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ABSTRACT. We give a complete description of the minimal intervalstaoring all fractional parts
{¢2"}, for some positive real numbér and for alln > 0.

1. INTRODUCTION

In the paper [20] Mahler defined the setumbers by

{geR,§>0,Vn>0,0<{§<g>n}<%}

where{z} is the fractional part of the real numberMabhler proved that this set is at most countable.
It is still an open problem to prove that this set is actuaitypgy. More generally, given a real number
a > 1 and an intervalz,y) C (0,1) one can ask whether there exists> 0 such that, for all

n > 0, we haver < {£a™} < y (or the variantr < {£a™} < y). Flatto, Lagarias, and Pollington
[14, Theorem 1.4] proved that, # = p/q with p, ¢ coprime integers ang > ¢ > 2, then any
interval (z, y) such that for somé& > 0, one has thaf{(p/q)"} € (z,y) for all n > 0, must satisfy

y — x > 1/p. Recently Bugeaud and Dubickas [8] characterized irratiommberst such that for

a fixed integen > 2 all the fractional part§£b™} belong to a closed interval of length'b. Before
stating their theorem we need a definition.

Definition 1. Given two real numbers andp with o > 0, we denote by, , := (54,,(1))n>0 and
s! (84,p(1))n>0 the sequences defined by

a,p =
sap() = [+ La+p| - [na+p| and s, ,(n) = [(n+1)a+p] - [na+p] forn>0,

where |z | denotes the greatest integerz and [x] denotes the least integer x. The sequences
Sa,p and s’mp are calledSturmian sequences « is irrational, andperiodic balanced sequencésa

is rational. Furthermore, it = p, these sequences are calldthracteristicSturmian sequences or
characteristicperiodic balanced sequences, according to whether ax iirrational.

We observe that, if is not an integer, then for all > 0,
L) < sap(n) <o) +1 and [a] —1< s, (n) < [a],

where[a] — 1 = [a] and[a] = [a] + 1. On the other hand, i is an integer, thes, , = s, ,

anda < s, ,(n) < a+ 1foralln > 0. Accordingly, the sequences, , ands’a,p take their values in
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the “alphabet™{k, k + 1} wherek = |«|. The classical definition of Sturmian sequences with values
in {0, 1} is thus obtained by subtractirjge| from each of the terms in the sequenegs, andsy, ,.
Alternatively, one may restrict to the interval(0, 1). Hereatfter, if the alphabet is not mentioned, it is
understood that the sequences are get }. We may also assume thatk [0,1) or p € (0, 1] since
Sa,p = Sa,r @Nds;, , = s, , for any two real numbers, o’ such thap — ' is an integer.

Example 2. Takinga = p = (3 — v/5)/2, we get the well-known (binaryfribonacci sequence
0100101001001010010100100101 - - - .

Remark3. Note that ifa is irrational, then the (Sturmian) sequenasgs, ands’a,p areaperiodic(i.e.,
not eventually periodic), whereasdfis rational, the sequences, , ands;, , are (purely) periodic.
(See forinstance [19, Lemma 2.14].) This justifies the usp@fodic” in the name of such sequences
in the rational case. The reason for being called “balangedXplained in Section 3.1.

Let T" denote theshift mapon sequences, defined as follows:sif:= (s,)n>0, thenT(s) =
T((sn)n>0) := (Sn+1)n>0. The main result in [8] reads as follows.

Theorem 4 (Bugeaud-Dubickas)Letb > 2 be an integer and le§ be an irrational number. Then
the numberg¢b™} cannot all lie in an interval of lengthc 1/b. Furthermore there exists a closed
interval I of length1/b containing the numberg<d™} for all n > 0 if and only if the sequence of
baseb digits of the fractional part of is a Sturmian sequenceon the alphabe{k, & + 1} for some
k€ {0,1,...,b— 2}. If this is the case, thefiis transcendental, and the intervalis semi-open. It
is open unless there exists an integer 1 such thatl” (s) is a characteristic Sturmian sequence on
the alphabet{k, k + 1}.

The purpose of this paper is to give a complete descriptidcheMminimal intervals containing all
fractional parts{¢2™} for some positive real numbér and for alln > 0. More precisely, inspired
by the definition of thdexicographic world(see Section 2.2), let us define a functibron [0, 1] as
follows.

Definition 5. For allz € [0,1], letS, := {¢ € R, £ > 0, Vn > 0, x < {£2"} < 1} and let
F :[0,1] — [0, 1] be the function defined by:

Fla) = inf{y € [0,1), 3¢ >0, Vn >0, 2 < {&2"} <y} if S, £ 0,
1 if S, = 0.

Remark6. From Bugeaud-Dubickas’ result fér= 2, we deduce the following two facts.

e Forz € [3,1], there does not exist arrational number¢ > 0 such thatr < {£2"} < 1 for
all n > 0. Nor does there exist @tional number¢ > 0 such thatr < {£2"} < 1 for all
n > 0. (This can be seen by considering, for instance, the Pasgansion of the fractional
part of ¢ for any rational numbeg > z.) Hence,F'(z) = 1 forall x € [%, 1].

e If ¢ > Ois anirrational real number, then there exists a real numlzef0, ) such that all the
fractional partd£2™} belong to the intervdle, x + %] if and only if the bas@ expansion of the
fractional part of is a Sturmian sequence. Furthermore, for any sycme had'(z) = x+%.

Note that it follows from our main theorem (see Theorem jateat0 < F(z) < 1 for z € [0, 3).
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Before stating our main theorem, let us note that the segsang, ands’a,p (given in Definition 1)
are said to havslopea andinterceptp, in view of their geometric realization as approximatioas t
the liney = ax + p (calledlower andupper mechanical word® [19, Chapter 2]). From now on,
we will assume that andp are in the interval0, 1], in which case the sequences, ands;, , take
their values in{0, 1}. If « is irrational, then we have, . = s, ,, denoted byc,. We also have
80,0 = Spo = 0% ands;; = s} ; = 1, denoted by, andc;, respectively. In these cases, the
sequence,, is the unique characteristic Sturmian sequence of shope{0, 1}. On the other hand,
if a € (0,1) is rational, then the characteristic periodic balancediseces of sloper, namelys,, ,
andsy, ,, are distinct sequences {0, 1} containing bott)'s and1’s. More precisely, let us suppose
thata = p/q € (0,1) with ged(p, ¢) = 1. Then by considering the prefix of lengitof each of the
sequences,, /, o ands;/%o, we find that there exists a unique warg , of lengthg — 2 such that

Sp/g,0 = (Owp41)>  and s;/%o = (1wp,40)>

wherev> denotes the periodic sequeneaw - - - for a given wordv. (See for instance [19, pg. 59].)
Hence, the two characteristic periodic balanced sequesfcdspep/q in {0, 1} are given by

Splapla = T(sp/q,o) = (wp,410)> and s;/%p/q = T(s;/q,o) = (wp,401).

The wordsw, , are often referred to asentral wordsin the literature; they hold a special place in
the rich theory of Sturmian sequences (see, e.g., [19, €hapt For instance, it follows from the
work of de Luca and Mignosi [11, 12] that central words caitecivith the palindromic prefixes of
characteristic Sturmian sequences (see Section 3.3).

Given a sequence € {0, 1}, let r(s) denote the real number whose sequence of aigits is
given bys. Our main number-theoretical result reads as follows.

Theorem 7. Letx be a real number ino, 1].

(i) If z > 3, thenF(z) = 1.

(i) If x =0, thenF(x) = 0.

(i) If 2 € (0, %) and if the bas& expansion o2z is given by a characteristic Sturmian sequence,
thenF(z) = z+ 3. Furthermore F(z) is the unique real number if), 1] that has a Sturmian
base2 expansion and satisfies< {F(z)2*} < F(z) for all k£ > 0.

(iv) If x € (0, %) and if the base expansion ofzx is given by a characteristic periodic balanced
sequence of slope/q € (0,1) with ged(p, q) = 1, thenF(x) is the rational number whose
base2 expansion is given by the periodic balanced sequ&g%e,() = (1w, 40)*°, in which
caseF(z) < = + 3.

(v) In all other casesF'(x) can be explicitly computed: it is equal to the rational numisose
base2 expansion is given by a (unigue) periodic balanced sequeg}:qgo = (1w 40)>
where p, ¢ are coprime integers witl) < p < ¢ such thatr((w,,01)>) < 2z <
r((wpq10)®). In these cased;(z) < = + 3

Moreover, in case$v) and(v), F'(x) is the unique real number if0, 1) whose basé@ expansion is
given by a periodic balanced sequence and which satisfies{ F(z)2"} < F(x) for all k > 0.
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Remark8. It is known (see [13]) that real numbers having a Sturmiare Basxpansion are transcen-
dental. As a consequence of Theorem 7, we deduce thatisifan algebraic real number |f, %),
then F'(z) is rational.

2. THE COMBINATORIAL APPROACH

The main tool used by Bugeaud and Dubickasosibinatorics on wordseal numbers are replaced
by their basé expansion, and inequalities between real numbers arddrared into (lexicographic)
inequalities between infinite sequences representing blaseb expansions. We will establish a the-
orem of combinatorial flavour (Theorem 13), whose transtatnto a number-theoretical statement
is exactly Theorem 7 above. A method for computifi¢r) in Case (v) of Theorem 7 is given in
Section 6.

2.1. Two combinatorial theorems. It happens that the cage= 2 of Bugeaud-Dubickas’ theorem
was already proved by Veerman in [25, 26]. The combinatagallt proved by Veerman, and by
Bugeaud-Dubickas is stated (and strengthened) in Thedemnd 10 below.

Theorem 9. An aperiodic sequence := (s,)n>0 0N {0, 1} is Sturmian if and only if there exists a
sequencas = (uy)n>0 0N {0,1} such thatou < T*(s) < 1w for all k¥ > 0. Moreover,u is the
unique characteristic Sturmian sequence with the sameslep, and we havéu = inf{T*(s), k >

0} andlu = sup{T*(s), k > 0}.

Theorem 10. An aperiodic sequence on {0, 1} is a characteristic Sturmian sequence if and only if,
forall £ > 0,

Ou < TF(u) < 1u.
Furthermore, we haveu = inf{T%(u), k > 0} and1u = sup{T*(u), k > 0}.

2.2. The lexicographic world. As discussed in [1], the results in Theorems 9 and 10 have been
rediscovered several times since the work of Veerman in tidelate 80’s. One of the presentations

of these statements is due to Gan [16]. It is based ote#ieographic(al) world which seems to have
been introduced in 2000, in a preprint version of [18].

For any two sequences, y € {0, 1}V, define the set
Pay =15 {0,1}N, Vk >0, < T"(s) < y},

where< denotes the lexicographic order ¢, 1}" induced byo < 1. Thelexicographic worldZ is
defined by

L:={(x,y) €{0,1}" x {0, 1}", &y # 0},
Moreover, by [16, Lemma 2.1], we have

£ ={(u,0) € {0,1}" x {0,137, v > $(u)},
whereg : {0, 1} — {0, 1} is the map defined by
¢(x) = inf{y € {0,1}", Fuy # 0}.
Trivially, ¢(1z) = 1° = 111 -- - for any sequence € {0, 1}".
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In [16], Gan showed that for any sequengec {0,1}Y, the setXoq, 14 IS NOt empty, i.e., there
exists a sequencec {0, 1} such thabu < T%(s) < 1u for all k > 0 (see [16, Lemma 4.2]). Fur-
thermore, the sequengg0u) has the foregoing property (by [16, Theorem 3.4]) and it istarBian
or periodic balanced sequence with the property #ats(0u)) < ¢(0u) for all & > 0 (see [16,
Theorem 4.6]). Moreover, by [16, Lemma 5.4], the 5@}, 1., contains a unique Sturmian or periodic
balanced sequence satisfyifij(s) < s for all £ > 1. We deduce from these remarks that, for any
sequence ¢ {0, 1}, if s = ¢(0u) for some sequence € {0, 1}, thens is the unique Sturmian or
periodic balanced sequence satisfying< T%(s) < 1u andT”(s) < s for all k > 0. The converse
of this statement also holds by [16, Corollary 5.6]. Thesseotations establish Gan’s main theorem
(see below), which shows in particular that any element énitiiage of¢ is a Sturmian or periodic
balanced sequence {9, 1} (and such sequences are the lexicographically greatestgantheir
shifts).

Theorem 11. [16, Theorem 1.1For any sequence € {0, 1}, the following conditions are equiva-
lent.
(i) s = ¢(0u) for some sequence < {0, 1}V,
(ii) s is the unique Sturmian or periodic balanced sequence gatghu < T%(s) < 1u and
T*(s) < sforall k> 0.

Note. “Sturmian” in Gan’s paper corresponds to what is called lfaral classically) “Sturmian or
periodic balanced”.

Remarkl2. It is well known that the closure of th&hift-orbit of a characteristic Sturmian sequernce
(i.e., the closure of T%(s), k > 0}, denoted byO(s)) is precisely the set of all Sturmian sequences
having the same slope agsee for instance [19, Propositions 2.1.25 and 2.1.18Rb})[In view of
this fact, Gan’s result can be strengthened using Theoreas f&llows. If the sequence := ¢(0u)

is Sturmian, thens is the unique characteristic Sturmian sequen@@a), in which cases = 1u.

We will further strengthen Gan’s result by describipgu) for any given sequence < {0, 1}V,
In particular, we will show that when contains botl)’s and1’s and is not a characteristic Sturmian
seqguence, there exists a unique pair of characteristiogietbalanced sequencesnds’ of (rational)
slopep/q € (0,1) with ged(p, q) = 1, such thats’ < u < s, in which case)(0u) = 1s’. Moreover,
the sequences, s’ can be explicitly determined in terms af

With the same notation as in the Introduction, our main coatarial theorem reads as follows.

Theorem 13. Letu be a sequence if0, 1}V,

(i) o(lu) =1%.

(i) If w € {0>°,1°}, theny(0u) = wu.

(ii) If w is a characteristic Sturmian sequence, thgfwu) = 1u. Furthermore,lu is the unique
Sturmian sequence 0, 1} satisfying0u < T%(1u) < 1u for all £ > 0.

(iv) If w is a characteristic periodic balanced sequence of ratiogllpe p/q € (0,1) with
ged(p, q) = 1, theng(0u) = S;/q,O = (1wp 40)>°.

(v) If w does not take any of the forms given in pdits-(iv), then there exists a unique pair of
coprime integer, ¢ with 0 < p < ¢ such that(w,, ,01)*° < u < (w,,410)°°, in which case

¢(0u) = 3;/%0 = (lwp,g0)>
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Moreover, in cases (iv) and (Wh(0u) is the unique periodic balanced sequencédini} satisfying
Ou < T*(p(0u)) < ¢(0u) for all k > 0.

In the next section, we will recall some generalities abadwirrSian and periodic balanced se-
guences. (For more on Sturmian sequences, the reader cauitcerg., [19, Chapter 2].) The proof of
Theorem 13 is given in Section 4, and a corollary is stateckirtiBn 5. Lastly, in Section 6, we show
how to determine the “central wordb, , such thaip(0u) = (1w, 40)> for any “generic” sequence
u falling into Case (v) of Theorem 13 above.

3. STURMIAN & PERIODIC BALANCED SEQUENCES

In what follows, we will use the following notation and temoiogy from combinatorics on words
(see, e.g., [19]). Letv = z125-- - x,,, be a word over a finite non-empty alphabét(where each
x; is a letter inA). Thelengthof w, denoted byw|, is equal tom. The empty wordis the unique
word of length0, denoted by. The number of occurrences of a lettein w is denoted byw|,,. The
reversalof w is defined byw = z,, - - - z221, and by convention = &. If w = W, thenw is called
a palindrome An integer? > 1 is said to be geriodof w if, for all ¢, j with1 < i,57 < m,i =j
(mod ¢) impliesz; = x;. Note that any integef > |w| is a period ofw with this definition. The word
w is said to beprimitive if it is not a power of a shorter word, i.e.,df = u™ impliesn = 1. A finite
word z is said to be dactor of w if z = ;241 --- x; for somei, j with 1 <4 < j < m. Similarly, a
factor of a sequence := spsis2s3-- - is any finite word of the forns;s; 1 - - - s; with ¢ < j.

Recall from the Introduction that thehift map7 is defined on sequences as follows:sif:=
(Sn)n>0 thenT'(s) = T'((sn)n>0) := (Sn+1)n>0- This operator naturally extends to finite words as a
circular shift by defining7'(xw) = wa for any letterx and finite wordw.

Under the operation of concatenation, the.4étof all finite words overA is afree monoidwith
identity element and set of generatord. If x is a letter, then we use" to denote{z}*, the set of all
finite powers ofz. From now on, all words and sequences will be over the alghfbé}.

3.1. Balanced sequencesAll Sturmian sequences are “balanced” in the following se(see for
instance [22, 10, 5, 6, 19]).

Definition 14. A finite word or sequence over{0, 1} is said to bebalancedif, for any two factors
u, v of w with |u| = |v|, we have||u|; — |v|1| < 1 (or equivalently||u|o — |v|o] < 1).

Recall from Remark 3 that Sturmian sequences are aperidadicse, Hedlund, and Coven [22, 10]
proved that the Sturmian sequences p@reciselythe aperiodic balanced sequences on two letters
(also see [19, Theorem 2.1.3]). “Periodic balanced se@#r@as specified in Definition 1) are also
balanced in the sense of the above definition (which justifies name); moreover, they constitute
the set ofall periodic balanced sequences on two letters (see [19, LentribRor [24]).

3.2. Characteristic Sturmian sequences.In[11], characteristic Sturmian sequences were character
ized using iterated palindromic closure, defined as folloiwe palindromic (right-)closureof a finite
word w, denote byw(*), is the (unique) shortest palindrome beginning withThat is, ifw = uv
whereu is the longest palindromic suffix ab, thenw(+) := wvii. For example(011)(+) = 0110.
Theiterated palindromic closure functigrdenote byPal, is defined by iteration of the palindromic
right-closure operator (see, e.g., [17]). More precisély] is defined recursively as follows. Set
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Pal(e) = ¢, and for any wordw and letterz, define Pal(wz) := (Pal(w)z)™). For example,
Pal(011) = (Pal(01)1)F) = (0101)(+) = 01010. Note thatPal is injective; and moreover, it is
clear from the definition thaPal(w) is a prefix of Pal(wx) for any wordw and letterz. Hence, ifv
is a prefix ofw, thenPal(v) is a prefix of Pal(w).

The following theorem provides a combinatorial descriptad characteristic Sturmian sequences
in terms of Pal.

Theorem 15. [11] For any sequence € {0, 1}", the following properties are equivalent.
(i) sis acharacteristic Sturmian sequence.
(i) There exists a (unique) sequene:= zozizoxs... € {0,111\ ({0,1}*0%° U {0,1}*1%)
(i.e., not eventually constant), called ttigective sequencef s, such that
s = lim Pal(xgz1me - 2y) = Pal(A).

n—oo

Example 16. Recall from Example 2 that the (binary) Fibonacci sequefice 01001010010- - - is
the characteristic Sturmian sequemgewith o = (3 — 1/5)/2; it has directive sequend®1)>°. That
is:

f = Pal(0101---) = 01001010010 - - ,

where the underlined letters indicate at which points platimic closure is applied. Note the simple
continued fraction expansion ef= (3 — v/5)/2is[0;2,1,1,1,...]. More generally, ifx € (0,1) is
an irrational number with simple continued fraction expan$0; d; + 1, ds, ds, dy, ... whered; > 0
and all otherd; > 1, thenc, = Pal(0411%20%31% ...) (see [15, 7] and also [2, pg. 206]).

3.3. Characteristic periodic balanced sequencesWe will now recall some known combinatorial
descriptions of the characteristic periodic balanced seges in{0, 1} (see Proposition 17 and Re-
mark 18 below).

Let us first recall from the Introduction that the charastizibalanced sequences of slopesd1
arecy = 0 andc; = 1°°, respectively. For all other rational slopes; € (0, 1) with ged(p, q) = 1,
there are exactly two characteristic periodic balancedeseces of slopg/q, given by

Splapla = T(sp/q,o) = (wp,410)> and s;/qm/q = T(s;/qp) = (wp,401),

wherew,, , is a word of lengthy — 2 in {0, 1}*. For example, withp = 2 andg = 5, we obtain the
following two characteristic periodic balanced sequerafedope2/5:

89/5,2/5 = (01010) and sy 55/5 = (01001)>  wherews 5 = 010.

Notice thatw, 5 is a palindrome an¢tv; 510|; = |w2 501|; = 2 = p. More generally, one can verify
that all wordsw, , are palindromes andv,, ,10|; = |w, 401|; = p. Furthermore, the words,, ,10
andw, 401 (which have lengtly) are primitive sincescd(p, ¢) = 1. Hereatfter, the wora, , will be
called thecentral word of slope/q; it is the unique central word of lengh— 2 containingp — 1
occurrences of.

Note. The set of all central words of slopgq € (0,1) (wherep, ¢ are coprime integers) coincides
with the family of “central words” in{0,1}* as defined in [19, Chapter 2] (in particular, see [19,
Theorem 2.2.11 and Proposition 2.2.12]).
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The following proposition collects together some equimalefinitions of central words. For many
more, see the nice survey [4].

Proposition 17. For any wordw € {0, 1}*, the following properties are equivalent.

() wis a central word.

(i) Owl and1w0 are balanced12].

(i) w = Pal(v) for some word € {0,1}* [12, 11]

(iv) w has two period€, m such thatged (¢, m) = 1 and|w| = ¢ + m — 2[10, 12}

(V) we 0*uUl1*U(Pn P10P) whereP is the set of all palindromes if0, 1}* [12].

(vi) w € 0* U 1*, or there exists a unique pair of words, wo € {0, 1}* such thatw satisfies the

equationw = w10lws = wo 10w, [12, 11]

Moreover, in part(vi), w; andws are central words{; := |w;| + 2 and /s := |ws| + 2 are coprime
periods ofw, andmin{/¢;, ¢>} is the minimal period ofv [9].

Note. P N (P10P) = P N (PO1P).

Furthermore, by [19, Proposition 2.2.12], the central watg, of slopep/q is the central word
with coprime period?, m where/ + m = g andmp = 1 (mod ¢). For example, the central word
wy 5 = 010 has coprime periodé= 2 andm = 3 where2 + 3 = gandmp = 6 = 1 (mod 5). Also
note thatw; , = 0972 andw,_1,, = 1972; in particularw, » = e.

Remarkl8. Letp, g be coprime integers with < p < ¢. Thenp/q has two distinct simple continued
fraction expansions:

p/q=10;dy +1,...,d,, 1] =1[0;dy + 1,...,d, + 1]

whered; > 0 and all othew; > 1. Itis known (see, e.g., [4, Proposition 27]) that the word {0, 1}*
such thatw, , = Pal(v) takes the formy = 0411920% ... z4» wherex = 0 if n is odd andr = 1 if

n is even. For example/5 = [0;2,1,1] = [0;2,2] andws 5 = 010 = Pal(01). Moreover, as in the
case of characteristic Sturmian sequences (see TheoremdlBxample 16), the two characteristic
periodic balanced sequences of slgpg can be obtained by iterated palindromic closure. More
precisely, with the above notation, we have

(wpqry)™ = Pal(Od1 1% ... xd"Jrlyoo) and (wp qyx)™ = Pal(Od1 1% ... xd”yazoo)
where{z,y} = {0, 1}. For example,
(w2,510)> = (01010)*° = Pal(0110*°) and (w2501)> = (01001)*° = Pal(0101>°).
In [23] Pirillo proved that a wordv € {0, 1}* is a palindromic prefix of some characteristic Stur-

mian sequence if0, 1}V, i.e.,w = Pal(v) for somev € {0,1}* (see Theorem 15) if and only 01
is a circular shift ofw10. From this fact and Proposition 17, we thus deduce the fatigwesult.

Proposition 19. Awordw € {0, 1}* is central if and only ifw01 is a circular shift ofw10.

Consequently, for any two coprime integersy with 0 < p < ¢, the two characteristic periodic
balanced sequences of slopg;, namelys,,, ,,/; = (wp,10)> ands , = (wp401)>, are shifts
of each other, and therefore they have the same set of factors
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Remark20. Recall from Remark 12 that the closure of the shift-orbit afheracteristic Sturmian
sequencss is precisely the set of all Sturmian sequences having the sdope as. Moreover, the
(Sturmian) sequences {A(s) are exactly the sequences that have the same set of factsréses

for instance [19, Propositions 2.1.25 and 2.1.18], or [2likewise, the shift-orbit of a characteristic
periodic balanced sequeneeconsists of all the periodic balanced sequences with the sahof
factors (and also the same slopejasHowever, in contrast to the aperiodic case, we deduce from
Proposition 19 that, it is a characteristic periodic balanced sequence contabotig0’s and 1’s,
then O(u) contains exactly two distinct characteristic periodicanaled sequences (not just one),
which take the forn{w01)>° and(w10)> wherew is the central word having the same slopea:as

The following useful result is due to de Luca [11]; in partan see [11, Remark 1 and Proposi-
tion 9] and also [9, Lemma 5].

Proposition 21. Letw be a central word in{0, 1}*. If w = w1 01wy = wy10w; wherew; andw, are
(central) words, then

Pal(w0) = (w0)™*) = wy10w0lwy and  Pal(wl) = (wl)*) = w 01w 10w.

We end this section with a result (Corollary 23 below) thdt lae particularly useful in the proof of
our main combinatorial theorem. Let us first recall that a-eopty finite wordv over an alphabet
is said to be dyndon word(resp.anti-Lyndon wordl if v is a primitive word that is lexicographically
less (resp. lexicographically greater) than all of its wac shifts with respect to a given total order
onA.

Proposition 22. [3, Theorem 3.2 and Corollary 3.AJnon-empty finite word € {0, 1}* is a balanced
Lyndon word (resp. balanced anti-Lyndon word) with respecthe lexicographic order if and only if
v = 0wl (resp.v = 1w0) for some central wordy € {0, 1}*.

As a direct consequence of the above proposition, we haveltbe/ing result.

Corollary 23. For any central wordw € {0, 1}*, the (primitive) word®)w1 and 1w0 are the lexico-
graphically least and greatest words amongst their circughifts.

4. PROOF OFTHEOREM 13

— Assertions (i) and (ii) are straightforward (see [16, Learizrd]).

In order to prove the other assertions, we first recall thguaéties that are equivalent o= ¢(0u)
from Theorem 11:

(1) Ou<TF(s)<1lu and TF(s)<s forallk>0.

— Assertion (iii) is a consequence of Gan’'s result (Theordmtagether with Theorem 9 (see
Remark 12).

— We will now prove Assertions (iv) and (v). Suppose thais not a characteristic Sturmian se-
quence and tha& contains both)’s and1’s. Then we know from Theorem 11 that:= ¢(0u) is
a periodic balanced sequence satisfying the inequalitigd). Indeed,s cannot be Sturmian, for
otherwiseu would be a characteristic Sturmian sequence by Remark 12.
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By Remark 2000 (s) contains exactly two distinct characteristic periodicap@ed sequences, given
by
So1 = (wOl)oo and sy := (’wlO)OO
wherew € {0, 1}* is the central word with the same slopesadVe now deduce from Corollary 23
that the lexicographically least sequenceéli(s) is

(0w1)*® = 0(w10)*™ = 0s19
and the lexicographically greatest sequenc@(a) is

(1w0)* = 1(w01)>° = 1s0;.
Hence,
2) 0s10 < T%(s) < 1so; forall k > 0.

Moreover, sinces is the lexicographically greatest sequence in its shifitgby the second inequality
in (1)), we haves = (1w0)*>° = 1s¢1.

We will now show thatsg; < u < s19. Since0s1g and1sg; are the lexicographically least and
greatest elements i@(s), the inequalities in (1) imply that

Ou < 0sqg and 1s91 < 1u.

Hencesy; < u < sq9; that is,(w01)*° < u < (wl0)*°.

Furthermore, we note that there does not exist anotheratemtrd z such that(z01)*° < u <
(210)°°. For if so, then the sgbu, 1u] := {s € {0,1},0u < s < 1u} would contain the peri-
odic balanced sequence§z10)> = (0z1)*> and1(z01)* = (1z0)*°, and hence all of the shifts
of the characteristic periodic balanced sequefidd )>°, since the former two sequences are the
lexicographically least and greatest sequences in theathit of (201)> (by Proposition 19 and
Corollary 23). But by [16, Lemma 5.4], the s, 1u] contains a unique periodic balanced shift-
orbit. Therefore, sinc€((w01)>°) C [0u, 1u], we must haver = w. We have thus established the
following lemma.

Lemma 24. Supposeu is a sequence if{0, 1} \ {0°°, 1>} that is not characteristic Sturmian.
Then there exists a unique central warde {0, 1}* such that(w01)>* < u < (w10)*°. Moreover,
¢(0u) = (1w0)°.

Assertions (iv) and (v) are direct consequences of the alemuea, and the last statement in the
theorem follows from Theorem 11. O
5. A COROLLARY
By Theorem 15, the set of all characteristic Sturmian seceem{0, 1}" is given by
S={uc {0,1}", Jv e {0,1}"\ ({0,1}*0° U {0,1}*1%°), u = Pal(v)}.

And it follows from Proposition 17 that the set of all chaexdtic periodic balanced sequences in
{0, 1} is given by
P = {OOO, 100} U Po1 U Pio
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where
Por = {u € {0,1}Y, v € {0,1}*, w = (Pal(v)01)*}
and
P1o == {u € {0,1}", Jv € {0,1}*, u = (Pal(v)10)>}.
Given a characteristic periodic balanced sequend®,n}" of the forms := (Pal(v)xy)> where
v e {0,1}* and{x,y} = {0, 1}, we lets denote the other characteristic periodic balanced sequenc
in the shift-orbit ofs, i.e.,s := (Pal(v)yx)>° (see Remark 20).
As an immediate consequence of Theorem 13, we obtain thevioly description of the lexico-
graphic world.

Corollary 25. We havel = {(01*°,1*°)} U Lo U L1 U Lo1 U L19 U L, where

Lo = {(0°,v),ve{0,1}N},

£y = {(1u, 1), u € {0, 1}V},

Lot = {(0u,v) €0(SUPy) x{0,1}N, v > 1u},

Lio = {(0u,v) € 0Py x {0,1}", v > 1a},

L, = {(0u,v) e ({0,1}N\0(SUP)) x {0,131, Is € Py, s <u < 5,v > 1s}.

6. How TO DETERMINE ¢(0u) FOR A GENERIC SEQUENCE

The following theorem provides a method for determiningdbetral wordw such thatp(0u) =
(1w0)> for any “generic” sequence < {0,1}" falling into Case (v) of Theorem 13. Hereafter, a
prefix of u that is a central word is calledantral prefixof w.

Theorem 26. Suppose: is a sequence if0, 1}1¥\ {0°°, 1°°} that is neither a characteristic Sturmian
sequence nor a characteristic periodic balanced sequeneev be the longest central prefix @f.
Thenw is finite @ # €), and¢(0w) is determined as follows.
(i) If v = 1* for somek > 1, theng(0u) = (1%0)>® = (1w, ,0)>° wherep = k andq = k + 1.
(i) If v = 0* for somek > 1, theng(0u) = (10%)*° = (1w, ,0)> wherep = 1 andq = k + 1.
(iii) Suppose» contains botl)’'s and 1’s. Letwvy, v be the unique pair of central words such that
v = v101lvy = v210v; Wherel; := |v| + 2 and ¢y := |ve| + 2 are coprime periods of.
Consider the prefix of lengthjv| + 4 of w, namely the prefixxzyz wherez,y € {0,1} and
2] = o] + 2.
(@) If either zy = 01 andz > v01, or xzy = 10 and z < v10, then¢(0u) = (1v0)>* =
(1wy, 40)> wherep = |v|; + 1 andq = |v| + 2 = {1 + (s.
(b) Ifeitherzy = 01 andz < v01, or zy = 00, theng(0u) = (1v20)>° = (1w, 40)> where
p=|va]1 +1andq = ¢5.
(c) Ifeitherzy = 10 andz > v10, or zy = 11, theng(0u) = (1v10)*° = (1w, ,0)* where
p=lvi]1 +1andq = ¢;.

Note. In Assertion (iii), it cannot happen that= vxy whenz # y. For instance, ifty = 01 and
z = v01, thenu would begin with the following word:

v01v01 = v910v101v910v,01
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where the prefix,10v101v, = v01vs is a central word, by Propositions 17 and 21. But tleimas a
central prefix longer tham; thusz # v01. Similarly, if xy = 10, thenz # v10.

The following lemma is needed for the proof of Theorem 26.

Lemma 27. Suppose is a central word in{0, 1}*\ (0* U1*). Letw;, vy be the unique pair of central
words such that satisfies the equation = v101v, = v910v;. Thenv0lwv, (resp.v10vq) is a prefix
of the characteristic periodic balanced sequelicgl0)>° (resp.(v101)°°).

Note. By Propositions 17 and 21, the word81v, and v10v; are central words since0lvy, =
Pal(v0) andv10v; = Pal(vl).

Proof of Lemma7. We will prove only thatv210)°>° begins with the central worftal(v0) = v01vs,
since the proof of the other case is very similar.

By Proposition 17¢; := |v;|+2 andlsy := |va|+2 are coprime periods afwhere|v| = ¢;+/5—2.
In particular, sincés = |v210] is a period ofv with /5 < |v|, there exists an integér > 1 such that
v = (v210)*v}, wherev), is a (possibly empty) prefix af, 10, in which case;, = (v210)%~ 1) since
v = v210v;. Moreover, since is a palindromey), is a prefix ofv, and therefore), = @), i.e., v},
is a palindrome. Furthermore}01 is a prefix ofv since its reversal0v}, is a suffix ofv. We will
now show that the central worBlal(v0) = v01vs is a prefix of the characteristic periodic balanced
sequencév,10)>° by considering five different cases according to the len§thepalindromev,,.

(1) If v, = 1510, thenv = (v210)**1 andv; = (v910)*. Hence,v being a palindrome implies
thatv,10 is a palindrome and we have= (v210)**! = (01vy)**+1. Therefore,

(v210)> = (v210)*™! 010y (v210)*° = v01vy(v210)>°.

v210

Thus, the central wor@al(v0) = v01wvs is a prefix of(vy10)°°.

(2) If v}, = w91, then sincev, and v, are palindromes, we hawel = 1lvy, and hences is a
power of1; in particular,vy = 12=2, Therefore

(1210)° = (v210)*v2100210(v210)>
— (0210)%210111@220(1)210)00
v v2
= v01v90(v210)>
= Pal(v0)0(v210)°°.

(3) If vl = vy, thenv = (v210)*vs, and thereforey; = (v910)¥~!v,. But this implies that
{1 = kfs, which is impossible sincé, and/, are coprime integers greater than
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(4) If vo = v50, then sincev, and vy are palindromes, we haw§0 = 0vj. Thereforev), (and
henceuv,) is a power of); in particular,u, = 022, Thus

(1210)®° = (v210)*v2100210(v210)>
= (v210)*v} 01 v20 10(v910)>®
—_— N

v Ovz

= v01v2010(v210)>
= Pal(v0)010(v210)*°.

Note that we cannot hawe = v}1 becauser01 andv, are both prefixes of.

(5) If |vh] < |ve| — 2, thenvy = 50104 for some (possibly empty) word, € {0,1}*, in which
casev = (v401v410)*v}. (Note that neither 1 norv400 is a prefix ofv, because01 andvy
are both prefixes of.) Sincev is a palindrome that begins with the palindrome= v501v5
and therefore ends with, = vy = 041005, we see thabj10v, = v410v,. Hencev is
a palindrome. Moreover) is a central word since’ is a palindromic prefix (and also a
palindromic suffix) of the central word, and any palindromic prefix (or suffix) of a central
word is central (see [12] or [19, Corollary 2.2.10]). Thug,Rroposition 17y, satisfies the
equationvy = v410v, = v501v4. Hence, we have

(12100 = (v210)* v5010510 v910(v210)*>®
——

v210

= (v210) 0501 v 100501 v510(v910)>
N—_——

v201
= 0v01v201v510(v910)>
= Pal(v0)01v510(v210)%.

In all of the above cases (with the exception of the impossilalse (3)), we have shown that the
central wordPal(v0) = v01vs is a prefix of(v210)°°, as required. O

Proof of Theoren26. Supposeu is a sequence if0, 1} \ {0°°, 1°°} that is neither a characteristic
Sturmian sequence nor a characteristic periodic balarespaesce. Then the longest central prefix of
u, sayv, is non-empty since it could (at the very least) be a lettertHermorey is finite; otherwise, if

v were infinite, theru would be either a characteristic Sturmian sequence or actaaistic periodic
balanced sequence (see Theorem 15 and Remark 18).

We know from Theorem 13 (or Lemma 24) that there exists a en@gntral wordw € {0,1}*
such that{w01)>* < u < (w10)*°, in which casep(0u) is equal to the periodic balanced sequence
(1w0)>°. We will show how to determinev in terms of the longest central prefix Note thatw is
either empty or a (palindromic) prefix of by the maximality ofv.

First suppose that = z* for somez € {0, 1} andk > 1. Then by the maximality of as a central
prefix of u, it follows thatu begins withz*y = vy wherey € {0, 1}, y # . Moreover, the prefix of
length2k + 1 of u takes the formw*yu where|u| = k and|u|, < k — 1; otherwiseu would begin
with z*yz* = Pal(2*y), contradicting the fact that (= Pal(z")) is the longest central prefix af.
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If z =1, then we easily see that
(157101)*° < w (= 1%0u - -+ ) < (1F0)>,

where the latter inequality follows from the fact tHat = & andu < 1% (sinceu contains at most
k — 1 occurrences of the letta). Hence by Lemma 24(0u) = (1¥0)>° = (1w, ,0)> wherep = k
andq = k + 1. Similarly, if x = 0, we have

(0F1)>® < u (= 0F1u---) < (0F110)*°,

where the first inequality follows from the fact thatf = k& and0* < wu (sinceu contains at most
k — 1 occurrences of the lett®). Hence by Lemma 244(0u) = (10¥)> = (1w, ,0)* wherep = 1
andq = k + 1. We have thus proved Assertions (i) and (ii) of the theorem.
Now suppose that the longest central prefof « contains both 0’s and 1's. Then by Proposition 17,
there exists a unique pair of central words v, € {0,1}* such thaty = v;01vy = v210v; wWhere
0 := |vi|+2andlsy := |va| + 2 are coprime periods af, andmin{¢;, {2} is the minimal period of.
Consider the prefix of lengtB|v| + 4 of uw, namely the prefixzyz wherez,y € {0,1} and
|z| = |v| + 2. We will now prove each of the cases (a), (b), and (c) of Agse(ii).

Case (a): Let us first suppose that begins withv01z where|z| = |v01] andz > v01. Then it
is easy to see that

(v01)* < u < (v10)*°.

Hence, by Lemma 24, we havg0u) = (1v0)*°. Moreover,v = w, , wherep = |v|; + 1
andq = |v| + 2 = ¢; + ¢5. Similarly, if u begins withv10z where|z| = |v10| andz < v10,
then(v01)* < u < (v10)>°, and therefore)(0u) = (1v0)>° by Lemma 24.

Case (b): In this case, eithew begins withv00 or u begins withv01z where|z| = |v01| and
z < v01.

Sincewv,10 is a prefix ofv (which in turn is a prefix ofu), we have(v201)>*° < w. Fur-
thermore, by Lemma 27, the characteristic periodic bakduseguencéuv,10)>° begins with
the central wordPal(v0) = v0lvs. Thus, if u begins withv00, thenu < (v210)*°. On
the other hand, iz begins withv01z where|z| = |v01]| andz < v01, then we will show
thatu < (v210)*° by considering the prefix of length| 4 /5 of u, namelyv01z, where
|z2| = |va|. We first note that, < vy sincews is a prefix ofv and z; is a prefix ofz where
z andv satisfy z < v01. Furthermorezs < vy (i.€., 29 # v9). Otherwise, ifzo = vy, then
u would begin with the central wor@al(v0) = v0lvs. But thenu would have a central
prefix that is longer than; a contradiction. Therefore, < vy, and hencew < (v210)°° since
(v210)°° begins withv01lvs wherevs > 29, @as shown above.

Case (c): This case is symmetric to Case (b).
O
Example 28. The following examples demonstrate the computationp@fu) for sequences: in

{0,1}" that are neither characteristic Sturmian nor periodic aadrized. Where appropriate, the
longest central prefix of the sequence is highlighted in faglel
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(1) The following two general facts can easily be deducethftioe proofs of parts (i) and (ii) of
Theorem 26.
(@) ¢(0u) = (1%0)> for any sequence: having a prefix of the form*0v wherek > 1,
|v| = k,and|v]; <k —1.
(b) ¢(0u) = (10¥)> for any sequences having a prefix of the fornd*1v wherek > 1,
lv| =k, |v|o < k—1.

(2) By part (iii)(a) of Theorem 26¢(0u) = (10100100)*° = (1w g0)> for any sequence
beginning with
Pal(010)011 = w3011 = 010010011.
(3) Letwu be the (non-characteristic) Sturmian sequence

1f =10100101001001010010100100101 - - -

wheref is the (binary) Fibonacci sequence (see Examples 2 and téi fhie longest central
prefix of u is ws 5 = 101 = Pal(10) andu begins withws; 500. Therefore, by part (iii)(b) of
Theorem 26, we have(0u) = ¢(01f) = (10)>° = (1w; 20)°°.

(4) By part (iii)(c) of Theorem 26¢(0u) = (10100)* = (1w 50)> for any sequence begin-
ning with
Pal(010)101 = w3 g101 = 010010101.
(5) By parts (iii)(b) and (iii)(c) of Theorem 2@)(x) = (10)*° = (1w; 20)*° for any sequence
beginning with0011 or 0100. In particular,¢(0t) = (10)*° for the Thue-Morse sequende
which is the fixed point beginning witth of the morphisn0 — 01, 1 — 10:

t =0110100110010110- - -
Also note thaip(t) = (110)>° = (1w 30)°°.

(6) Recall that the central word, , of slopep/q € (0,1) (whereged(p, ¢) = 1) has lengthy — 2
and containg — 1 occurrences of (andg — p — 1 occurrences o0f). We observe that if
p > 2q (i.e., ifw, , contains mord’s than0’s), thenw, , begins withl; otherwise, ifp < 2g,
thenw, , begins with0. Hence, we deduce the following general facts from pan(&jiof
Theorem 26.

(@) If p > 2q, theng(0u) = (1w, 40)> for any sequence beginning withw,, ,100.
(b) If p < 2¢q, theng(0u) = (1w, ,0)*° for any sequence beginning withw,, ,011.

Remark29. To determine the longest central prefix of a sequemce {0,1}" (which is neither a
characteristic Sturmian sequence nor a characteristiogiebalanced sequence), possibly the easiest
way is to check each palindromic prefix of (in order of increasing length) to see if it is equal to
Pal(u) for someu € {0,1}*, until there are no more palindromic prefixes or until oneches a
palindromic prefix that is not in the image 6fl.

Note. Theorem 26 also provides a method for computitig:) in Case (v) of Theorem 7. For example,
F(}) = 2 since the base 2 expansionfs 01000 -- (or 00111 - -) and we have)(01000- - - ) =
(10)>*° = ¢(00111---) where(10)* is the base 2 expansion 8f3. (See part (1) of Example 28

above.)
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7. LARGER BASES

What precedes is essentially using basexpansions. One may ask what happens with lbase
expansions, wherie> 3, or what can be said about the intervals containing &' } for some¢. The
result of Bugeaud and Dubickas in [8] recalled at the begipitnplies that Sturmian sequences (with
values on an alphabét:, & + 1} for somek € {0,1,...,b — 2}) will again play a fundamental role.
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