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ABSTRACT. Letj € (1,2). Eachz € [0, ﬁ] can be represented in the form

o
T = ngﬁikv
k=1

wheree;, € {0,1} for all & (a S-expansion ofr). If § > ”Tﬂ then, as is well known, there
always existc € (0, ﬁ) which have a uniqug-expansion.

In the present paper we study (purely) periodic uniguexpansions and show that for each
n > 2 there exist®,, € [”2@, 2) such that there are no unique periodiexpansions of smallest
periodn for 5 < 3,, and at least one such expansionfor (.

Furthermore, we prove that, < f,, if and only if £ is less thanm in the sense of the
Sharkovskil ordering. We give two proofs of this resulteasf which is independent, and the
other one links it to the dynamics of a family of trapezoidaps.

1. HISTORY OF THE PROBLEM AND FORMULATION OF RESULTS

This paper continues the line of research related to the cwtdrics of representations of real
numbers in non-integer bases ([12, 13, 15, 21)).

Let 3 € (1,2) be our parameter and lete 15 := [0, ﬁ]. Thenx has at least one represen-
tation of the form
(1.1) x = mg(er, e,...) ::Zskﬁ’k, e € {0, 1},
k=1

(use, e.g., the greedy algorithm) which we @ali-expansion of and writex ~ (4, €9, ... )s.

Let us recall some key results regardifigexpansions. Firstly, it < § < G := % then
eachz € (0, 527) has a continuum of-expansions [12]. On the other hand, for ahy- G,
there exist infinitely many: which have a uniqug-expansion (see [9, 13]), although almost all
x € I still have a continuum ofi-expansions [21].

More specifically, putz ~ (010101...)z =

expansion [13].

7. Then bothe and gz have a uniques-
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Let X3 denote the set of which have a uniqug-expansion (these numbers are sometimes
called univoque numbers with respectiosee [10] for example). Denote by

(mp)2, = 0110 1001 0110 1001 . .

the Thue-Morse sequence, i.e., the fixed point of the mompbis— 01,1 — 10 (see, e.g.,
the survey paper [6] for the many wonderful properties o$ aimous sequence). Let now
Ok ~ 1.78723 denote theKomornik-Loreti constanti.e., the unique positive solution of the
equation

S)
E mkaf"” =1
k=1

This constant proves to be the smallgstuch thatl € X3 — see [14]. Note that in [4] it was
shown that3y, is transcendental.
The main result of [13] asserts that the 3gtis

(1) infinite countable if7 < § < Oky;
(2) a continuum of zero Hausdorff dimensiordit= [k ; and
(3) a continuum of Hausdorff dimension strictly between @ anf 35, < 5 < 2.

Notice that for3 > [k the setX; is not necessarily a Cantor set and may have a somewhat
complicated topology — see [15] for more detail and alsolierdase of an arbitrary > 1.

Let X3 denote the set of all 0-1 sequences which are unizagpansions, and; denote the
shiftonXs, i.e.,o3(e1,¢€2,¢€3,...) = (e2,€3,...). Letmg : ¥3 — X3 be the projection given by
(1.1)). Itis obvious that is a bijection.

Sincems({e : e1 = 0}) C [0, 5] andms({e : &1 = 1}) C |55, 5737), the setX; has an

empty intersection with the middle mterv% ﬁ(ﬁ o } Thus, we have the following commuta-
tive diagram:

Z@ L Eﬁ
[

where

Bz, 0§x<%,

To state the main theorem of the present paper, we recalthib&@harkovsKiorderingon the
natural numbers is as follows:
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3 > 5 > 7T D> - D> 2m +1 >

> 23 > 25 > 2.7 > > 2-2m+1) >

> 4-3 > 45 > 4.7 > > 4-2m+1) >

> 2".3 > 2.5 > 2"-7T > -+ > 2"-(2m+1) >
> 8 > 4 > 2 > 1,

where the relatiom > bindicates that comes beforé in the ordering.

Remarkl.1 This is a complete ordering d§ := {1,2,3,...} since(n,m) — 2"(2m + 1)isa
bijection(NU {0})? — N.

Theorem 1.2. (Sharkovski's Theorem) Let f be a continuous map of the real line. K> [
in Sharkovkis ordering and if f has a point of smallest periokl, then f also has a point of
smallest period.

This was originally proved in [20], see also [11].
Now we are ready to state the main theorem of the present.faper

U, ={0 € (1,2) : ¥3 contains a periodic sequence of smallest peripd
={p € (1,2): Fs3: X3 — X3 hasam-cycle}
(By the result quoted abov&, = (G, 2), for instance.)

Theorem 1.3. There exist real numbers, in (1,2) such thatU,, = (5,,2) for anyn > 2.
Furthermore,3, < ,, if and only ifn <m in the sense of the Sharkovistadering.

Remarkl.4. We are going to give explicit formulae for th#, via the fragments of the Thue-
Morse sequence as well as the fitstycle to appear — see Proposition 2.16 below. Note that for
n = 2F this result is essentially contained in [13], where it iDadgown thatd,:  Bkr.

We will make usanter alia of results in combinatorics on words. In particular a setinaby
sequences studied in [1] and denotedibgsee (2.2)) will play a rdle in some proofs. In this
respect one could compare the combinatorial part of the neaunt of [13] with the “Théoréme”
and “Corollaire” on page 37 of [2].

The structure of this paper is as follows: the next sectiolh vé devoted to the proof of
Theorem 1.3. In Section 3 we discuss possible links of ttasrclwith the classical theory of
one-dimensional continuous maps. (Note that Referencel6lved a link between kneading
sequences of unimodal continuous maps and unigexpansions of .)

Our central result of that section is in the negative dimettwe show that iy > j3,, then any
continuous extensiofi; of Fj3 : X3 — X3 has ak-cycle for anyk > 2 providedS; is monotonic
on|0,1/4].

Section 4 is devoted to a different proof of our Theorem 1&8 thie classical Sharkovskit
theorem applied to a family of trapezoidal maps, and — agaiome combinatorics on words
and properties of the sét
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2. PROOF OF THE MAIN THEOREM

Definition 2.1. Put7sz = 2z mod 1, ande, = [#7; '(z)] for z € [0,1] andn > 1. Then
(€169 ... ) is called thegreedy expansioaf x in bases.

PutX = {0,1}" and letd(3) € ¥ denote the greedy expansion lofn bases. If d(3) is
finite, i.e., of the formd(3) = &1 ...e,_1 10°, thend'(() := (e1 .. .£,_1 0)* - thequasi-greedy
expansion of 1.

We say that the sequence (resp. the finite werd) e e, . . . is lexicographically lesshan the
sequence (resp. the finite word with same lengttif) ;. < ¢ for the least such that,, # <.
Notation:e < ¢’. We writee < ¢’ if eithere < ¢’ ore =¢'.

We will use the following simple remark.

Remark2.2 The relation= is a total order on the set of infinite sequences (resp. onghefs
words of given length). Further letand<’ be two infinite sequences. Latandu’ be their
respective prefixes of length séythenu < «' impliese < ¢, ande < ¢’ impliesu < «'.

We need the following auxiliary results on greedy and qaasedy expansions:

Lemma2.3. (1) If d'(p) is defined, then it is also an expansion bfin bases.
(2) The equatiorl = ) ;° ¢,z 7, for some fixed = ¢,e9¢3 - - - € X, with at least oné and
at least twols, always has a unique solutighe (1,2).
(3) (Monotonicity) Let3, 5 € (1,2). Theng > 3 if, and only ifd(3) > d(3).
(4) Let 3,5 € (1,2) and assume thaf'(3) and d'(3) are both defined and of the same
smallest period. Theft > 3 if, and only ifd' (8) > d'(5).
(5) Assume € ¥ satisfies
j < e if 7 # 0 mod n;
06{ =¢ if j=0modn.

Then there exists € (1, 2) such that/' () is defined and equats

0o g

Proof. (1) is trivial exercise, while (2) follows from lettingi(z) := >_.~, =t — 1 and observing
that f(1) > 0, f(2) < 0, andf'(x) < 0, Vx € (1,2); (3) is proved in [19] and (4) is an easy
consequence of it.
(5) follows from the fact that necessaridy,, = 0 for all p € N (otherwise the condition in
guestion is not satisfied), wheneg. . . £,,_110% is the greedy expansion of 1 in base
O

Theorem 2.4. (Parry[19]) Lete € X. Thene = d(5) for someps € (1,2) if, and only fif,
ole < g, Vj > 1.
This is essentially proved in [19]. The following auxilidgmmas will be needed later on.

Lemma 2.5. There exist n@, 3 € (1, 2) such thai? (5) < d(3) < d(3).

Proof. Assumed'(3) = (e;...2,-10) is defined and leti(3) := 0,0205... and suppose

d'(B) < d(B) < d(B). This immediately forces

51(52(53 Ce 6n — £1E9€3 ... 5n710'
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By Theorem 2.49,, 16,42+ = o™d(B) < d(f) =¢€1...€,-100,41 .... Hence

5n+1 C 5271 ‘_< E1... 6n_10.

On the other hangk; ...s,_10)* = d'(5) < d(B) implies that
5n+1 Ce 5271 >_' E1... 5n—107

and hence
5n+1 ce 52n =£&1.. .Enflo.

By repeating this process we see that we are forced into timeosis conclusion thad(5)
d'(3).
Put

ol

92—
It is clear thatA is invariant under; and moreover, it is an attractor féi; (see [13] for more
detail).
Letz denote the mirrorimage af i.e.,(€), = 1 — &,.

Lemma 2.6.[13] Let5 € (1,2). Then
2.1) S =y (A) = {g ey d(F) < o’ < d(f), Vj> 0}

if d'() is not defined. If it is, replacé(/3) and d((3) with d'(/3) and d’'(/3) respectively in the
above.

Remark2.7. In [13] it was shown that it € ¥ is periodic, therrs(e) € Ag.

Put
(2.2) I={ccY:g<0fc=¢ Vk>0}

It is obvious that all sequences Ihbegin with 1, and furthermore, € T' begins with 10,
thene = (10)>. This set has been introduced and studied in detail in [1ajvell as the sets
I,:={eeX : 7=<0le=<n, Vj>0}forn el (Actually the sequences in the $estudied
in [1, 2] satisfy the extra condition that they begin with which only excludes from the present
setI” the sequenc€l0)>.)

Define
V., :={p € (1,2) : d'(p) exists, has smallest peried andd’ () € I'},
and let3, := inf U,, and~,, := min V,,. (ProvidedU,,, V,, # ().)
Proposition 2.8. Letn > 2. ThenU,,, V,, # 0 and 3, = .
Proof. For anyn > 2, there always exists/@ € (1, 2) such that’(3) = (1...10)*> (of smallest

periodn) by Lemma 2.3, (5) s&,, # 0. Notice also that/,, is finite, somin V}, is well defined.
Let 5 € (1,2), 8 > .. Thensincey, € V,, o/d(v,) < d' () < d(v,) < d(3) (using

monotonicity), and similarly?d'(v,) < d'(v,) < d(v,) < d(3),¥j > 0. So we havel(5) <
o’d'(v,) < d(B), V7 > 0whenced'(v,) € 225 C Y3 by Lemma 2.6 provided'(/5) does not
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exist. (In the event that' (3) does exist, this still holds vid (3) < o7d'(v,) < d'(38), Vj > 0.
Indeed if this were false theti(3) < o7/d'(v,) < d'(v,) < d(y,) < d(B), but this is rendered
absurd by Lemma 2.5.) Hend¥(v,,) € X5, which impliesg3 € U,,, because! (v, is periodic
with smallest period:, and thereforey, > (,, sinces was arbitrary. Moreover, we now know
thatU, # 0.

We complete the proof by showing, < 3,. Letg € U,, 8 > (3,. So there exists € X3
which is periodic with smallest period. Moreover, because is periodic, it must represent
some number (in base) belonging toA4s. l.e.,e € E“;". Hence by Lemma 2.6i(3) < /¢ <
d(B), Vj=>0.(fd(p)exists, use the fact thdt(5) < d(5).)

Puta = max{o’e, 0’z | 0 < j <n—1}.S0a =< o’a < a,Vj >0, i.e.,a € I'. Moreover,
sincea is periodic with smallest period, we must have,

sigd S0 !fj:%()mOdn;
=a if 7 =0modn.

Hencea = d'($3), for somes (by Lemma 2.3, (5)), and 56 € V.
Finally, §inced’(ﬁ) =a = d(3), we must haves < 5 by Lemma 2.5. l.e., for alb € U,
6> B,, 38 €V, suchthats < 5. Hencey, < j3,, as claimed. O

Corollary 2.9. U,, = (5., 2).

Proof. In the above it was shown that, if € (1,2) with 3 > ~,, theng € U,. Moreover, it
was shown that,, = 3, = inf U,,, hencel,, = (f,,2), or [3,,2). We now discount the second
case. Lets € U,. So there exists a periodic sequence, with smallest peried= > such that
mg(e) € Xs. Moreover the fact that is periodic ensures that; (<) € A3 (see [13]). Hence

d(B) < o’e < d(B), Vje€[0,n—1]

by Lemma 2.6.
Puttingd(3) := didads . . ., letk be the smallest number such that

d1d2d3 . dk]_oo < O'j€ < d1d2d3 . dkOOO, VJ c [0, n— 1]

Now by Theorem 2.4, there exists € (1,2) such that/(’) = dydads . . . d0>°, whence

d(B') < ole < d(p), Vje€lo,n—1],
i.e., 0 € U, bylemma2.6. Now note that ') < d(/3) implies’ < /5 by monotonicity. [

We now introduce a result that allows us to make the connettithe Sharkovskit ordering.

Proposition 2.10. If a; denote the lexicographically least sequencd’iof smallest period:,
then
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as >~ Q5 - ar e A2m+1 ~

= Q23 = Qa5 = Qa7 = = A2.(2m4l)

= Q43 = Qa5 = Qa7 = 7 Q42mHl)

= Qgn.g > dgny > Qong > 0 > A2n.(2m4l)  ~
- ag - ay = Q.

Proof. This proposition is a consequence of Proposition 2.15 amdrh& 2.12 (d) and (f) — see
below. ]

Now by Lemma 2.3 (5)q, = d'() for somes € (1,2). Furthermore, by Lemma 2.3 (4),
0 = (k. Hence, invoking monotonicity allows us to apply the regdiordering on the.. This
reduces the proof of Theorem 1.3 to proving Proposition.2.10

To calculates;, explicitly, givena,, we need to solve, = d'(3) for . l.e., ifa, = a(lk)agk) .
thengy is the unique root irf1, 2) of the polynomial

k=2 (k)

k) k-
k—ai)kl = r— L

_ A ®)
x x oy T

In order to prove Proposition 2.10, we will give a constrantdf the sequencegs,,). This
construction was suggested in [2] (see also [1]). For the sdlcompleteness, we give here a
self-contained proof extracted from these two referend#s.begin with a definition and two
lemmas.

Definition 2.11. We denote by the map defined ol by: if ¢ = (¢,,),,>1 belongs ta, then

=1 dvn > 1 (M(S))Qn = &n

(M(€>>1 anavn > 1, { (M(S))2n+1 = 1—¢,.

We denote byl := (m,),>; the sequence obtained by shifting the (complete) Thue-#&ors
sequencém,, ), >o.

Lemma 2.12. The following properties of the mapand of the sequenck hold true:

(@) Forall k > 0, 0?1y = op oF.

(b) For any sequencein X we haver(u(c)) = a(u(€)) = o(u(e)).

(c) Lete be a sequence iR. If ¢ is periodic with smallest perio@ > 0 ander = 0, then
w(e) is periodic with smallest perio®T". In particular, if ¢ is a sequence ik such that
u(e) is periodic with smallest period, thenU cannot be odd, hencE is even, say
U = 2T, ande is periodic with smallest period and satisfies; = 0.

(d) If the sequences= (&,),>1 ande’ = (&/)),>1 In X satisfye < &/, thenu(e) < u(e’) and
o(u(e)) < o(u(e)):

(e) The sequencé is a fixed point of the map. Also, for any sequence:= (&,,),>1, We
have thatu>(¢) := lim, ., u"(¢) exists angu>(¢) = L.

(f) Lete := (,),>1 be asequence iB. If ¢ < L, thene < u(e). If e = L, thene > u(e).
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Proof. The proofs of (a—d) are easy and left to the reader.

Let us prove (e). It is straightforward that the sequediggc)),>; is the image of the se-
quenced(e,),>1 under the morphismp defined byp(0) = 01, ¢(1) = 10, introduced above.
In particular, the sequende = (m,,),>; is a fixed point ofu, since the complete Thue-Morse
sequencém,,),,>o is a fixed point of the morphism. Also we have, for any sequeneén ¥ and
anyk > 0, the equalitydu* () = ©*(0e). HenceOu™> () exists and is equal tp>(0s) which is
precisely the (complete) Thue-Morse sequeeg),,>o.

In order to prove (f), note that, # < u(e), then, using (d)u(s) < u(u(e)). Hences <
u(e) < p?(e), and by inductiore < pu(e) < u*(e) for all k > 2. Letting k tend to infinity and
using (e) gives that < p(c) =< L, hences < L. Reversing the inequalities show that 1(¢)
implies thats >~ L, which proves (f). O
Lemma 2.13. The sef" has the following properties:

(a) Lete be a sequence ii. Suppose that there exists> 1 such that
Ed+1 Edy2 " €2d = €1 E2° " Eq
then the sequenceis periodic of periodd, i.e., we have
e=(c169- 481 62 €a)™.

(b) Lete be a sequence iR. Thene belongs td" if and only ife; = 1 and uu(¢) belongs to
I.

(c) If e is a sequence ifi such that # (10)>° ande < 1(10)>°, then there exists a sequence
¢ alsoinI" such that = u(¢).

(d) If € is a periodic sequence i such that < 1(10)>°, then its smallest period is even.

Proof. We first prove (a). Define, fof > 0, theblock (or word) z; by
zj = (Ejar1 Ejarz -+ E(G+1)a)
so that we can write
g = (5152"'5(1) (€d+1 6d+2"'€2d>"'(6jd+1 €jd+2"'5(j+1)d)"':2'021 ZQ"'

We prove by induction o > 0 thatzy; = 2y andzy;411 = Z. The casg = 0 is exactly the
hypothesis in (a). Suppose the result is true for sgrre0, i.e., that

N |
e=(20%0)""" 29542 22543
Now
2d(5+1 =

(2.3) 22j+2 225431 = O UH(e) Re=27%---
hencez,; 2 < 2, and

— d(2j+1 —= — 41

20 R2j42 2243 " = 2241 22542 Z2j43 - = O @7+ )(5) &= (20 Zo)jJr

hencezy 2,40 = %o 20, Which giveszy o > 29, hencez,; .o = 2. But the inequality (2.3) now
implieszy;.+3 < Z;. On the other hand

_d(2j+3 I
22j+322j+4"‘—0'(j Ne)=2=7%---
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hencez; 15 = Zy which finally implies thaty; 3 = Z.

We now prove (b). Suppose thatbelongs tol'. Sincez < ¢, we haves; = 1. Applying
Lemma 2.12 (b) and (d) to the inequalities< o*(¢) < ¢, we get for allk > 0

o(p(e)) = o(u(®) = a(p(a*(e))) = o(u(e)).
Hence, from Lemma 2.12 (a),

(2.4) o(u(e) = o™ (u(e)) = alu(e)).

) 2
Since(u(e)); = 1, we haves(u(e)) < u(e) andu(e) < o(u(e)). Hence the above inequalities
yield

1) = o (ule)) = (e).
It remains to prove that for every > 0

p(e) < o™ (ule)) < pe).
If (0% (u(€)))1 = 0, theno®(u(e)) < p(e) asu(e); = 1. On the other hand, (2.4) implies that

o(p(e)) = a(0™(u(e))). Henceu(s) < o (u(e)), since(u(e) = (0% (u(e)))1 (= 0).
If (0% (u(e)))1 = 1, thenu(e) < o (u(e)) asu(e), = 0. On the other hand, (2.4) implies that
a(0%(u(e))) X o(u(e)). Hences™ (u(e)) = p(e), since(o®(u(e)))r = (u(e))1 (= 1).

Now suppose that(s) belongs td", and that; = 1. We clearly have < «. It thus suffices
to prove that, for any: > 1, both inequalitiesr*(¢) < ¢ andz < o*(¢) hold.
e Letus prove the firstinequality. Lét> 1. If ¢, = 0, we haver®(e) = g 16440+ <
e. If ex41 = 1, then eithee; = 1 forall j € [1,k + 1] ando®(¢) < £ sincec®(¢) begins
with less1’s thane, or there existg € [2, k + 1] such that; = 1 forall j € [(,k + 1]
andes,_; = 0. But then

leyEremi B =1 Bl Bign =0 2(u(e) S pu(e) =le1Erea &z -
hence
ELELEN1 &1 "  DELEIE2E -
which easily implies
ag’l(a) =EpEpp1r RELEgr =&
This in turn implieso®(¢) < ¢, since the sequen(zé“( ), beginning with lesg’s than
o‘~1(e), is smaller tham*~1(¢).

e Let us prove the second inequality. Let> 1. If ¢, = 1, we haves”(e) =
Ekt1€k42- - = E. If eg41 = 0, then there existé € [2,k + 1] such that; = 0 for
allj € [¢,k+ 1] ande,_; = 1 (remember that; = 1). But then

OerErer1 Erat =101 Eapr - =0 (u(e)) = p(e) =0F1e1Exen- - -

hence
EpErEp1Crq1 ZE1E1EQE"
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which easily implies
-1 —
o (e)=¢erEpp  mEIE =

E.
This in turn implieso®(¢) = &, since the sequencé’ (<), beginning with les®’s than
ot1(e), is larger thanr*~1(¢).

To finish with the proof of Lemma 2.13 it suffices to prove (cnmely (d) is a consequence of
(c) and of Lemma2.12 (c). So, lebe a sequence inwith e < 1(10)*. Sincel(10)* = u(1°°),
we may suppose that< 1(10)>. We thus have

0(01)® <& < oF(e) < e < 1(10)™

for all £ > 0. This implies in particular that cannot contain three consecuti/e nor three
consecutive)’s. The sequence must begin withl. If ¢ = 10---, thene = (10)> from
Lemma 2.13 (a), which is excluded. Thas= 11---, hences = 110---. From the inequal-
ity e < 1(10)*, there is a maximal integer > 1 such that: = 1(10)"--.. Hencees =
1(10)01 - - - (recall thate does not contain three consecutiVg). Then there exists a maximal
integerj; > 1 such that = 1(10)"(01)’* - - -. But0(01)?* - - - = g%*1e = € = 0(01)"(10)7 - - -
This impliesj; < i; and the next term im?'e must bel, i.e., 0% = 0(01)*1---. Fi-
nally e = 1(10)(01)*1---, with 0 < j; < 4;. A similar reasoning can be applied to
o1 t2e = 11- .., yieldingo?*t2te = 1(10)2(01)21 - - - with 1 < iy < i; and0 < jp < 4.
Thus, iterating, we get

e = 1(10)"(01)7(10)"(01)’2(10)(01)% - - -
with 1 < ¢, <77 and0 < 7, < i;. This implies
e = p(1107117207210% - - - ).
The sequenc# (/112072107 - - . belongs td" from Lemma 2.13 (b). O
Remark2.14 In Lemma 2.13 Part (a) is [2, Lemme 2 b, p. 27]. The “only if” paf (b) is

on Page 26-06 in [1]. The proof of Part (c) is inspired by theopiof the partly more general
“Lemme 1" on page 47 of [2].

We are now ready to present and prove the following constuctf the sequencesy).

Proposition 2.15. Denote byu, the smallest periodic sequence belongind tavhose smallest
period is equal tdk > 1. Letk = 2"(2m + 1), then

1% iftm=n=0(»Ge,k=1),
ar =< p(0%) if m=0andn > 1,
7 ((1(10)™)=) if m > 1.

Proof. e The casen = n = O is trivial.

e Letus address the case= 0. Forn = 1, we havek = 2, and it is easy to see that =
(10)*° = p(0). Suppose thaty. = p™(0°>°) for somen > 1. Thenu(az-) has smallest
period 2", henceagn+1 =< p(agn) = "™ (0°). Now 0> < L < 1(10)*, hence
agn+1 =< p" T (0%) < p" (L) = L < 1(10)>. This implies, from Lemma 2.13(c), the
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existence of a sequenedn X such thatuy.+1 = p(z). We have that is periodic, and
its smallest period i8". Furthermore:(z) < p"*(0>), hencez < p"(0>°). This forces
z = p"(0°), thusagn+1 = p(z) = " *(0°>).

e Let us prove the result fon > 1 by induction onn > 0. Take firstn = 0. Lete be a
sequence it with smallest period2m + 1) for somem > 1. From Lemma 2.13 (d),
we must have - 1(10)*. Hence the prefix of of length2m + 1 must be larger than
or equal to the prefix of(10)> of length2m + 1, i.e., 1(10)™. The sequence being
periodic with smallest perio®m + 1), this implies that = (1(10)™)>°. But this last
sequence clearly belongsfpwhich implies that it is the smallest sequencé'itinat has
smallest perio@m + 1.

e Now, suppose the result is true for some> 0. Let e be the smallest sequence in
' whose smallest period &' (2m + 1). Since the sequengé ™ ((1(10)™)*) is in
I' (use Lemma 2.13 (b)) and has smallest pedod' (2m + 1) (use Lemma 2.12 (c);
note that weneedm # 0), we haves < p"™((1(10)™)>). Since this clearly implies
e < 1(10)*°, Lemma 2.13 (c) gives the existence of a sequehicel’ such that = p(e’).
The inequalityu(e’) = ¢ < p™((1(10)™)>) implies, using Lemma 2.12 (d), that
e’ =< p™((1(10)™)>). But ¢’ belongs tol' and has smallest peric2f'(2m + 1) (use
Lemma 2.12 (c)). Hence, from the induction hypothesis= n™((1(10)™)>). Thus,

e = p(e) = pH((1(10)™)).
O
We conclude the section with an explicit formula for thevia fragments of the Thue-Morse
sequence.

Proposition 2.16. The sequences,.) are related to the Thue-Morse sequence as follows. Let
k =2"(2m +1). Then
my° ifm=n=0(»Ge,k=1),
ap = (m1m2m3 .- -mgn_lm—gn)"o if m =0andn > 1,
(m1m2m3 s -M3g.9n (m1 ce m2n+1)m*1)°° if m > 1.

Proof. We may assume thét, n) # (0, 0). We then note that (see the proof of Lemma 2.12 (e)),
for any sequence in 3 and for anyn > 0, we haveOu"(¢) = ¢™(0¢). Hence to prove the
proposition, it suffices to show that, for any> 0,

cp”(OOO) = 0(m1m2m3 s mgn_lm—gn)oo,

gDn(O(l(lO)m)oo) = O(m1m2m3 c -+ M3g.on (m1 cee m2n+1)m_1)°° Ym > 1.
Remembering that,, is nothing but the parity of the sum of the binary digitsrgfwe clearly
havemgn =1, O(m1m2m3 s mgn,lm—gn)o" = (m0m2m3 s mgn,l)oo, and

m1m2m3 cee m32n == m1m2m3 cet m2n+1m2n+1+1 c m2n+1+2n
= MMoM3- - -Mon+1_1MyMy - - -Mon_1 0

Denoting byW,, the word (of lengte™) W,, := mem, - - - myn_;, What we have to prove boils
down to

©"(0%) = Wy
e"(0(1(10)™)>) = (W W, WTH>™ ¥m > 1.
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Using the easily proven relatiol, ., = o(W,) we haveW,, = ¢"(0), W, =

Wi = W,W,, thus

©"(1), and

and

" (0(1(10)™)>)

Il
=
5

For the table of the first 8 values @f, see Table 2.1 below.

Bn | d(5n) minimal polynomial numerical value below G5 1,?
n=211 2 —x—1 1.61803 yes
n=3|111 -2 —x—1 1.83929 no
n=411101 -2+ —1 1.75488 yes
n=>5(11011 -t —r—1 1.81240 no
n==6]110101 |5 —2°—z*—22—1 1.78854 no
n=711101011 | 2% —22° + 2* — 2% — 1 1.80509 no
n =8 11010017 2° — 22* + 2% — 1 1.78460 yes

TABLE 2.1. The table ofs,, for small values of

3. IMPOSSIBILITY OF CONTINUOUS EXTENSION OHp

Recall that the mag; acts on a nowhere dense subself of It would be tempting to try to
explain the Sharkovskil order in our model via some extamsif /; to the whole interval and
then applying the classical Sharkovskii theorem to th&greded map. In this section we show
that this is in fact impossible.

Theorem 3.1. Let, as above3, ~ 1.75488 denote the unique root af = 222 — z + 1 lying
in (1,2). Assume we havg € ((,,2); then any continuous mags : Iz — Iz such that
Ss|x, = Fj has ak-cycle for allk € N providedsS; is monotonic orf0, 1/4].

Remark3.2 In particular, this means that any map of the form

B, 0<ax<i,
Sp(x) = ¢ G(x), % ? T < ,3(,31—1)1
fr—1. 55 <% <51
where( is continuous, andi(§) = 1, G(55—5;) = 571, has cycles of any length provided

B > (4 — see Figs below. On the other hand, as we know, & [s, thenF} itself has only
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FIGURE 1. A continuous extension df; for 5 = 1.8.

FIGURE 2. ...and its third iterate — observe all those “parasiteddipoints!

cycles of length 2 and 4. This means that there is no immedaateection between the classical
Sharkovskil theorem and our Theorem 1.3. (See Sectiond lfzss immediate connection.)

Proof. Sincef > (34, we have the following 4-cycle iks:
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Consequently, we have a 4-cycle 8§ which we denote by, zo, x5, x4} as well. Notice that
x1 andz, lie in the left hand side interval, while; andx4 belong to the right hand side one.
Suppose such a m&fy exists; then we havég(xl) = x4 > 21, Sg(xg) = 11 < x9. By the
mean value theorem, the mS@ has a fixed point, betweenr; andz,. SinceFjs(z,) > z; and
Fs(z2) > xo and our assumption on the monotonicity $f betweenz; andz., we conclude
that Sz(z.) > z., whencez, is a period3 point for Sz. By the classical Sharkovskil theorem,
this implies thatSs has cycles of all possible lengths fér> j,. O

4. ANOTHER PROOF OF OUR MAIN THEOREM USINGSHARKOVSKIT'S CLASSICAL
THEOREM FOR TRAPEZOIDAL MAPS

In the previous section we established the fact that theme isatural extension ofj; to the
whole interval which preserves the delicate structure e8harkovskii ordering on the periodic
orbits of F5. In this section we modify-; by flipping the right branch, which leads to the family
of trapezoidal mapgsee, e.g., [16]) and links our result to the classical Stwvaskil theorem.

More precisely, define the maly : I3 — I as follows:

B, 0<x<%
Ts(z) =4 1, é§x<ﬂ(ﬁ 0

B _
1 — B, ﬁ(ﬁ )<x<ﬁ1

Following the standard notation we denote the correspanidtervals by, C' and R respec-
tively — see Fig. 3. (Heré' = [ﬁ VAT ﬁ ) ] .) We will write the itineraries of points undéf; using
this notation.

Our goal is to present another proof of the Sharkovskifreofor the family(33, o3) using
the classical Sharkovskii theorem fby.

Define the mag : ¥ — {L, R}" as follows (from here or denotes an arbitrary — but fixed
- tail)'

h(0%) = Lh(x);
h(190°1%) = RL**RL*"'h(1x) for a,b > 1;
h(1%0°) = RL* 'RL*>;

o h(1°°) RL>.

It is clear thath is well defined and is one-to-one, with' (RL*RL?) = 14710 for a,b > 0
(on blocks). We claim that in fact maps the orbits af; into the orbits ofl; which do not fall
into C.

More precisely, pups : {L, R} — I3, whereps(§) = = such that is the itinerary ofr under
Tp.

Lemma 4.1. For ¢ = 10« with ¢ > 0 we have
() = T4 (),

wherez = pgh(e).



PERIODIC UNIQUE BETA-EXPANSIONS 15

L C R

1 1
0 3 BT

Q‘
B L
-

FIGURE 3. The trapezoidal map; for 5 = 1.7

Proof. Assume first that > 1; we haveh(s) = RL*"! Rh(x), whence by the definition dfy,

g

Ts(x) = G-1 p,
¢
Ty(x) = ﬁﬁ_ - — B,
TéJrl(x) _ 6? - o ge:rll +ﬂ”1x
:ﬁe+1x—ﬁg—-~-—ﬂ2—ﬁ.

It is easy to verify that the greedyexpansion of: begins with1¢0, whence by the definition of
Fj (see Section 1) (z) = g w = 3 — - = 32 = B = T ().
If £ =0, thenFj(z) = T(x) = Pu. O
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Corollary 4.2. Fore = 1210 ... 1%0x with a; > 1,b; > 1, we have
/+1 _ i+l
Fﬁ (z) = Tﬁ (z),

wherez = pgh(e) and? = Zj:(aj + b)) + as.

This result allows us to link the periodic orbits 8f to those ofl;. Notice that sincé: acts
blockwise and does not alter the length of a blockseriodic orbit ofF; maps into aj-periodic

orbit of Fj3, whereg dividesp. In fact, we will show that there are only two possibiliti@sther
q = porq=p/2—see below.

Example 4.3.1f ¢ = (1100)>, thenh(e) = (RL)*. A more complicated example: =
(1101011 0010100)* andh(e) = (RLRRRRL)*. Notice that in both cases = (vv)> for
somev. We will see later that this is always the case whesuts a period in half.

Now we are ready to present an alternative proof of the maartm of this paper. Since the
case of powers df is considered in [13], we assumer> £ in the Sharkovskii ordering and is
not a power oR. Supposéd’; has ann-cycle; thenl; has ann-cycle or anm/2-cycle. In either
case, by the classical Sharkovskii theor@inhas ak-cycle. We need to make sure however that
such a cycle does not involvé. Let us call a cycle with this property aiR cycleand prove a
version of the Sharkovskii theorém

Proposition 4.4. If T3 has an L-Rn-cycle, then it has an L-R-cycle for anyk < m.

Proof. Let {x1, ..., z,,} be the cycle in question. Without loss of generality assumaeat; is
the point of this cycle closest @. If x; < 1//3, we put
6‘7;7 0 S T <,
T,B(J;) - ﬁxla T S x S ﬁ — I,
%—ﬁx, ﬁ—x1<x§ﬁ.
1
If T > m, put
1
N O, 0<z< 71— L1
Tﬁ(x): %_ﬁxla ﬁ_xléxéxla
8 1

E—ﬂ.f, << .

In other Wordsfg is a trapezoidal map whose graph is made out of the grafil b§ “sawing
off” its top at the levely = Gz, ory = % — px; respectively. Notice thatry, . . ., z,,} is still
anm-cycle forfg, whence, by the classical Sharkovskil theor@gwhas ak-cycle{yy, ..., yr}
It suffices to observe thgt ¢ C for all j, because otherwisg;(y;) = T3(z;), and consequently,
Tj(y;) ¢ C foranyr > 1.

Hence, by our constructioy, . . ., yx } is a sought L-R cycle fof ;. O

1The authors are grateful to Sebastian van Strien for theditre proof.
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Thus, T has an L-Rk-cycle, whence by applying !, we conclude thaf}; (or o5) has a
k-cycle or andk-cycle for somée > 2. It suffices to discard the latter case.
Lete = u®™, with

w=190".. . 1%-10%11%
where| separates the two halves@fThen
(4.1) h(u)=RL“'RLMY . RL*™' | RL»'RL I RL 7Y RLTIRLY T

From (4.1) it is clear that if a word is not a power of another word itself andu) is a power,
then it must be a square, i.é.= 2.
Supposéi(u) = ww for somew. Then

RL®'RIM . RL*™' = RL»'RL“+ ' RLY+ =1 RL'RL"

i.e.,a; = bg,b; = asy1,...,as = b,. In other wordsy = vv for v = 190%1 ,, 1%-1(bs-119s,
Thus, if a sequenceis of smallest perio@k andh(s) has smallest perio, thene = (v7)>
for somewv. Our goal is to show that for such arone can find’ € ¥; of smallest period:,
which will conclude the proof.
Analogously to the proof of Proposition 2.8, we consideltladl shifts ofe andz (which are
all in X3) and choose the maximal one. Hence without loss of gengrai may again assume
e € I', wherel' is given by (2.2).

bs Qs bs Qr br
Qs qast1Qbett | orQbr

Proposition 4.5. Assume € I is a sequence of smallest peridd, of the forms = (vv)> for
somev, where|v| = k£ > 1. Then there exists a sequentes I" such that’ has smallest period
kande < e.

Proof. This result can be deduced from the combination of two resafl{2] (namely Proposi-
tion 2 on p. 34 applied to the sequencand Proposition 1 on p. 32), but we give a direct proof.
Since the sequencebegins withl, and sincer**~'c < ¢, the wordv must end ir), hence the
wordv mustend inl. Letv := w1, hencevt = wlw0.

The sequence := (w0)> has period:. This is the smallest period of the sequentef this
were not the case, we would hav® = (20)‘ for some word: and some integet > 2. Thus
w = (20)*"1z. This would implye = (w1w0)>® = ((20)*'21(z1)*'z0)>. But thens?~2
begins withz1 and the conditiom?~2c < ¢ would not be satisfied.

We clearly have’ < <. To prove that’ belongs tal’, it clearly suffices to prove that if the
wordw is written asw := zy (thus(w0)> = (zy0)*°), with the conditiord < |z| < |w| = k—1,
then
(4.2) Tyl <y0x <2xy0,
thus yieldings’ < ol*le’ < & orz g1 =y 0z < x y 0, thus yieldinge’ = ol*le’ < ¢

Let us prove (4.2). Since= (w 1w 0)® = (x y 177 0)™ belongs td", we haver/(¢) < ¢,
hencey 1 7 < z y 1. Notice thaty 1 T cannot be equal te y 1. Namely, if these two words
were equal, this would imply 175 02 = = y 1 T 5 0. This shows that the words and

y 17 7 0 would commute: from a theorem of Lyndon and Schiitzenbdfg@this would imply
that there exist a word and two positive integers andb such thatr = z? andy 1 775 0 = 2°.
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Hencew 1w 0 = 2% and2k would not be the smallest period of the sequendé/e thus have
y17Z <xyl, whence

4.3) ylz 2zy0.

Obviously,y 0 x < y 17, whencey 0 = < x y 0, which proves the RHS inequality in (4.2).
Letus prove that y 1 < y 0 z, or, equivalently, that

(4.4) ylz <zy0.

We can writexy = Y X, with | X| = |z| and|Y| = |y|. Thus,e = (Y X 1T 7 0)>. Since
o214l < ¢ we havey < Y. Now, if 7 < Y, thenj1Z <Y X 0 = z y 0, which is the
sought inequality (4.4), and we are done.

If y =Y, thens = (Y X 17 Y 0)*. We claim thatX 1 = cannot begin wittd), because if this
were the case, say 17 := 0, thens = (Y 0t Y 0)>. The inequalityr!¥* 1+ < ¢ would
imply thatY 0Y 0t <Y 0t Y 0, henceY 0t <t Y 0. On the other hana¥I*'c < ¢ implies
thatt Y 0 < Y 0¢. We would thus have Y 0 = Y 0 ¢. In other words)Y'0 andt commute,
whence, as above, there exist a wardnd two positive integers andb, with Y0 = z* and
t = 2°. Consequentlys = (z%*%)>° which contradicts the minimality of the period of the
sequence.

Therefore, X 1 7 must begin withl, say,X 17 := 1¢t. We haves = (Y 1t Y 0)>. Now
g < ol*le impliesthaty 0 <tY 0 <t Y 1. Hence, inviewofj = Y andX 0z = 0%, we
have

71Z702=Y 1Y X0x=Y 1Y 01
(4.5) <Y1tY1l=YX1zY 1
=zylzY 1

This, in turn, impliegy 1 7 < x y 1. Notice that if we hadj 1 7 = x y 1, then (4.5) would imply
y0x <7TY 1=177l,ie., by barring everything; y 0 < y 1 T — which clearly contradicts
(4.3).

Hencey 17 < zy 1,and thus, by (4.55 17 <z y 0. Eithery 1 T < z y 0, which is precisely
the required LHS inequality in (4.2), and we are doneydrz = z y 0, i.e.,y 0 x =T 7 1.
This impliesol®ls’ = (y 0 2)>* = (Z 7 1)® = ¢/, which, together with the proven RHS of the
inequality (4.2) yields’ € T. O

Thus, we have constructed a periodic sequenee " with smallest period, which implies
ole’ <&’ < e < d(B), and similarlyois’ < d(3). Hences' € X5, and this concludes the second
proof of Theorem 1.3 in the case whenis not a power of 2.

5. FINAL REMARKS AND AN OPEN PROBLEM

Remark5.1 The casen = 2" is a bit more delicate: herle can map a periodic sequence with
smallest perioan into a periodic sequence with smallest periog2, for instanceh((1100)>°) =
(RL)>. Adirect inspection shows that2acycle for7; does appear &t = (., butitis (RC)>,
not(RL)>. The latter cycle in fact appears/at= (3,, where the former one disappears.
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We conjecture that the firgt'-cycle to arise fofl 3 appears atf = 3,» but always involveg’.
The proof is left to the interested reader.

Remarks.2. H. Bruin is his Ph. D. Thesis [7] proved various results on$harkovskii theorem
for unimodal maps.

Remark5.3. Let, as abover; : [0,1) — [0, 1) denote the (greedyj-transformation, i.e g3z =
Gz mod 1. Our remark consists in a simple observation that there Shavkovskil theorem for
the family ([0, 1), 73) 3c(1,2)- Indeed, the set of admissible sequences here is

(5.1) S5 ={ee¥:0/e <d(B), Vj>0}
(see [19]), and itis obvious that the smallest periodic sege: with smallest period such that
g1 = lando’e < eforall j > 0, is (10"!). Hence the analogue &f, is U,, = (¢,, 2), where
g, is the appropriate root of* = "+ 1,0e,d (g,) = (10" ).

HenceU,, C Uy iff n < k, which is not a particularly interesting result. Compar{@dl) and
(5.1), we see that the extra conditieft < d(/3) makes all the difference.

Remark5.4. Let <, denote thainimodal orderon the itineraries of 3, i.e., L <, C' <, R and
e =y e ifeg =g, 1 <i < kandeither,,, <, g, wWith #{i € [1,k] : ¢, = R} even or
Ekt1 u € With #{i € [1, k] : ¢, = R} odd (see, e.qg., [18]).

Proposition 5.5. We have foe, &’ € %,
e<¢e < h(e) <, h(e).

Proof. Essentially this claim can be found in [8], but for the reagleonvenience we will give a
sketch of the proof. Let

e =190 ... 1%0%0. ..,
g = 1900 . . 1%0%1. ...

Then
h(e) = RL“'RL™' . RL“'RL>™'L...
h(¢') = RL“'RL" .. RL“'RL*'R...,
whenceh(e) <, h(e’). The other cases are similar. O

Open problem. Let Q = {p;,...,p,} be points inR¢ and letSq(3) denote the set of3-
expansions”, where the “digits” are taken from the@eMore precisely, put, fop > 1,

Sa(8) = {(ﬁ— DY 6 a, | a, € ﬂ}

Clearly, Sq () is a subset of the convex hull 6f, and eachr € So () has at least onaddress
(a1, as,...) € QN. Similarly to our setting, one can define the set of pointscivhiave a unique
address and enquire about possible periods for such points.

In [22, Section 4] the third author studied the cdse- 2, m = 3 (with noncollinear points
p1, P2, p3) and showed that the first period to appear is peBiotd is also easy to show that the



20 JEAN-PAUL ALLOUCHE, MATTHEW CLARKE, AND NIKITA SIDOROV

last period to appear is peridj so we have a reverse Sharkovskil order here — at least at the
endpoints. Other periods are much harder to deal with thdaggause of the holes 8y, and it
is not even clear whethér, in this model is an interval for each

Obtaining a direct analogue of the Sharkovskii theoremtlier shift on the set of unique
addresses would be intriguing.

Acknowledgement. The authors are indebted to Henk Bruin, Paul GlendinningSelaastian
van Strien for fruitful discussions and general insight iobhe-dimensional continuous dynamics.
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