9, we apply
the preceding sections to many situations including sequences indexed by the semiring IN
with positive or negative bases, but also sequences “indexed by” (i.e., maps from) Z, Z?,
the Gaussian integers or a ring of quadratic algebraic integers. We also study the folded
representation of integers and the revolving representation of Gaussian integers. Finally, we
conclude with an intriguing open question.

We assume the reader is familiar with the basic concepts of language theory as given, for
example, in [27, 18].

We point out the papers of Rauzy [34], of Honkala [25, 26], of Frougny [19, 20], and
the recent work of Bruyere and Hansel [9, 10] which, although quite different from ours,
nevertheless share some of the same spirit. We quote also the recent work of von Haeseler
[24] who gives a different, although related, generalization of automatic sequences.

Finally we add that a short version of this paper appeared in [4], and that the reader can
just look at the examples when the formalism in some definitions or proofs seems discour-

aging.



2 Definitions

2.1 (D,b)-semirings

Let R be a commutative semiring [18, p. 122], i.e., a set equipped with two operations, an
addition and a multiplication, such that R is a commutative monoid with unit for both
operations, with the property that multiplication is distributive with respect to addition.
The identity elements for addition and multiplication are respectively denoted by 0 and 1.
We first define digit representations for semirings.

Definition 1 Let R be a semiring, let b € R and D be a finite subset of R containing
0. The semiring R is called a (D,b)-semiring if every element r € R\ {0} has a unique
representation

r=rb’+...+rb+rg, seN, r;eD, 051 < s, 1y #0. (1)
We call b a base and the elements of the set D are called digits.

Remark 1
1. The above property means that there exists a bijection (that we call the digit-bijection)
between R\ {0} and the subset (D \{0})D* of the free monoid D* generated by D. We will

also stick to the usual convention that the representation of 0 is the empty word (in D*).

2. Note that the hypothesis implies that: for every element r € R there exists a unique
d € D and a unique x € R such that r = b+ d. Indeed we write

r=(rd* 4+ 4+ rb)+ro=(rsb 4 )b+ g

Hence the existence of « (possibly equal to 0) and of d. Now suppose r = b+ d = 2'b+ d’,
with d and d’ in D. Decomposing x and z’ as:

t / 1 1t /
r=xb"+ -+ 2o, ' =2aub" 4+ + 2y,

one has

r=abt 4 dagb+d =20 o 2lb+

The uniqueness of the decomposition of r implies that + = ' and d = d’. We then write
r = d mod b, and this notation is well-defined.

Note that the same proof shows that b can be simplified in any product (bz = by = = =
y) in any semiring having the property: there exist a subset D containing 0 and an element
b such that for every element r € R there exists a unique d € D and a unique =z € R such
that » = b+ d, and in particular in any (D, b)-semiring.

Note also that if a semiring has the property that there exist an element b and a (finite)
subset D such that every r € R can be written uniquely as r = zb 4+ d with d € D, this
does not imply that R is a (D,b)-ring: iterating this property to decompose r may never
terminate. For example take for A any set; let P(A) be the set of its subsets. Then P(A)
equipped with the operations A and N is a ring with unit. Take b = A and D = {A}.
Then every element X € P(A) can be uniquely decomposed as X = ((A\ X)N A) A A.



Decomposing now (A \ X) gives (A\ X) = (X N A) A A and the decomposition never

terminates.

3. Our requirement that 0 be a member of D means that our results are not directly

applicable to some common numeration systems, such as base-2 representation using digits
1,2.
Example 1

I. R=IN,beIN,b>2, D, ={0,...,b— 1}, the standard digit set.

2. R=7,b¢e 7, |b| > 2, D a basic digit set for the base b, i.e. a set satisfying the
following conditions of Matula. (See [32, 31], where more general conditions are given.)

e 0D,

e D is a complete set of residues modulo b,

e let § = min D and A = max D, then every integer j satisfying
—A<.< -4 D0 —5b—A<,<—Ab—5
b—1-7 b1 9 -1 —7 = -1

has a representation j = j,6° + - - 4+ 716+ jo, with 5, € D, 0 < k < s.

L ifb <0,

3. Examples of the above Matula conditions are:

b= _27 D = {071}7

b=—2, D ={0,—1},
e b>3 D={0,1,...,b—2,—b*+b— 1}, where k > 1,

e b< —-3,D=1{0,1,...,|b] — 2, —|b* + |b] — 1}, where k& > 1,
e b=k+/(+1,wherek,{>1,D={-k —k+1,...,—1,0,1,..., 0},
¢ b< -2, Dy={0,1...,—b—1}.

4. If R is a sub-semiring of a (D, b)-semiring R', we sometimes adopt the natural conven-
tion to also call R a (D,b)-semiring. For example, one can replace Z by IN in the examples
above. We will come back to this point in Section 6.

5. R = Ry X Ry, where R; are (D;,b;)-semirings, R is a (D, b)-semiring with the natural
componentwise structure of a semiring, where D = Dy x Dy, b = (by, by).

6. R = 7L[1], the ring of Gaussian integers is a (D, b)-semiring for b = —n + ¢, (n € IN,
n>1),and D= {0,1,...,n%}; see [33, 28].

7. R = IFx[X], the ring of polynomials with coefficients in the Galois field, IF,x, [12],
b=p(X), d=degp(X) > 1, D={q(X): ¢(X) € Fp[X], degq(X) < d—1}.

8. For other examples see [29, 22, 23, 21, 35]. The third author [21, Thm. 1, p. 266]

studied radix representations in quadratic fields as follows: let p be a quadratic integer and
let X2 + p1 X + po be its minimal polynomial. Let D = {0,1,...,|po| — 1}. Then Z][p] is a
(D, p)-semiring if and only if pg > 2 and —1 < p; < py.



2.2 (D,b)-automata and (D, b)-automatic maps

In this section, we first define (D, b)-automata and (D, b)-automatic maps. The idea is to
mimic the classical notions, but to feed the automata with digits in base (D,b) instead of
digits in a k-expansion.

Definition 2 Let R be a (D,b)-semiring. A (D,b)-automaton A, (resp. a reverse (D,b)-
automaton A) is a finite automaton with input maps the elements of the set D, i.e. A =

(S,s0, D, 7, V), (resp. A=(S,s0,D,7,V)) with

o a set of states: a finite set S,

an initial state: sq € S,

o mput maps: d: S — 5, for any d € D,

an output set: a finite set V,

an output map: 7: 5 — V.
Let r € R be represented as in (1). We define a map r : S — S for the (D, b)-automaton

A as, (see [18]),
r.s = r(rp-a(-- - (ro)))(s), (2)

and for the reverse-reading (D, b)-automaton A:

ros=ro(r(- (r)))(s). (3)

In both cases, by the usual convention, the empty word (representation of 0) applied to a
state gives the same state.

Definition 3 Let R be a (D,b)-semiring and V' be a finite set. The map f : R — V is
called (D,b)-automatic (resp. reverse (D,b)-automatic) if there exists a (D,b)-automaton
A=(S,s0,D,7,V), (resp. A=(S,s0,D,7,V)), such that

Vre R, f(r)=r7(r.so) (resp. f(r)=7(roso)).

Remark 2

In other words, to say that a map from the (D,b)-semiring R to the finite set V is
(D, b)-automatic, means that the map from (D \ {0})D* to V can be computed (using the
digit-bijection) by an automaton with input alphabet D and an output function taking its
values in V.

Example 2
1. The ordinary b-automatic sequences [15, 13, 2] are (Ds,b)-automatic maps of the
semiring IN, using the notation of Example 1.1.

2. The b-automatic double sequences, see [36, 38, 37, 3] are (Dj,b')-automatic maps of
the semiring IN?, with D}, = (Dy)?, b’ = (b,b), b an integer > 2.



3. Consider the Gaussian integers Z[i]. It can be shown [28] that every element of Z[i]
has a unique representation (up to leading zeroes) of the form Y <<, a;(—1 + 1)?, where
a; € {0,1}. Then one can consider the analogue of the Thue-Morse sequence for this ring,
that is, the map that sends a4 bz to the sum of its “digits”, modulo 2. This map was discussed
by Salon [38]. It is a (D2, b)-automatic map of the (Ds,b)-ring of Gaussian integers Z.[],
where b = —1 4+ 1. See Section 9.4.

4. Let R = INxIN, b = (2,3), D = {0,1} x {0,1,2}. Then R is a (D,b)-semiring.
Define si(n) to be the sum, reduced modulo k, of the digits of n in its k-ary expansion.
Let u(m,n) = (s2(m),ss(n)) € R. Then the sequence (u(m,n))m, nenxn is (D, b)-automatic.
Note that this sequence is not automatic (in the sense of [36, 38, 37]): if it were a-automatic
for some a > 2, then its components, the sequences (s2(n))en and (s3(n))nen, would also
be a-automatic. As none of these sequences is ultimately periodic (see for instance [1]),
Cobham’s theorem [14] implies that @ must be both a power of 2 and a power of 3.

2.3 The (D,b)-kernel of a sequence on a (D, b)-semiring

In this section, we generalize the notion of k-kernel of a sequence [36, 38, 37] to our more
general setting.

Definition 4 Let R be a semiring, let b € R, let D be a finite subset of R containing 0. Let

V be a finite set and let f: R — V be a map. The (D,b)-kernel N¢(D,b) of the map f is
the set of maps

Ni(D,b)={p: R =V, o(r)= f(bfr+s), k€N, s € R}, (4)
where
Re=Re(Db)={reR: r=rg " 4+ - dribtry, meD, i=0,....k—1}. (5)
Remark 3

1. By definition the set N¢(D,b) is stable under the maps g — ¢(br 4 d), for every
d € D, and contains f. It is the smallest (for inclusion) such set.

2. One can reformulate the above definition as follows. Let ¢; : R — R be the map
(“(b, d)-decimation”) defined by
ca(r) =br 4+ d,

where (D, b) is fixed and d € D. The map c¢; induces a map ¢; : VE — VE by
GW) = ¢ O Cq,
(here V® is the set of all maps from R to V).
Furthermore, if w = dyds_1 - - - didg € D*, one defines:
Cy = CqyCq, * " Cd,,
i.e.
cw(r) = bty +db* + - dib + do.

The map ¢, induces a map ¢, as above, and &, = ¢, - -+ ¢,. Now Ny(D,b) = {c,(f): w €

DY,



2.4 (D,b)-substitutions

We introduce here the notion of (D, b)-substitution. This notion is more complicated than
the classical one, as it is less simple to view it “geometrically”.

Definition 5 Let R be a (D,b)-semiring and V be a finite set. A substitution is a pair of
maps (1,7),

1:V =22 :E={(v,a), a€lv)} =V,
where 2P is the set of all subsets of D.

The substitution (I,7) is called a constant length substitution (more precisely a (D,b)-
substitution) if | is the constant map l(v) = D for all v € V. In this case the set F defined
above is equal to V x D; hence & induces a map o : V — VP given by o(v)(d) = 7(v,d),
V(v,d) € V x D. (As usual, AP denotes the set of all maps from B to A.)

In what follows we consider only constant length substitutions o and we make the following
extra assumption: there exists vg € V with o(vo)(0) = vo, (this hypothesis, in the usual case,
means that the image of some letter begins by the letter itself, this is a necessary and sufficient
condition for the existence of an infinite fized point).

Now let Vi* = {¢o : Ry = V, ¢(0) = v}, VF = {o: R =V, ¢(0) = v} and
Ww=uU VORk U V. On the set V& we consider the metric ¢ defined by
%

( ) _ )0 if o1 = 2,
P p2) = = ifk=sup{j: ¢1|R; = ¢2|R;}, (note that such a jis > 1).

The space (V¥, p) is a complete metric space. The (D, b)-substitution induces a map
Ve VY
defined for ¢ € Vi by
o 5(¢)(d) = o((0))(d) = o(vo)(d), for d € D,

o 5(p)(re 1 b+ o+ b+ 1) = o(@(re i b+ o+ rob + 71))(r0) for ;€ D,
1=0,...,k.

If p € V{ then, for every = in R, one writes = in base b, and defines &(¢)(z) as above.

The map & : (Vy*,0) — (V5”, 0) is a contraction. Then, since (V;*, 0) is a complete metric
space, the Banach contraction principle implies that the map & has a unique fixed point
v, € V¥ (actually ¢, € V{'). We say that the map ¢, : R — V is a fixed point of the
substitution o.

Remark 4

What precedes generalizes the “iteration” of a substitution and can also be seen as follows.
The map o, := o is a map from V to VP = V1 note that o (v) € Vi,

Then one defines o5 : VOR1 — VOR2 by o2(@)(r1b + ro) = o1(p(r1))(ro), and one defines
similarly 041 : VOR] — VORJJrl by a;41(p) (160 4+ Ar1b4710) = o(@(r;o? - +robtry)) (o).

7



The first step of the iteration is oy (vg) € VORl. The second iteration is o201 (vg) € V0R2, ..
and the k-th step is opop_1 - 0201(vg) € VOR’“.

Furthermore, denoting by 7 the “restriction” map from VOR’c to VORk_l, we have :

)

TROROK_1 -+ - 0201(Vo) = Ok_1 - - - 02071 (p).
The fixed point ¢, : R — V, is defined on R = J;2, Rx by

Yol By = okok_1 - 0201 (o).

We use the following notation:

ak('vo) = 0x0k—1 - 0201 (vp).

The reader can translate the preceding comments in terms of projective limits, as the
sequence (VOR’“, Tr)k is a projective sequence, and its projective limit is V;F = li(ln(VOR‘“, k).

Definition 6 Let R be a (D,b)-semiring and A be a finite set. We say that the map ) :
R — A is generated by a (D, b)-substitution if there is a (D, b)-substitution o : V — VP and
a map (output) 7 : V — A such that

P(r) = 7(po(r))
forr € R, where p, : R — V s the fived point of the substitution o.

Example 3

1. We first give a (D, b)-analogue of the Thue-Morse sequence. Let b = —2 and D =
{0,1}. Then Z is a (D,b)-ring. For every n € Z, if n = ns(—=2)° + -+ - ny1(—2) + ng, with
n; € {0,1}, we define a,, = (ns + -+ + ng) mod 2. The sequence (a,)nez (i.e. the map
a:% — D, a(n) = a,) is a fixed point of the ({0, 1}, —2)-substitution o : D — DP defined
by

o(0)(0) = 0, o(0)(1) = 1,
o(1)(0) = 1, o(1)(1) = L

The fixed point is constructed by iterating o starting from 0. The k-th iterate o*(0) defines
a, for n € Ry:

first iteration, o(0),

nERl 0 1
an, 0 1

second iteration, o?(0),

n € Ry —2 —1 0 1




third iteration, o*(0),

n € R -2 -1 0 1 2 3 4 bt
an, 1 0 0 1 0 1 1 0

fourth iteration, a*(0),

nely | -10| 9| 8| -7|—-6|->5|-4|-3|-2]-1]0]1]2

a, (O (1 | 1 |0 (1 {00 | 1 | I [0 ]O[1]O0]1]|1

2. Our second example is the analogue of the 3-Thue-Morse sequence. Let b = 3 and
D = {0,1,-7}. Then Z is a (D,b)-ring. For every n € Z, if n = n3° + -+ 4+ n13 + no,
with n; € {0,1, -7}, we define a, = (ns; 4+ --- 4+ ng) mod 3. The sequence (a,)necz (i-e.
the map a : % — {0,1,2}, a(n) = a,) is a fixed point of the ({0,1, =7}, 3)-substitution
o:40,1,2} — {0,1,2} defined by

() = 1, o(0)=7) = 2,
) = 2 o(1)(-7)
() =0, o2)(-7) = L

o(0)(0) = 0, o(0
1

a(1)(0) = 1, of
a(2)(0) = 2, o(2

Il
=

o
o
The fixed point is constructed by iterating o starting from 0. The k-th iterate o*(0) defines
a, for n € Ry;:

first iteration, o(0),

n € Rl —7 0
a, 2 0
second iteration, o?(0),
n € Ry —28 —21 —20 -7 —4 0 1 3 4
an 1 2 0 2 0 0 1 1 2

We give below in Figures 1 and 2 first a ({0, 1}, —2)-automaton that generates the first se-
quence of Example 3, second a ({0, 1, =7}, 3)-automaton that generates the second sequence
in the same example.

Remark 5
In this paper we do not consider the “(D, b)-regular maps”, which are the natural analogue
of the k-regular sequences [7].

3 Properties of (D, b)-automatic maps

In this section we show the equivalence between (D, b)-automaticity, generation by a (D, b)-
substitution and finiteness of the (D, b)-kernel. This generalizes the corresponding result in
the ordinary case [15]. We also give some properties of (D, b)-automatic maps.

9
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Figure 1: Output function: ¢(I) =0, p(A4) = 1.

A (direct or reverse) ({0, 1}, —2)-automaton for the sum of digits in base ({0, 1}, —2), reduced modulo 2.
To compute the value of the term with index, say 3, one writes 3 in base ({0,1}, —2), obtaining 3 =
1(=2)° +1(=2)! + 1(=2)2. One then feeds the automaton with the digits of 3, starting from the initial state
I and following the arrows. After having read the digits, one stops in state A and the output function gives
the value 1.

0. (1),

Figure 2: Output function: ¢(I) =0, p(B) =1, p(C) = 2.

A (direct or reverse) ({0,1,—7},3)-automaton for the sum of digits in base ({0,1, -7}, 3), reduced modulo
3.

To compute the value of the term with index, say —4, one writes —4 in base ({0,1,—7},3), obtaining
—4 = —7(3%) 4 1(3'). One then feeds the automaton with the digits of —4, starting from the initial state I
and following the arrows. After having read the digits, one stops in state B and the output function gives
the value 0.

10



Theorem 1 Let R be a (D,b)-semiring and let V' be a finite set. For a map f : R — V,
the following assertions are equivalent:

o f is(D,b)-automatic,

o f is reverse (D,b)-automatic,

o f is generated by a (D, b)-substitution,

o the (D, b)-kernel N¢(D,b) of the map f is finite.

Proof (sketch).

First note that it is obvious that a sequence is generated by a (D, b)-substitution if and
only if it is reverse (D, b)-automatic. The equivalence between being (D, b)-automatic and
being generated by (D, b)-substitution holds exactly as in Cobham’s proof [15]. Finally, the
equivalence with the finiteness of the (D, b)-kernel is proved following the methods given in

[13], [2, pp- 251-252], or [36, pp. 4-06 — 4-08]. =

Theorem 2 Let R be a (D,b)-semiring and let t be an integer > 1. Then R is a (R, b")-
semiring and a map from R to a finite set V' is (D,b)-automatic if and only if it is (R, b')-
automatic.

Proof
The first part of the assertion is clear by grouping the terms in the base-b expansions into
blocks of length ¢. To prove the second part, first notice that N;(R:, b") € Ns(D,b). Now

n

suppose N;(R;,bt) is finite, for some ¢ > 2, and call g") = f,..., g its elements. Then:
Vs € Ry, Yie[l,n], 3j € [l,n], Vre R ¢gO(blr+5)=g¥(r).

In other words,

Vs e D, Yie[l,n], 3j € [1,n], &(¢?) = ¢g.

Define F = {r — ¢@(b*r4+3): i € [1,n], « < t—1, B € R,}. This set is finite and contains
f. Tt is stable under the (b, d)-decimations ¢;, ¥d € D. Indeed let ¢(r) = ¢@(b%r + 3),
i€[l,n],a<t—1,8¢€R,. Then ¢(¢)(r) = ¢(br + d) = gW(b>+r + b%d + ).
Ifa<t—2,thena+1<t—1,b"d+ [ € Ryy1, hence r — p(br + d) belongs to F.
If a =t —1, then p(br +d) = ¢ (b'r + b'~'d + ), B € Ri_;. Write 3 = & + bx, where
d€ Dand x € Ri_y. Then p(br+d) = g(i)(b(bt_lr +b0 72+ ) +0) = g(j)(bt_lr +b'72d + )
for some j € [1,n]. Note that b'"2d + x belongs to R;_;, which ends the proof. =

Theorem 3 Let R be a (D', b')-semiring, and let R be a subsemiring of R', such that there
exists an integer € > 1 and a bijection 6 from R® to R with the properties:

o the map 0 is a morphism for addition;

o for every a € R and every (ri,re,...,r.) € R° one has O(ary,arq,... ar.) =
ab(ri,ra, ... re).

11



If there exists an integer t > 1 such that b = b € R, then R® is a (67*(R}), (b,b,...,b))-
semiring and a map f from R’ to the finite set V is (D', b')-automatic if and only if the map
fob from R* toV is (071 (R}),(b,D,...,b))-automatic.

Remark 6

Note that we do not suppose that § is an isomorphism of semirings. Note also that in
the case where R and R' are rings the conditions above mean that 6 is an isomorphism of
R-modules.

The structure of the semiring R is, of course, the structure induced by that of R.

Proof

Note first that we have for every @ € R and z € R’ the equality 67 (az) = af~(2),
(just apply € to both sides). Note also that from Theorem 2 above a map from R’ to V is
(D', b')-automatic if and only if it is (R}, b")-automatic, where R} is, as usual, the set of all
sums Z;;}) d;-b’j, with d’ € D'. Hence we may suppose from now on that ¢ = 1, hence b = ¥/
and R, = D'.

The base-b expansion is sent by 6 to a digit expansion on R®, with base b = (b,b,...,b)
and set of digits #71(D’), hence R* is a (~*(D'),b)-semiring. The last step is to notice that
a map ¢ from R’ to the set V belongs to the (D', b)-kernel of f if and only if the map ¢ o 6
belongs to the (§='(D’),b)-kernel of fof. =

Theorem 4 Let u and v be two elements of the (D,b)-semiring R. Define the set L, =
Li(u,v) by Ly = {a € R: 3\, s € Ry, b*a+ X =us+v}. Then, if f is a (D,b)-automatic

map from R to the finite set V', and if the set J Ly is finite, then the map r — f(ur + v)
k>0
is also (D, b)-automatic.

Proof

Define ¢(r) = f(ur +v), and let us consider the (D, b)-kernel of ¢. A typical element in
this kernel is a map r — p(b*r + s) = f(u(bFr +s) +v), k > 0, s € R;,. Now consider the
base-b expansion of us + v and write it as: us + v = o + A, where A € R, o € R. Hence
we have:

go(bkr +3s) = f(u(bkr +s)+v) = f(bk(ur +a)+ A).

Hence the map r — @(b*r + s) is the value at the point ur 4+ a of an element of the (D, b)-
kernel of f. Now « is independent of r and can take only a finite number of values as it

belongs to | Lk, which shows that the (D, b)-kernel of ¢ is finite. =
k>0

Remark 7
The property used above that the set |J L, is finite means that one can control the
propagation of the carries when performing an addition or a multiplication by fixed elements

u and v of the semiring R. We do not know of an example where the set |J Ly is infinite.
k>0
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4 Comparing (D,b)-automaticity and (D', b)-automati-
city
The problem of digit set conversion for a fixed base has been addressed in various contexts

(see [30]). In this section we study the effect of changing the set of digits (for a given base)
on the automaticity of a map. For this purpose we introduce a new definition.

Definition 7 Let R be a semiring and let D and D' be finite subsets of R. We say that D
is E-linked to D' (in base b) and we write (D,b) N (D', b) if there exists a finite set F
containing 0 such that D'+ E C D + bE. Here, as usual, we put X + oY ={z+ay:z €
X, yeY} fora € R.

Example 4
Let R = IN, and take b = 3. Then the sets D = {0,1,2} and D' = {1,2,3,4} are E-linked
to D, where £ = {0, 1}.

Proposition 1 Let R be a semiring, b in R and D, D', D" finite subsets of R. Then D is
E-linked to itself via the set = {0}. If D is E-linked to D' and D' is F-linked to D", then
D is (E + F)-linked to D":

(D,b) =2 (D', b) and (D',b) - (D", b) = (D, b) 25 (D", b).

If furthermore R is a ring and if D and D' are complete residue systems modulo b, then
D is E-linked to D' if and only if D' is (—FE)-linked to D :
(D,b) =5 (D', b) <= (D',b) =5 (D, b).

In particular in the case where R is a ring the relation “to be linked to” (in base b) is an
equivalence relation for the complete residue systems modulo b.

Proof

The first assertion, when R is only a semiring, is trivial, so we only give the proof for the
case when R is a ring. Let R be a ring and (D, b) £, (D',b). Let d € D and e € F. Since

D’ is a complete residue system modulo b, there exists a unique d; € D’ such that

d+ (—€) = d; (mod b). (1)

From the hypothesis there exist ' € D and e¢; € E such that
d1—|—€:d/—|—b€1.

Now from (1) follows that d’ = d, as they are both in D and both congruent to d; +e modulo
b. Hence:

d+ (—e)=di 4+ b(—e1).

13



Now we give an algorithm to check whether two sets of digits for a given base b are
E-linked and to construct the minimal set F such that (D,b) N (D', b). (Actually this
procedure is not quite an algorithm in the usual sense, as it does not necessarily terminate.
It does terminate if and only if the sets are linked.)

Theorem 5 Let R be a semiring, b € R and D', D C R containing 0. We suppose that for
every © € R, there exist a unique d € D and a unique y € R such that x = d+by. We define
a map 7 from R to R by m(x) =y. We then define an increasing sequence of sets by

E1 = W(D/), E2 = ’:’T(D/ + El), ceey En+1 = 7T(D/ + En)

Then the digit set D is linked to the digit set D' if and only if there exists an n such
that E,41 = E,, and then we have (D,b) N (D',b), where E = FE, = FE;. This set F is

mintmal.

Proof

First note that all the sets F; contain 0 as D’ contains 0, hence the sequence of sets F;
is increasing.

If there exists a (finite) set £ such that (D,b) £, (D',b), then D' C D'+ E C D+ bE,
hence Ey = w(D') C E. Then Fy = (D' + FEy) C n(D'+ E) C n(D +bE) C E. Hence,
by induction on k, one has E; C E for every integer k. Finally E contains |J E;, and the
sequence (F;) is stationary.

Conversely if this sequence is stationary, the union of the E;’s yields a (finite) set F such
that D is E-linked to D’. The minimality results from the first part of the proof. =

We now state a result which says that for a given base the automaticity does not depend
on the set of digits provided the old digit set is F-linked to the new one. First, we need a
lemma.

Lemma 1 Let E be a finite set containing 0. Suppose that R is a semiring, b € R and let D
and D' be two finite subsets of R both containing 0, where D is E-linked to D' in base b. Let
f be a map from R to a finite set V. If the (D,b)-kernel of f is finite, then its (D', b)-kernel

is also finite.

Proof

We use here the (b, d)-decimation maps ¢4 and ¢; defined in Remark 3. We also use the
maps 74 defined for d € R by Vr € R, 74(r) = r +d. This map induces a d-translation map
71 VE = VEby 75(p) = p o7y From the hypothesis we have a finite set of maps & C VF
satisfying the following conditions:

o fe§,

e & is invariant under the maps ¢; : V® — VE d € D, i.e. T(p) € € for every p € €
and d € D.

14



Let us define a subset & of V as follows.

E=H{mlp): p€& L€ E}

The set & is finite and contains the map f (remember that 0 € E). Let us show that it is
invariant under the (b, d')-decimation maps ¢y, for every d' € D'. Let v € & and d' € D'.
Then ¢ = 7(¢) for some ¢ € € and some £ € E. From the definition of the set F, there
exist d € D and A € F such that d +¢ =d + \b. Then

ca(¥) = Tealp).

One then notices that ¢;(¢) belongs to &£, hence ¢z (¢) belongs to €. &

Theorem 6 Suppose that R is both a (D,b)-semiring and a (D',b)-semiring, where D is
E-linked to D' in base b, then every map from R to a finite set V which is (D,b)-automatic
is also (D', b)-automatic.

Proof

It is a straightforward consequence of the above lemma and of Theorem 1. =

Corollary 1 If R is both a (D,b)-ring and a (D', b)-ring, if D and D' are complete residue

systems modulo b, and if (D, b) £ (D (D', b), then (D, b)-automaticity and (D', b)-automaticity
are equivalent.

Proof

This is a consequence of Theorem 6 and of Proposition 1. =

5 Comparing (D, b)-automaticity and (D', fb)-automati-
city, when 5" =1

In this section, we compare automaticity in base b and base 3b. As discussed in the Intro-
duction, the original motivation is for the case 3 = —1. Since the case where 3 is a root of
unity is not more complicated, we state our result in this general case.

Definition 8 Let R be a semiring, b be an element of R and let 3 be a v-th root of unity
in R (with v >1). Let D and D' be two finite subsets of R. We say that (D,b) is linked to
(D', Bb) via the sets Eqo, FEy, ...
the following hypothesis:

, Ey_q if there exist finite sets E; containing 0 and satisfying

Vje[0,v—1], #D +E; CD+bE;;, (where E, = ).

We use the notation:



Example 5
Let b =2, 8 = -1, D = {0,1} and D' = {—1,0,1,2}. Define the sets £ and F by
FE={-2,-1,0,1} and F = {-2,—1,0,1}. Then

D'+ECD+2F, —-D +FCD-+2E,
in other words (D, 2) is linked to (D', —2) via the sets E, F'.

Remark 8
Note that if v is taken equal to 1 above, then this definition coincides with Definition 7.

A semiring R with a non-trivial root of unity [ is not necessarily a ring (take R = IN x Z
and # = (1,—1)). But if we make the extra assumption that every non-zero element in the
semiring R can be simplified in a product,’ then R is a ring. For define a = 1 + 3+ 8% +
-+ 4 71 then Ba = a, and hence a = 0. For every x € R, let 2’ = z(3+ 3%+ --- + 71);
then z + ' = 0.

Proposition 2 Let R be a semiring, b € R, § and v be two roots of unity, (without loss of
generality we may suppose 3 = ~¥ = 1). Let D, D', D" be finite subsets of R. If (D,b) is
linked to (D', 3b) via the sets Fo, Fy, ..., E,_1 and if (D', 8b) is linked to (D", ~3b) via the
sets Fy, Iy, ..., Fy_1, then (D,b) is linked to (D",v3b) via the sets E; + 37 F;, (note that

these sets are finite and contain 0):

where G; = E; + ﬁij.

If furthermore R is a ring, if D and D' are complete residue systems modulo b and if
(D, b) is linked to (D', 3b) via the sets o, F1, ..., E,_1, then (D', 3b) is linked to (D,b) via
the sets F; = -3 E;:

(Eo,E1 s Ey_1) (Fo,Fi e Fy_1)
(D,b) ————— (D', pb) <= (D", Bb) ————— (D, b),
where F; = -3~ F;.

In particular in the case where R is a ring the relation
(D,b) ~ (D',b") <= 38 root of unity such that b’ = Bb, and (D,b) is linked to (D', 3b)

is an equivalence relation for the pairs (D,b) where b is in R and D is a complete residue
system modulo b, containing 0.

T Actually it would suffice to suppose that fz = z = z = 0.
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Proof
The first assertion is easy and left to the reader. For the second assertion we fix a j in
[0,v — 1] and we want to prove that

B D + (=B E;) € D'+ Bb(—B" T Ejp).

Take d € D, e; € F; and consider 3v~/d— 3""/¢;. This element is congruent to some d; € D’
modulo b, as D' is a complete residue system modulo 6. But from the hypothesis follows
that

Ad' € D, Jejy1 € Bjyy, Bdy+ej=d 4 bejiq.

Hence d = d', (they are both in D and both congruent to 3’d; + ¢; modulo b), which implies:
ﬂjdl +¢; = d + bejyy. In other words:

B d 4+ (=B ;) = dy 4 (=B bejp1) = di + Bbfjp,

where f;,; = —(3"77"le;,, belongs to Fj;.
The converse is deduced from this implication by interchanging D and D', replacing the base

b by the base B = b, and the root of unity 8 by f*=:. =

Proposition 3 Let R; (i = 1,2) be a semiring, b; € R; and 3" = 1. We can assume without
loss of generality that vy = vy; we put v = vy = vy.
Let D;, D! C R; be finite sets containing 0. If we have for i = 1,2

EDED L BY )
(Dzvbz) ” (D;7ﬁzbz)7

then
(Fo,F1,.. . Fy—1)
(D1 X Dy, (by,by)) —————— (D} x Dj, (Biby, Baby))

where G = B x E7 for every j € [0,v — 1].

Proof
Left to the reader. ®

Let us give, as previously, an algorithm (as mentioned above, this is not quite an algo-
rithm in the usual sense) to check whether (D,b) is linked to (D', 3b) (where 3% = 1) via

the sets Fy, Ey, ..., E£,_1 and to construct the minimal sets £; such that

(E(),El ..... E'u—l)
(Dv b) E— (Dlv ﬁb)

Theorem 7 Let R be a semiring, b € R and D, D’ C R finite sets containing 0. Let § € R
such that ¥ = 1. We suppose that, for every x € R, there exist a unique d € D and a
unique y € R such that v = d + by. We define a map 7 from R to R by w(x) =y. We then
define a sequence (G )nen of subsets of R by

Go = {0}, Gl = W(D/) = 7T(D/ + Go), G2 = ﬂ(ﬁD/ + Gl), ey Gn_|_1 = W(ﬁnD/ + Gn) Ce
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The following conditions are equivalent:
(1) for every j the sequence (Gynij)nen s stationary;
(1) there exists a j € [0,v — 1] such that the sequence (Gynij)nenN is stationary;
(111) there exists a j € IN such that the sequence (Gynyj)neN is stationary;
(tv) there exist finite sets (containing 0) Ao, A1, ..., Av_1 such that

(A07A17---7A'u—1)
(D7 b) E— (D/7 ﬂb)

If one of the conditions is satisfied, the minimal sets satisfying (iv) are given by A; =

Une]N Gvn+j .

Proof
The implications (i) = (ii) = (iii) are trivial. Now note the following simple properties:

- For every n € IN we have 0 € (&,,.
We have 0 € D’ and 7(0) = 0, and so the result follows by induction on n.

- For every 7 € IN we have G; C Gy ;.
This is true for 7 = 0 and proved by induction on j, using 5 = 1.

- For every j the sequence (Gypnyj)nen is increasing.

This is an immediate consequence of the previous remark.

Then we notice that (iii) = (i) is proved easily using the properties:

Gk g Gv—l—k and Gvn—l—k—l—l = ﬂ-(/Bk—i—lD/ + Gvn—l—k)-

Now let us prove that (i) = (iv). Define for every j € IN the set A; by

A] - U Gvn-}—j-

nelN

This set is finite and contains 0. Furthermore, for all j € IN, we have:

BID + A= [ (87D + Gunsj) -

neN

Then by definition of x,
ﬁjD/‘l’Gvn—l—j g D—I'bﬂ-(ﬁ]D/—l'Gvn—l—]) = D—I'bﬂ-(ﬁvn—l—jD/—l'Gvn—l—j) = D—I'Gvn—l—j—l—l g D—I'bA]—}—l

Finally, we also observe that A, = U, Gy(n4+1). But as the sequence (Gun)nen is increasing,
this union is also equal to U,, Gb, = Ao.

The last point is to prove that that, if there exist sets A; as in (iv), then G; C A; for all
i, where the sequence (A;);en is defined by

\V/] - [O,U — 1], Vn € ]N, Avn-}—j = Aj.

This will prove both the implication (iv) = (i) and the minimality of the A;’s.
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From (iv) and from the above definition of A; for every ¢, we easily deduce that
VjeIN, 37D+ A; C D +bAj,,.

This implies that 7(3/ D' + A;) C A;41. But Go = {0} C Ay, hence, by induction on n, we
have G,, C A, for everyn € IN. =

Now we give a lemma which corresponds to Lemma 1.

Lemma 2 Suppose that R is a semiring, b an element of R, § an element of R satisfying
BV =1 withv > 1. Let D and D' be two finite subsets of R which contain both 0 and such
that (D,b) and (D', 3b) are linked via the sets Eq, E1, ..., E,—1 (finite and containing 0):

(Eo,E1,..,Ey_1)

(D,b) ——— (D', 3b).

Let f be a map from R to a finite set V. If the (D,b)-kernel of f is finite, then its (D', 3b)-

kernel is also finite.

Proof
Let

v—1
€=U U #om(€)
7=0¢;€E;
where 3 : VE — VE is defined by 3(¢) = ¢(Br),r € R.
In other words,

&={y:3p€& Fje0,v—1], I¢; € E;, Vr € R, ¢(r) = ¢(Fr +¢;)}.

Taking j = 0 and e¢g = 0, we see that f € &', as f € £. Now let us take v € &', d' € D’ and
consider the map: r — ¥(bfr + d’). One has:
Jp €€, Fjel0,v—1], Je; € Ej, Vre R, ¥(r) = o(Br +¢).
Hence 4 '
V(bBr 4+ d') = (BT or + Fd + ¢;).

From the hypothesis, there exist d € D and e;1; € E;;; such that 8d’ + e; = d + bej, ;.
Hence

OB+ d) = (b5 + i) + d) = BT z(e)(r).
Hence the map r — ¥(bf3r + d') belongs to &'.

Theorem 8 Let R be both a (D,b)-semiring and a (D', 8b)-semiring, where 3 is a v-th root
of unity (v >1). Suppose that

(Eo,E1,...,Ey_1)

(D,b) ——— (D', 3b).

Let f be a map from R to some finite set. Then if f is (D,b)-automatic, it is necessarily
(D', Bb)-automatic.
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Proof

This is a consequence of Lemma 2 and Theorem 1. =

Corollary 2 If R is a ring, both a (D,b)-ring and a (D', 3b)-ring, where ¥ =1, if D and
D' are complete residue systems modulo b, and if

(Eo,El ..... Ev—l)
(D,b) ——— (D', 3b),

then (D, b)-automaticity and (D', 3b)-automaticity are equivalent.

Proof

This is a consequence of Theorem 8 and Proposition 2. ®

Corollary 3 Let R be both a (D,b)-ring and a (D, 3b)-ring (where 3* = 1) and D = 3D.
A map f: R—V is (D,b)-automatic if and only if it is (D, $b)-automatic.

Proof
This is an immediate consequence of the previous corollary and the remark that, if
D = D, then

(Eo,El ..... Ev—l)
(Da b) B (D7ﬁb)7

Remark 9
The results in this section apply in particular when § = —1.

To conclude this section we notice that an apparently different condition on D and D’
such that (D, b)-automaticity implies (D', #b)-automaticity can be deduced from Theorem 2.
Indeed (D, b)-automaticity is equivalent from this theorem to (R,,b")-automaticity, where
R, =D +bD+bD+---+b""'D. In the same fashion, (D', 3b)-automaticity is equivalent

o (R!,(3b)")-automaticity, i.e. to (R.,b")-automaticity, where R, = D'+ 3bD’ + (8b)*D’ +
(BB

Hence a sufficient condition (see Theorem 6) which implies that every (D, b)-automatic

function is also (D', 3b)-automatic is that there exists a finite set F containing 0 such that

(Ry,b") -5 (R, (Bb)Y) i.e.:
(D' + BbD' + (Bb)*D' + -+ + (Bb)*™'D') + E C (D +bD + b*D + - + 67" D) + b E.

However, our next theorem proves that this condition is actually equivalent to the condition
previously given, i.e. (D,b) is linked to (D', 3b) via sets Eq, E1, ..., Fy_1.
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Theorem 9 Let R be a semiring, b € R and D and D' be two finite subsets of R containing
0. We suppose that every r € R can be uniquely written as r = bx + d, with * € R and
de D. Let 8 be a root of unity, (with 3¥ =1).

There exists a finite set F containing 0 such that

((D+bD+ 6D+ +6"7'D),5") = (D' + (B0)D' + (Bb)D' + -+ + (Bb)* ' D'), (3b)")

if and only if there exist finite sets Fo, Ey, ..., Fy,_1 containing 0 such that

(Eo,El ..... E'u—l)
(D7 b) - (Dlvﬁb)

Proof
Suppose first that

(Eo,E1,..,Ey_1)

(D,b) ——— (D', 3b).

Then we have 3D’ + E; C D + bE;,, with E, = Ej, for every j € [0,v — 1]. Define W}, for
every k € [0,v — 1], by

v—1 k-1 v—1
Wi, =Y (BbYD + 6" By + > 6D, (Wo=>_(8b)'D' + Ey).
7=k 7=0 7=0

Let us show that (Wj)g<y—1 is an increasing sequence. One has

(Bb)*D' + b Ey COF(D + bEjyq),

hence:
v—1 . k-1 v—1 ) k .
Wi =3 (B0 D' + 6 Ey+ 3 0D C Y (B0)' D' + 6 By + 36D = Wiy
=k =0 j=k+1 7=0

We now deduce:

v—2 v—2 v—1
Wo Coos CWyoy = (Bb) D' +6" By 4> 6D C O (D4DE)+Y VD = > b D+b" By,
J=0 7=0 7=0

which exactly means that

((D+bD + 02D+ -+ + "7 D),0") =% (D' + (Bb)D' + (Bb)*D' + - + (Bb)*D'), (Bb)") .

Suppose now that
(D+bD+6* D+ +6°71D),6") <5 (D' + (Bb)D + (Bb)*D + -+ + (Bb)"~ D), (b)) .
Define the map 7 as previously (for every € R there exist unique elements d € D and
y € R with © = d+ by, then y = w(z)). Define By = E, By =n(D'+ E), Ey = n(8D'+ Ey),
<y Ev—l = ’:’T(ﬁU_QD/ + EU_Q).
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By definition, for every j € [0,v — 2], we have:
B'D' + E; CD+bEjy,

hence we have to prove that 3*='D' + E,_; C D + bEy.

Let us take 3*7'd' + e € 8*°'D' + E,_;. We prove by (finite) induction that, if k =
1,2,...,v—1, then there exist d}, ,, d} 5, ... ,d} . € D', 01,082, ..,0rx € Dand e, € F,_y,
such that: .

Z(Sk]bu ]_I_bu l(ﬁu 1d/—|—€ :Zﬁbu ]d;g]‘l’bv k

] 2 ]:1
This is clear for & = 1, take d};, = d’ and ¢,_; = e¢. Now suppose it is true for £k, and
remember that F,_;, = 7r(/3” k= 1D’—|—Eu_k_1). Hence there exist dpy1 441 € D, djy g pyy € D'
and e,_x_1 € E,_k_y such that dx41 k41 + bey_i = ﬂ“_k_ldﬁﬂ_l’k_l_l 4+ ep_koq.

Hence taking 0gy1,; = dy; for j € [2,k] and d},, ; = d} ; for j € [2, k], we have:

k+1 )
Z(Sk—}—l,jbv_] + bv_l(ﬁv_ld/ + 6) —

)=

(Bb)"~ ]dﬁw + Opg1 h1b” Rl Re,

s,
Il
—

|
M=

(Bb)~ ]d;c—klj + 07k H(BUT i 1dk+1,k-|—1 + €y_-1)

= .
+ |l
_

= Z(ﬂb)” ]d;c-}—l] + b Yy ko1

.
I I

Now take k = v — 1, then we have:

v—1

v—1
E Oy—1,;0"77 + b“_l(ﬂ”_ld’ +e)= E(ﬂb)“ Jd; 1; T ber.
=2

i=1

But e; € £y = w(D' 4 Ey), hence 36 € D, d” € D' and e € Eq such that: § + be; = d” + €.

Hence:

v—1 v—1
o+ Z Sye1 ;b 0BT + ) = Z(ﬁb)“ id s+ d +eo
J=2 Jj=1
Using the hypothesis, this last quantity belongs to D +bD +b*D +---b*"1 D + b* Fy. Hence
there exist elements dy, dy, ..., dy—; in D and e € Ey such that:
v—1 ] v—1 ]
o+ E Sy Y BTN 4 €) = E d;t) + b7e;
J=2 7=0

Now looking at the sum “modulo b” we obtain ¢ = dp, then simplifying by b we obtain
dy—1,4—1 = dy ... and finally
ﬁ“_ld' +e=d,_1 + be

which concludes the proof. =
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6 Automaticity on a semiring and its ring extension

Suppose R is a sub-semiring of a ring R'. If R"is a (D', b')-ring, we can consider by convention
that R is a (D', b')-semiring. This has been noticed previously (see Example 1). Let f: R —
V, where V is a finite set. There is a natural way to say that f is (D’,b')-automatic: if
there exists an automaton with inputs D’ which computes f(z) from the (D', b')-expansion
of . This automaton is a priori defined for all inputs and not only for the selected words
corresponding to expansions of elements of R. This is equivalent to saying that there exists
a function g : R — V that is (D', V’)-automatic (in the sense previously defined) and such
that g|R = f. How can this “new” automaticity be related to the “old” one? We give
a proposition which covers the applications we discuss later on: for example a sequence
(Un)nenN is 2-automatic in the ordinary sense if and only if it is the restriction to IN of a
sequence indexed by 7 which is ({0, 1}, —2)-automatic.

Proposition 4 Let R' be a ring and let R be a sub-semiring of R'. Let 3 € R' be a root of
unity, (say B* =1, v>1). Letbe R, D C R, D' C R be such that R is a (D,b)-semiring
and R’ is a (D', 8b)-ring. We suppose that:

(Eo,El ..... Ev—l)
(D7 b) - (Dlaﬁb)

Let f: R — V', where V is a finite set,
(1) if fis (D', Bb)-automatic, then f is (D,b)-automatic,
(it) if f is (D,b)-automatic and if the set

RZG U {T‘ER/\RZ ka‘—I-SER}

k=0 seRy

is finite (as usual, Ry = D+bD+---+b*"1D), then f is (D', 3b)-automatic. More precisely
any function g : R' — 'V defined by g|R = f and g is constant on R'\ R is (D', 8b)-automatic.

Proof

(i) There exists a function ¢ : R" — V such that g|R = f and ¢ is (D', #b)-automatic.
Hence the kernel N, (D', 3b) is finite (Theorem 1). As R’ is a ring it results from Proposition
2 and Lemma 2 that the kernel N,(D,b) is finite. Hence N¢(D,b) = {h|R: h € N,(D,b)}
is also finite, and f is (D, b)-automatic (Theorem 1).

(ii) Suppose now that fis (D, b)-automatic, hence N;(D,b) is finite. Let v be any element
in V and define g by g|R = f and g(z) = v for all x € R'\ R. Then the set

N ={h:R = V: hlRe Ny(D,b), h|(R'\ R) = v}

is also finite. (Note that a map h € N is constant on R'\ R and the constant for a given
map can be any element in V.)

Let h € N,(D,b), then h(z) = g(b*z + s) for some k € IN and some s € Ry;. Define i’ by
I'|R = h and B'|(R'\ R) = v. Then k' € N'. But the definition of the set R implies that h
and A’ can only differ on R. Since this set is finite, and the functions take only finitely many

values, we deduce that N,(D,b) is finite. Hence N (D', 3b) is also finite (Lemma 2). =
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Now we give a sufficient condition on a ring with digits to ensure that a map f is automatic
if and only if the map @ — f(—=z) is automatic. We begin with a lemma.

Lemma 3 Let R' be a (D',b')-ring. We suppose that (D', V') N (=D b). Let o € R such
that 3k >0, I\, s € R, = D' +b'D' +--- + (')*1D" with (V)*a+ X+ s € E, then a € E.

Proof

There is nothing to prove if £ = 0. Let us prove by induction on k that the result holds
for £ > 1.

For k =1, there exist a € E, XA and s in R} = D' such that

Va+ X+ s=a.

Hence:

ba+A=—-s+a€c—-D'+FECD +VE.
This implies the existence of d' € D" and o' € E with:

bVa+ X =d +bd.

The uniqueness of decomposition in base b’ and the consequence that b’ can be simplified in
a product imply: a =d' € K.
Now suppose the result is true for k, and let A and s be in R}, such that

(Yta+A+s=a€ kL.

Writing the (D', b')-expansions of A and s, we deduce:

k k
B+ 3 A0 =a—s0— D si(b),
7=0 7=1
where the A;’s and the s;’s are in D'.

But —D'+ E C D'+ E, hence there exist 6 € D' and «' € E such that —sqg+a = d+b'd’.

Therefore we have
k

F)Hat SN = 6+ Had 3 5B

i=0 i=1

Reducing this equation modulo &’ yields A\g = 4, since A\g and § are congruent modulo 4" and
belong both to D’. Now, simplifying by the base b we obtain:

k k
() a+d N0+ s =d € E,

i=1 i=1

in other words, (¥')*a+ X + s’ belongs to E for a )’ and a s’ in R}. The induction hypothesis
impliesa € F. =
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Proposition 5 Let R’ be a (D',0)-ring. We suppose that (D', V') £, (=D"b). Let f :
R — V, where V is a finite set. Then f is (D' b')-automatic if and only if the map
frax— f(=z) s (D', b0)-automatic.

Proof
We apply Theorem 4 with v = —1 and v = 0, and Lemma 3. If a € Ly = Ly(—1,0)
(with the notations of Theorem 4), then there exist A and s in R) such that

(b’)koz—l—)\—l—s = 0.

As 0 € E, this implies a € F, and hence U5 Ly € E is finite. ®

Let R be a semiring in which the property z 4+ y = * + 2 = y = z holds. Applying the
same construction as for the extension of the semiring of non-negative integers IN to the ring
of integers Z we extend R to the ring R as follows: R is the quotient of the semiring R x R
by the equivalence relation

(u,v) ~ (U, 0") = u+v' =u +v.

An embedding of R in R is induced by the map u = (u,0), u € R. We call R the ring
extension of R.

Remark 10
For R=IN, R=7%;for R=IN xZ, R =7 x /.

Theorem 10 Let R be a semiring in which the property x +y = v+ 2z = y = z holds. Let
R be its ring extension. Let b € R and D C R such that R is a (D,b)-semiring and R is a
(D, —b)-ring. For a map f from R to a finite set V we define the map f from R to V by
f(a:) = f(—=x). We also define the maps ft and f~ by f* = f|R and [~ = fIR. We make
the following assumptions:

(5.F)
o Al (D,b) —— (D, —b);

o A2. there exists a € R such that —(R+a)N R =10 and —(R+a)U R = R;
o A3. the set R = UpZg Usenr, {r ER\R: br+sc R} is finite;

o Aj. the set Upsola € R: 3\ p € Ry, Va+ X\ = pu+a} is finite; (the element a is
the one in A2).

o A5, the set Upsofa € R: 3\ u € Ry, (=b)*a+ ) =y +a} is finite; (the element a
is the one in A2).

Then a map f from R to a finite set V is (D, —b)-automatic if and only if the maps f*
and f~ (from R to V) are (D,b)-automatic.
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Remark 11

Before giving the proof we note that (this will be proved in the section of applications)
the semiring IN and its extension Z, as well as the semiring IN x Z and its extension Z*
satisfy assumptions Al to A4 for any base.

Proof

We first notice that (D, —b) A, (=D, —b) for some finite set A containing 0. Indeed the

(E.F)
hypothesis (D,b) —— (D, —b) implies the existence of two finite sets £ and F', containing

0, such that:
D + E C D + bF
-D + F C D + bFE.

Hence: —-D—E+FC —-D—bF+F C D+bE—bF =D —b(F— FE), which gives the result
with A= F — F.

From Proposition 5 we now know that a map ¢ from R to a finite set V is (D, —b)-automatic
if and only if the map g is (D, —b)-automatic.

First, suppose that f is (D,b)-automatic, then f is also (D, —b)-automatic. Hence the

_ (E.F)
kernels N¢(D,—b) and N;(D,—b) are finite (Theorem 1). As R is a ring and as (D,b) ——

—E,F
(D, —b) we have (Proposition 2) (D, —b) ; (D,b). Hence the kernels Ny(D,b) and

N;(D,b) are also finite, (Lemma 2). But Ng+ = {h[R: h € Ny(D,b)} and Ny~ = {h|R :
h € Ni(D,b)}, so these two kernels are finite, which implies that f* and f~ are (D,b)-
automatic.

Next, suppose that f* and f~ are (D, b)-automatic. From Assumption A4 and Theorem
4 the map @ — f~(x + a) is also (D,b)-automatic. Now define the maps F; and F; as
follows:

Fl(.r):{f(r) if x € R, and Fl(ﬂc):{f_(:t;—l—a) if x € R,

v otherwise, v otherwise,

where v is a fixed element of V.

These maps are (D, —b)-automatic from Proposition 4, using Assumption A3. Hence the
map F} is also (D, —b)-automatic. We deduce that  —s Fy(z+a) is also (D, —b)-automatic
using Assumption 5 and Theorem 4.

Choose now any operation * on V with the property that z v =  for each z € V. Then

f(@) = Fi(x) * Fy(2 + a),

which easily implies the (D, —b)-automaticity of f. =

The following theorem is proved as above and we skip its proof.

Theorem 11 Let R;, i = 1,2, be two semirings in which the property v +y = v + 2 =
y = z holds. Let R; jhez'r ring extensions. Let b; € R; and D; C R; such that R; is a
(D;,b;)-semiring and R; is a (D;, —b;)-ring. We make the hypothesis that Ry and Ry satisfy
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Assumptions 1 to 5 of Theorem 10. Then a map f : Ry x Ry — V (where V is a finite
set) is (D1 x Dz, (=by, —by))-automatic if and only if the maps f., ., : R1 X Ry — V are
(D1 % Ds, (b1, by))-automatic for all choices of e1,e9 = 1, where f., o, (r1,r2) = f(e1r1, ears),
for every (ri,r2) € Ry X Rs.

7 E-linked digit sets and transducers

In this section we show that the condition of being linked for two digit sets (related to a given
base) is equivalent to the existence of a transducer mapping one representation to the other.
The transducers in this paper will always be, unless otherwise indicated, what is sometimes
called 1-uniform transducers: that is, each input letter results in exactly one output letter.
More precisely let us give a formal definition.

Definition 9 A transducer T' is given by T = (5, so, A, B, 0,7) where S, A, B are finite sets,
where o and 7 are maps defined on S x A and with values in S, resp. B:

c:SxA—S T1:5%A—B.

The elements of S are called the states of the transducer, so being the initial state. The sets
A and B are called respectively the input alphabet and the output alphabet. The maps o and
7 are called respectively the transition map and the output map.

The maps ¢ and 7 are extended to maps 0 : S x A* — S, 7: 5 X A* — B as follows :
o(s,a1...a,) =0(0(s,a1...a,-1),0an),

T(s,a1...a,) =7(0(8,a1...an_1),0ap).

Usually a transducer is represented by a directed multigraph with labelled arrows. The
vertices of the graph are the states (elements of the set S). An arrow with label a/b connects
the state s; to the state s; if 0(s1,a) = s and 7(s1,a) = b.

Notation

If an arrow with label a/b connects the state sy to the state sy, i.e., if 0(s1,a) = sz and
7(s1,a) = b, we write

a/b
S§1 — S2.

The transducer 7' maps A* to B* : ay...a, — by ...b, where b; = 7(sg,a;...a;). For
this notion the reader can look at [18] Chapter X.

Theorem 12 Let R be a (D,b)- and (D', b)-semiring. Then there exists a finite set £

containing 0 such that (D,b) N (D', b) if and only if there exists a finite state transducer
mapping the (D', b)-representation of each element of R to its (D,b)-representation.
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Proof
Let us first suppose that (D,b) N (D',b), i.e. that D'+ E C D + bE, where E is a
finite set containing 0. We define a transducer T' = (5,39, D', D,0,7) as follows: S = F,

so = 0 and o(e,d') = ey, 7(e,d’) = d (i.e., with the above notation e 414 e1) if and only if
d' + e = d + bey, with e and e; belonging to F.

Now take € R and write it in base (D', b) with an infinite number of leading zeroes,
z=dy+db+ -+ db" + 06 4
Using the property D'+ FE C D + bE, we write:
dy, = dy + bey,
di+ e =di+ bey,
dy+e; = di+ beg.

where the €; are in .
But e;11 can be written in base (D,b) as e;4q = Z]'T:o a;b’. Define

_ _ T i—1

diyr = Qo, €t+2 =)ot

—2

diy2 = au, €43 =D = ;b7
dt-}—T-}—l = ar, Ci+T+2 = 0,

and e; =0 for every j >t + T + 2.
Then 2 = dy + dib+ -+ + di B + - + dypyp o BT and

eip1 = diy1 + beryo
€i42 = deyo + besys

This gives, from the very definition of the transducer, the arrows:

dgy /do
AN

di /di dy/da di/de 0/di41 0/diyo 0/deyT41 / 0/0
> €1 \ \

0/0
> € b €141 b €140 »)0 —0—0---

This means that this transducer maps (dg, d},...,d};,0,0,...) to (do,d1,...,di+741,0,0,...),
where z = Ed;bj = S db".

Suppose now that there exists a finite state transducer T' = (S, so, D', D, 0, 7) mapping
the (D', b)-representation of each element of R to its (D, b)-representation.

First we define a (content-)map ¢ : S — R. Let s € S. Feed the transducer, starting
from the state s, with an infinite sequence of zeroes:

0/agp 0/ay 0/an
S > . > > L

Only a finite number of the terms of the corresponding output sequence (a,)n,ew are not
zero. To see this take a path in the transition graph of the transducer T connecting the

initial state sy with s:
di/do

! /dy d!y/ds d!, /dx
> 81 \ AN \

/32 7ttt 7 S

S0
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Hence we have:

df /do
AN

dj /da dy/ds d},/dx 0/ao 0/a1 0/an
/81 AN \ \ \ \

/32 7t 7 S 7 . 7 "t > L

S0

The hypothesis implies that the (D, b)-representation of the element r' = dj,b*+- - - +d\b+d),
(dj € D for 5 =0,...,k) is given by r' = ;?:0 d;b’ + "1 3" qb'. This implies that only a
finite number of the a;’s are not zero. Hence the quantity ¢(s) = 3.2, a;b* is well defined.
Furthermore its definition shows that it clearly does not depend on the path chosen between
sg and s. In other words, for every state s and for every path

dgy/do
A\

) /dy dly/ds d)/de
> S \ \

/32 7ttt > S

S0

connecting sg to s we have:

£ £
Sdib =3 dib + b e(s).
7=0

1=0

Let £ = ¢(S). This is a finite subset of R containing 0 (since there is a loop labelled 0/0
at the initial state and hence ¢(sg) = 0). We prove that D’ is E-linked with D, i.e. that
D'+ ECD+0bE.

d'/d

Let d € D,e = ¢(s) € E. Consider the arrow s — s; in the transducer and add it to a
path joining sg to s:

dl /do d /dy dl,/ds di/dx  d'/d
S0 b 51 SS9 s 5 — 5y
One has:
di+db+ -+ dib =do+dy + -+ dpbt + 0 e(s)
and
dy+ dib+ -+ b+ AV = dy + dy + -+ dpbE 4 AT 4 e(sy).
Hence

(do+dy + -+ dpb" + 05 e(s)) + AV = do + dy + -+ + dpb" 4+ db*T 4 AU 4 B Re(sy).

It follows from the uniqueness of the decomposition in base (D,b) that bz = by = x =y,
hence, comparing these two (D, b)-expansions and using this cancellation property for b, we
deduce the following:

d' 4 ¢(s) = d + be(sy).

Hence d' + ¢(s) belongs to D + bE. =
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8 (FEy,...,FE,_1)-linked sets and transducers

In this section, we generalize the result of the previous section to the case of two bases (D, b)

and (D', #b) which are (FEy,..., Fy,_1)-linked, (as usual, ¥ = 1).

Theorem 13 Let R be both a (D,b)-semiring and a (D', 3b)-semiring. As usual, (3 is a
v-th root of unity, (v > 2). We make the extra assumption that (§ satisfies what we call “the
B-hypothesis™:
Be+y=x+y, u#0 (modv) = z=0.
Then there exist sets ko, Ey, ..., E,_1 such that
(Eo,B1 ey Ey_1)
(Dab) . (Dlvﬁb)
if and only if there exists a finite state transducer mapping the (D', 3b)-representation of
each element of R to its (D,b)-representation.

Proof
(Fo, By e Fy_1)
Let us first suppose that (D,b) ——— (D', 3b), i.e. that for every j € [0,v — 1] we
have 3 D' +¢; C D + bE;,,, (where E, = Ej).
We define a transducer T' = (S, so, D', D, 0, 7) as follows:

5= @{j} < By ={(j.e;)): j€0,0—1], ¢ € E},

so = (0,0) and the input and output maps (arrows) o and 7 are given by (7, €;) 214 (J +
1,e;41), (where j + 1 is taken modulo v), if and only if 3'd’ + ¢; = d + be;,, where ¢; € E;
and e;41 € Ej11. As previously, any « in R is written in base (D', #b) with infinitely many
leading zeroes as

z=dy+d\Bb+ -+ di(Bb) +0(Bb) T + - -
Then, using the property 3D’ 4+ e; C D + bE;,,, we write:

d6 = do —|—b€1, € € E1
ﬁdll —|— €1 = dl —|— beg, €9 € E2

Bldy + e = dy+beryr, e € By

where the sequence (E;);cv is defined from (£;)i<,—1 by periodicity, (Eiy, = F; for every i),
and where ¢; € E;.

One has z = dj, + d{ b+ -+ -+ d}(8b)" = do + bdy + - -+ + b'd; + b leyyy. But €4y can be
written in base (D,b) as e;41 = Z]'T:o a;b’. Define

_ _ T i—1
dt-}—l = Qp, €42 =) =1 Oéjb] s

_ _ —2
diys = o, €t+3 = Zj:g a; b,
dt-}—T-}—l = ar, Cit+T+2 = 0,
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and e; =0 for every j >t + T + 2.
Then z = do + dlb + -4 dt+1bt+1 + -4+ dt_|_T_|_1bt+T+1 and

€1 = dip1 + begya
€it2 = deyo + besys

This gives, from the very definition of the transducer, the arrows:

dy/do dj /dy dy/dz d/dy 0/dp41 0/di42
(0,0) — (1,e1) —— (2, €2) o > (P4 1Lep1) —— (t+2,€40) — -+

0/d, 1
T +2,00 L T +3,00 28
where the “first components” of the states have to be taken modulo v.
This means that this transducer maps (dj, d},...,d};,0,0,...) to (do,d1,...,di+741,0,0,...),
where z = Zd;(ﬁb)j = 3 d,b".

Suppose now that there exists a finite state transducer 7' = (5, so, D', D) mapping the
(D', Bb)-representation of each element of R to its (D, b)-representation.

The content map c(s) of each state s is defined as previously and it has the following
property: for every state s and for every path

dgy/do
AN

) /dy dly/ds d)/de
> 81 \ N \

/32 7ttt 7 S

S0

connecting sg to s we have:
E d;(ﬁb)] = Zdibl +b +1c(5).
7=0 =0

Now we define the “parity map” p: S — {0,1,...v — 1} by taking a path joining sq to
s, say
dg/do

dll/dl dé/dg d;/dk
7 S1 > >

/32 7ttt >S,

S0

then

p(s) =k +1 (mod v).
We have to prove that the definition of the parity map p is correct, i.e., it does not depend
on the choice of the path.

Suppose there are two paths connecting the initial state sy with the state s in the tran-
sition graph of the transducer 7"

d! /do 4! /dy dL /dy d!/dy
So > S > So > > S
and
d! /do 4! /dy d, /dy d,/dy
S0 > S > So > > S.
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Let s 24 s, with & # 0. One has:
dy + (Bb)d, + -+ - + (Bb)Fd), = do + bdy + - - - + b*dj, + " e(s)
and
dy + (Bb)d) + - -+ + (Bb)Fd), + (8b)*'d = do + bdy + - - + bFdy, + T d + b2 e(sy),
hence:
do +bdy + - -+ + bFdy, + 6" e(s) + (B0)* T d = do + bdy + - - - + bFdy + +6FTHd + b2 e(sy).
As (D, b) is a base, we can simplify by b and we get:
o(s) + B = d + be(sy).
But the same proof with the other path gives
e(s) + B = d + be(sy),

which implies
c(s) + 1 = e(s) + B
Let £ =k + u. Then
6U_k_16(8) T d/ — ﬁv—k—lc(s) ‘I‘ﬁud/

The (-hypothesis implies that v = 0 (mod v).

Define now S; = {s € S: p(s) =j (mod v)}, and E; = ¢(S;). We now prove that (D, b)
is (Eo, ..., Ey_1)-linked to (D', 3b).

Let e, € E,, let s € S, such that ¢(s) = e, and let d’ € D’. There exists in the transducer
a path of length L = n (mod v) connecting so to s, say

d /do d! /dy d /dy ) Jdp_
So > S > S92 > —— S,
d'/d : .
Let s — sy, which gives the path
d! /do 4! /da dly/da dp o /di-r gy
S0 > S > So > —— 8§ — S71.

As above we obtain: ¢(s) + Bld = d + be(sy). Furthermore p(s;) = L + 1 (mod v), hence
¢(s1) belongs to Fr41. Finally the condition E, = Eg results from the very definition of the
E]"S. |

Remark 12

It follows from the results in this section and the previous one that the theorems in this
paper deduced from the linked set property can be rephrased in terms of transducers. How-
ever, we proved these theorems in a purely arithmetic fashion; furthermore, we provided the
“algorithms” that explicitly calculate the finite sets associated with the linked set property,
and hence the corresponding transducers.
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9 Applications

We begin this section with what we call the “carry-condition”: if a (D, b)-semiring has this
property, there is a relatively simple way to prove that two sets are linked. Then we apply
the previous theorems to the case of one- and two-dimensional sequences, to the case of maps
on the Gaussian integers and to maps on a ring of quadratic algebraic integers. We finally
give results for the folded representation of integers and for the revolving representation of
Gaussian integers.

9.1 The carry-condition

We first give a sufficient condition for two digit sets to be E-linked.
Definition 10 Let R be a (D,b)-semiring and as previously
Rt: Rt(D,b) = {T: T:dt_lbt_1+"'+dlb—|—d0, d] € D, 0 S] St—l}

We say that R satisfies the (D,b)-carry condition if and only if for every t > 0 and every
z,y € Ri(D,b) we have x +y € Riy1(D,b).

Remark 13
This condition means that one can easily control the propagation of carries when adding
two elements of the semiring.

Lemma 4 Let R be a (D,b)-semiring and let D' be a finite set. If R satisfies the (D,b)-carry
condition, then (D,b) is linked to (D', b).

Proof
Let to be such that D' C R, (D,b) and define £ = R;,. For d' € D', e € E we have

d+e=dy b°T + -+ dibtdy, djeD, 0< 5 <ty+1.
Then d' + € = dy + be; where ey = dy, 110" + -+ + dab + dy, i.e.

D'+ FECD+bE.

Example 6
Let b > 2 be an integer and let D = {0,1,...,b— 1}. Then IN satisfies the (D, b)-carry
condition and 7 satisfies the (D, —b)-carry condition.

In the next section, we consider the case of IN and Z and we need a second lemma which
proves slightly more in this particular case.
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Lemma 5 Letb> 2, letc==x1. If D, D" C 7 are complete residue systems modulo b, then

F.G
(D,eb) =5 (D', eb) and (D, cb) 9, (D', —eb),

for some finite sets E, ' and G which contain 0.

Proof

Let us first show that (D,eb) £, (D', eb), for some finite set E containing 0. We use
Theorem 5 and the algorithm it gives. If A is a subset of Z we write |A| = sup,c4 |z|.
For the map 7 and the sets F; = n(D"), £y = n(D' + Ey), ..

Theorem 5, we prove by induction on n that

., which have been defined in

| Eal < (1D + D) D267
7=1

First, if y € Ey, then y = 7w(x) for some € D', hence there exists d € D satisfying
T = d + br(xz) = d + by. This gives

bly| < o —d| < |z|+[d| < |D|+ |D'].

Now suppose that |E,| < (|D|+ [D'|)7_, b7, and let z € Enqy = m(D' + E,). There exist
0eD,éeD and e, € E, with bz + 6 = 6’ + ¢,. hence:

blz| < len| + [D| + D] < (ID| + [D')(1 + 3 2b7),

which gives:
n+1 ]
2] < (ID]+ D' b7).

=1
This implies that for every n we have |E,| < %, hence the sequence (F,,),, is stationary,
which implies that (D, eb) is linked to (D', eb).

(E,.F)
The proof that (D,eb) —— (D', —¢eb) for some finite sets £ and F' containing 0 is

exactly the same using Theorem 7 instead of Theorem 5.

The last claim in this lemma is proved analogously. ™

9.2 Automaticity of unidirectional and bidirectional sequences

In this section, we consider the automaticity of sequences f : IN — V and f : Z — V', where
V is a finite set. Let b€ IN, b > 2 and D, ={0,1,...,b— 1}. As stated in Example 1, IN is
a (Dp, b)-semiring and 7 is a (D, —b)-ring.

Theorem 14 Let b > 2, D, = {0,1,...,b— 1} and D' C 7. We suppose Z is a (D', —b)-
ring. Let f = (fu)new be a sequence with values in some finite set V.. Then the following
properties are equivalent:

(1) [ is (Dy,b)-automatic, i.e. b-automatic in the ordinary sense;

(it) [ is (D', —b)-automatic.
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-n | (n negative)

dd (d> 0)/b-d (b-1)/0
n
(n non-negative)
(d<b 1/d+1 d/b d-1

Figure 3: Transducer converting from base-b to base-(—b) representation.

Proof
The result is a consequence of Lemma 5 and Proposition 4, with R = IN, R’ = 7 and

( = —1. The finiteness of the set R is proved as above. =

Example 7

We now give a transducer which converts the ordinary base-b representation of a positive
integer n into the base-(—b) representation. Both digit sets are assumed to be equal to
{0,1,2,...,b6—1}. In Theorem 13, we put D = D' = D, ={0,1,2,...,b— 1}, 3= —1, and
v = 2. From Theorem 7 we obtain Ey = F; = {—1,0}. It follows that the transducer has
four states, which are given by

S = {so = (0,0), (0, —1), (+1,0), (+1, —1)}.

The transducer is represented in Figure 3. Note that the number of states is independent of
b. We also remind the reader that Theorem 13 produces a transducer which converts repre-
sentations assumed to have an infinite number of trailing zeroes; however, in the transducer
given below, it is easy to see that at most two trailing zeroes in the input are needed.

As Figure 3 indicates, the base-(—b) representation for n < 0 may be obtained by feeding
the transducer with the base-b representation of —n, but starting in state (1,0).

We know from Theorem 14 that any (—b)-automatic sequence must be b-automatic. We
illustrate this in a special case; namely, the analogue (ay,),>0 in base —2 (with digits {0,1}) of
the well-known Thue-Morse sequence already quoted in Example 3. This sequence is defined
as follows: write n = ;5 d;(—2)*, where d; € {0,1}, and define s_3(n) = ¥ ;50 d;. Define
a, = s_2(n) mod 2. Then (@y)n>0 is 2-automatic. Here is a brief table of the sequences
(5-2(1) o a1 ()0

| n Jo[1]2[3]4]5]6[7|8[9]10[11][12]13]14][15]
[sa(n) JO[1]2[3]1]2]3[4]2[3] 4] 5] 3] 4] 2] 3|
[ e Jo[i]oftftfoftfofoft] 0] 1] 1] O] O] 1]
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Figure 4: Usual 2-automaton for the Thue-Morse analogue a,,.

We leave it to the reader to show that the 2-kernel of the sequence (a,),>0 is given by

{(an), (azn), (@2n41); (@ant1), (Cant2); (Qanya), (asnts), (agntr)}

and that the identities a4, = a,, Ggny1 = Aspr3 = Aopi1, Ggnis = Asprs = A2p, Glents =
(167415 = O4n+3, Glent7 = OG16n414 = Qant2 hold for n > 0. Using these facts, we may easily
construct the automaton in Figure 4. Each state is labelled w/xz, where w is a string, and
z is an output symbol. Such a state represents the subsequence (asiul, 1y, )Jn>0, Where [w],
gives the value of the string w when expressed in base 2. To compute a,,, feed the automaton
with the base-2 digits of n, starting with the least significant bit. Upon finishing the string,
you reach a state labelled w/z. Now output z.

In fact, one can say even more: the sequence (s_3(n)),>o is 2-regular in the sense of

Allouche and Shallit [7].

Theorem 15 Let b > 2, ¢ = £1. Let Dy = {0,1,...,b— 1}. Let D' be a subset of 7. We
suppose that 7 is a (D', eb)-ring. Let f be a map from Z to a finite set V. Define f+ and
[~ fromIN to V by ft(z) = f(z) and f~(z) = f(—=z) for all v € IN. Then the following

conditions are equivalent:
(i) [ is (Dy, —b)-automatic;

(ii) f+ and f~ are (Dy,b)-automatic, i.e. b-automatic in the ordinary sense;
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(tii) f is (D', eb)-automatic.
Such a (bidirectional) sequence f is called b-automatic.

Proo
T];e equivalence between (i) and (ii) is a consequence of Theorem 10 with R = IN, R = 7
and D = Dy:
Al is satisfied from Lemma 5,
A2 is satisfied with a = 0.

To check A3, let r <0 and s = dy + dib+ - + dp_1b¥* € Ry, such that bFr + s > 0.
Then:

k
- D
0<—r< S <) < A

7=1
hence R = U;Zy Usenr, {T EU\NIN: brr+sc ]N} is finite.
A4 and A5 are checked similarly.

Using lemma 5 above we see that (D, —b) is linked to (D’,eb) in Z. Hence (i) and (iii)
are equivalent by Corollary 1. =

Example 8

Using Theorem 15 the reader can prove properties we gave in the introduction: a sequence
(f(2))zew with values in a finite set is ({—1,0, 1}, 3)-automatic if and only if is 3-automatic
in the usual sense. Furthermore a sequence (f(x))zez is ({0, 1,2}, —3)-automatic if and only
if both sequences (f(z))zen and (f(—2))zen are 3-automatic in the usual sense.

Example 9
We now give a transducer which converts the ordinary base-b representation of a positive
integer n into its (D,b)-representation, where D = {—k,—k +1,...,—1,0,1,..., ¢}, with

k0 > 1 and k+ /¢ = b— 1. In Theorem 12, we put D' = D, = {0,1,2,...,b — 1},
D={-k—-k+1,...,0,1,....¢}. From Theorem 5 we obtain £ = {0,1}. It follows that
the transducer has two states, which are given by

S = {80 = 0,1}

The transducer is represented in Figure 5. Note that the number of states is again indepen-

dent of b.

9.3 Double sequences

In this section we study maps from IN x IN to a finite set V', or maps from IN x Z to V or
maps from Z x Z to V.

Theorem 16 Let b € IN, b > 2 and Dy, Dy C 7. We suppose that Z is both a (Dq,—b)-
ring and a (Dy,—b)-ring. Then a map f : #Z* — V is (D; x Dy, (—b,—b))-automatic
if and only if the maps f.,., : Z* — V, with e1,e9 = %1 are (Dy,b)-automatic, where
ferea(n1,m2) = f(e1ny,£9n2), for (ny,ng) € IN.
Proof

Use Theorem 11. =
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(d=0,1,..,1)d @=1,..,b-1)/d+1- b

(d=1+1,..,b-1)/d- b

Y

-
-

(d=0,..,1-1)/d+1

Figure 5: Transducer converting the positive integers from base-b to ({—k, ..., £}, b)-representation (k+£¢ =
b—1).

9.4 Automaticity of maps on Gaussian integers

In this section, we consider the ring Z[i] of Gaussian integers. This ring is a (D, b)-ring for
D =1{0,1}, b = —1 41, see Example 1. As in Theorem 3, we use the bijection § : Z* — Z[i]
defined by 6(m,n) = m + ni, where m,n € 7.

Theorem 17 A map f : Z[i] — V is ({0,1}, —1 + i)-automatic if and only if the maps
(fo0)e e : N> =V are ({0,1}, 2)-automatic, where (f 0 8)., .,(m,n) = (f 0 0)(c1m,em),
for ey, eq = +1,and m,n € IN.

Proof
Theorem 3 applied to R' = Z[i], R = Z, b = —1 + 1 and the bijective map 6
together with the property (—1 + i)* = —4 shows that the map f is ({0,1},—1 + 1)-

automatic if and only if f o 6 is (7'(R)),(—4, —4))-automatic, where, as usual, R, =
{a+8(=1+0)+~y(-1+9)*+6(—-1+4)°: a,8,7,6 € {0,1}}. Theorem 16 shows that this
is equivalent to saying that the maps (f 0 6)., ., from IN x IN to V are 4-automatic, which
is equivalent to saying they are 2-automatic (Theorem 2). ®

Example 10

One can also prove Theorem 17 by explicitly constructing a 2-uniform transducer which
converts the base-2 expansion of a Gaussian integer to its expansion in base —1 + 1. We do
this below. This transducer is not obtained directly as a consequence of our theorems on

linked sets, but one could in principle rephrase the theorems on Z?* in terms of transducers.
Our transducer (@, %, A, 4,7, qo) has 32 states

Q={0,1} x {1,—1} x {1,—1} x{0,1} x {0,1}.

Each state is of the form {d, s, s, ¢z, ¢, }, where d governs whether the first entry (z) or 2nd
entry (y) is the real part; s, governs the sign of z; s, governs the sign of y; ¢, is the carry
bit for x; and ¢, is the carry bit for y.
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The initial state chosen depends on the sign of the real and imaginary parts of the input,
and is given as follows:

x>0, y>0 : =(0,1,1,0,0);
<0, y>0 : qo (0,—1,1,0,0);
23>0, y<0 : (0,1, 1 ,0);
<0, y<0 : qo (0, — 1,0,0).

The transducer is then fed simultaneously with the absolute values of = and y, starting
with the least significant bits, and it outputs the base-(—1 + 1) representation of = + iy,
starting with the least significant bit.

This transducer converts z = x 4 i1y from base-2 to base-(—1 4 7). We write

2| = 20<r a]-ZZj;

ly| = Zogr ijf.

and the input to the transducer is a sequence of pairs of bits :
ag a1 a,
bo by b,
The output is ege; . .. €, where Yoo, ei(—1 4 1)
The idea is for the transducer to keep track of z;, where zop = z and

Z]' — t]'
—21

Zi+1 =
Here t; is defined as follows, where z; = x; 4+ y;7 and
0 if  z;=y; =0 (mod 2);
i if 2;=0, y;, =1 (mod 2);

1 if z;=1, y; =0 (mod 2);
-1+ if z;=1, y; =1 (mod 2).

We define
5((0781‘7811561‘)61/)7 [ ZS ]) = (1’8;7811761‘761/)
where
(1,-1) if (sz,8) = (1,1);
(s 5') (1,1) if (sgz,8y) =(1,—1);
7y (=1,—=1) if (sz,8,) =(=1,1);
(—=1,1) if (sz,8y) = (—1,-1);
and

We also define
5((1732773317627761/)’ [ ZS ]) = (07S;7Sy7cz7cy)



where

(=1,1) if (szs,) =(1,1);
(sh5) = (=1,—=1) if (sz,8,)=(1,-1);
27y (1,1) if (sz,8) =(—1,1);
(17_1) if (Sl‘a‘sy) = (_17_1);
and - ;
(as —I_ cz‘)Sz‘l —I__(:Z: ‘I’ Cy)Sy — 1 _ C;S; _I_ C;S;l
It can be verified that 0 < ¢/, ¢, < 1. The output is then
00 if as+¢c;=0; by+¢, =0;
as |\ ) 11 if ag+c=0; by+c, = 1;
T((O,Sz’)syacl’)cy)? l bs ]) - 10 lf s _I_ Cp = 1’ bs + cy = 0’
01 if as+c,=1; bs+c¢,=1;
and
00 if as+¢c;=0; bs+c¢, =0;
as |\ ) 11 if ay4+c,=1; by4¢, =0;
(1, 52, 89, €2 ¢4), l by ]) ] 10 if as+ e =0; bs+e, =1
01 if as+c;=1; by+c¢,=1.

The reader can verify, for example, that this machine transduces the base-2 representation
of 1 — ¢ to its base-(—1 + 1) representation, 111010.

9.5 Automaticity of maps on a ring of quadratic algebraic integers

In this section we consider two more applications of the theorems in the preceding sections.

Let m € IN, m > 2, and —m = —1,2 (mod 4). Then the ring Z[i/m] is a (D,,,i\/m)-
ring; see [21, p. 266]. Let 0 : Z* — Z[i\/m] be the map defined by 0(k,l) = k+il\/m, where
k,leZ.

Theorem 18 Let m € IN, m > 2 and —m = —1,2 (mod 4). A map f : Z[i\/m] = V is
(D,, in/m)-automatic if and only if the maps (f 0 0)., ., : N* = V are (D,,, m)-automatic,
where (fo0)., .,(k,1)=(fo0(c1k,esl), where e1,e9 = £1.

Proof
Same as the proof of Theorem 17. =

Finally, we consider the case m = 1 (mod 4) only for m = —3. The ring of algebraic
integers L in D(iv/3) is a ({0,1,(},iv/3)-ring for ¢ = (1 +iv/3)/2, [35]. The ring L is
isomorphic as an abelian group to Z & Z¢. Define a map 0 : Z* — LG U, by 0(k, 1) = k+IC¢.

The same proof as for Theorem 17 gives

Theorem 19 Let L be the ring of algebraic integers of Q(in/3). Then a map f: L — V is
((0,1,¢),iV3)-automatic if and only if the maps (f08)., ., : IN> = V are (Ds, 3)-automatic,
where (fo0)., .,(k,1) = (fo0)(e1k,esl), where k,l € IN and 1,6 = £1.
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9.6 Folded representation of integers and revolving representation
of Gaussian integers

There are examples of radix representations of integers or Gaussian integers which are not
covered by the notion of (D,b)-representations. The problem is that the set of digits is
redundant and therefore the radix representations are not unique. Nevertheless these rep-
resentations are quite natural. For such (exotic) radix representations there is an obvious
notion of automatic map: a map which is produced by a finite automaton with input alpha-
bet the corresponding set of digits. The natural question is how this notion of automaticity
is connected with the corresponding notion we considered in the previous sections. In this
section, without going into details, we consider the folded representation of integers and the
revolving representation of Gaussian integers introduced in [16].

Folded representation of integers

The digit set is D = {0,1,1}, the base is b = 2. Here 1 = —1. Every non-zero integer
n € Z has exactly two folded representations

n=mns2"+---+nm2+ng, nj €D,

a positive one in which the rightmost non-zero digit is 1 and a negative one in which the right-

most non-zero digit is 1, with the condition that the non-zero digits in either representation
alternate 1,1, (see [16], I, Theorem 1, p. 70).

Revolving representation of Gaussian integers

The digit set is D = {0,1,1,4,1}, the base is b = i + 1. Here 1 = —1,7 = —i. Every

non-zero Gaussian integer r has exactly four revolving representations:
r=rs(l+e)°+---+r(l+i)+ro r; €D.

For each integer, one of these representations has the property that the rightmost non-zero
digit takes the value 1, 1,7,z and that in the word r, - - - 717y from left to right non-zero digits
follow the cycle (i,1,1,1), (see [16], Theorem 2, p. 71).

For both folded and revolving representations the digit sets are redundant modulo b.
The base b = 1 + i for the revolving representation is not a base for the digit set {0,1} for
Gaussian integers, (see [28]).

Here we give more general definition of radix representation including both the preceding
examples and the (D, b)-representations we discussed earlier.

Let R be a subsemiring of the semiring R', D a finite subset of R’ containing 0, b € R.
We consider digit representations of elements of R with the elements of D as digits and b as
base. The precise definition is as follows. Let D[z] be the set of polynomials with coefficients
in D and Pp be a given subset in it containing 0. The semiring R is called a (Pp, b)-semiring
if there exists k£ € IN, & > 1 such that for every element r € R, r # 0, there are exactly k
polynomials py(z),...,pr(z) € Pp such that

pi(b)=r, 3=1,... k.
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For Pp = D[z] and k =1, R is a (D,b)-semiring. The ring of integers Z is a (Pp, 2)-ring
with D = {0,1,1}, k = 2 and Pp defined by

p(z) =psz’ + -+ piz+po € Pp
if and only if p; € D and in the word p; - - - p;po non-zero elements 1, 1 alternate. The ring of
Gaussian integers Z[i] is a (Pp, 1+ i) ring with D = {0,1,1,7,i}, k = 4 and the polynomial
p(z) € Pp if and only if p; € D and in the word p; - - - p1po read from left to right non-zero
elements 1,1,1,i follow the cycle (i,1,7,1).

P A

Let R be a (Pp,b)-semiring for a given k € IN, k > 1 and

k . .
Po\{0}=UPp, PonPr=0, j#!

i=1

and for every non-zero r € R there is a p;(x) € 73{7 such that p;(b) = r.
Folded and revolving representation satisfy this condition. For folded representation

Pp\ {0} =P, UP},
and p(z) € Pp if and only if p(z) € Pp and the rightmost non-zero coefficient of the
polynomial p(z) is a = 1, 1.
For the revolving representation
Po\{0} = U Pp,
a€D
and p(z) € P} if and only if p(z) € Pp and the rightmost non-zero coefficient of the
polynomial p(z) is a = 1,1, 1,1.
Let D* be the set of all finite words written with the digits D and

Pp={weD: w=uw, --wo, p(x) =w2*+---+wo € Pp}.

The sets 73{3*, 1 < 7 <k are defined in a similar way.
The map f : R — V is called (P}, b)-automatic if there is a finite automaton A =
(S, 80, D, 7,V) such that

f(ry=71(wosg), re€R, w=ws...w€E 73{)
and
r=wgb® + -+ w b+ wg.

Then we have the notions of automatic maps of Z corresponding to the positive (negative)
folded representation of integers and similarly for the maps on Zi[¢] corresponding to fixed

a-revolving representation (the rightmost non-zero digit is a =1, 1,1, 7).

Finally, we give without proof the following two theorems:

Theorem 20 A map f: 7 — V is automatic with respect to the positive (negative) folded
representation if and only if the maps f° : IN — V, with ¢ = £1 are 2-automatic, where

fe(n) = f(en), n € IN.

Theorem 21 A map f : Z[i]| = V is automatic with respect to the a-revolving representa-
tion, a = 1,1,4,1 if and only if the maps (fob)., ., : IN>* = V are (Dy x Dy, (2,2))-automatic,
where (f00)., o, (m,n) = f(eym,ean), where m,n € N, for eq,e9 = 1.
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9.7 Open question

We conclude the paper with a question we have not been able to resolve. Is it necessarily
true that that if a sequence of Gaussian integers (a,)n>0 is (—k + 7)-automatic (k > 2), then
the associated double sequence formed by the real and imaginary parts of a, is b-automatic
for some b > 27 Since it is not hard to see that no nontrivial power of —k + 7 can ever be
a (rational) integer when k > 2, the proper generalization of Cobham’s theorem [14] would

settle this question in the negative.
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