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Abstract

Mostpruningmethoddor decisiontreesminimizeaclas-
sification error rate. In uncertaindomains,somesub-
treeswhich do notlesserthe errorratecanberelevantto
pointoutsomepopulationof specificinterestor to givea
representationf alargedatafile. We proposehereanewn
pruningmethod(called DI pruning)whichtakesinto ac-
countthe compleity of sub-treesand which is able to
keepsub-treeswith leavesyielding to determinateaele-
vantdecisionrules, even whenkeepingtheseonesdoes
notincreasehe classificatiorefficiengy.

1 Introduction

Data mining and Knowledge Discovery in Databases
(KDD) are fields of increasing interest combining
databasesartificial intelligence, machinelearningand
statistics. Broadly speaking,the purposeof KDD is to
extractfrom large amountsof datanontrivial “nuggets”
of informationin an easily understandabléorm. Such
discovreredknowledgemaybefor instanceegularitiesor
exceptions.

In this context, with the growth of databasesnethods
which exploredata- like for exampledecisiontrees- are
required. Suchmethodscangive a summaryof the data
(which is easierto analyzethanthe raw data)or canbe
usedto build atool (like for examplea classifier)to help
auserfor mary differentdecisionmakings.

Briefly, a decisiontreeis built from a setof training
datahaving attribute valuesand a classname. The re-
sult of the procesds representeds a tree which nodes
specify attributesand branchesspecify attribute values.
Leaves of the tree correspondo setsof exampleswith
the sameclassor to elementsn which no moreattributes
areavailable.Constructiorof decisiontreesis described,
amongothers,by Breimanetal. (1984)[1] who present
an importantand well-known monographon classifica-

tion trees. A numberof standardechniqueshave been
developed for examplelik e the basicalgorithmsID3 [9]
andCART [1].

Neverthelessin mary areaslikein medicine dataare
uncertain:that meangsthatthereare always someexam-
pleswhich escapdrom therules. Translatedn the con-
text of decisiontrees,that meanstheseexamplesseem
similar but in factdiffer from their classes.In thesesit-
uations,it is well-known (see[1], [3]) thatdecisiontree
algorithmstendto divide nodeshaving few examplesand
that the resultingtreestend to be very large and over-
specified. Somebranchesgspeciallytowardsthe bottom,
arepresentdueto samplevariability andarestatistically
meaninglesgone canalsosaythatthey aredueto noise
in the sample).Pruningmethodg(see[1], [8], [9]) try to
cutsuchbranchesn orderto avoid this drawback.

In uncertairdomainsthe understandingf themecha-
nismof thesemethodss akey pointfor theirusein prac-
tice: in orderto achieve afruitful procesof extractionof
information,thesemethodsrequiresdeclaratvity during
treatmentsWe will seein Section3 thatwe includethis
pointin our pruningstrateyy.

This paperis organizedasfollows. Section2 outlines
existing decisiontreespruningmethodsandsetsout the
questionof pruningin uncertaindomains. We will see
thatthe principal pruningmethodsarebasedon a classi-
ficationerrorrateandthatit maybeadravbackin uncer
tain domains.So, in Section3, we proposea quality in-
dex (called DI for Depth-Impurityquality index) which
is atrade-of betweerthedepthandtheimpurity of nodes
of atree.Fromthisindex, weinfer anew pruningmethod
for decisiontrees(denotedD1 pruning)which is appro-
priatein uncertaindomains: unlike usualmethods this
methodis notboundto the possibleuseof atreefor clas-
sification. It is ableto give an efficient descriptionof a
datafile orientedby apriori classificatiorof its elements
andto highlight interestingsub-populationsgvenif the
classificatiorerror ratedoesnot decreaseWe think that
it is a major point for the useof decisiontreesin uncer



taindomains.In Sectiond, we presentexamplesn areal
world domainwherewe use DI pruningasatool to op-
timize afinal decisiontree.

2 Motivations

The principal methodsfor pruningdecisiontreesareex-

aminedin [6], [8] and[10]. Most of thesepruningmeth-
ods are basedon minimizing a classificationerror rate
when eachelementof the samenodeis classifiedin the
mostfrequentclassin this node. The latteris estimated
with atestfile or usingstatisticalmethodssuchascross-
validationor bootstrap.

Thesepruning methodsare inferred from situations
wherethe built treewill be usedasa classifierandthey
systematicallydiscarda sub-treewhich doesnt improve
theusedclassificatiorerrorrate.Let usconsideithe sub-
treedepictedn Fig. 1. D is theclassandit is herebival-
ued. In eachnodethefirst (resp.second)alueindicates
the numberof exampleshaving the first (resp. second)
valueof D. This sub-treedoesnt lessenthe error rate,
which is 10% bothin its root or in its leaves; neverthe-
lessthe sub-treds of interestsinceit pointsoutaspecific
populationwith a constantvalue of D while in the re-
mainingpopulationit’s impossibleto predicta valuefor
D.

(90,10)

(79,0) (11,10)
Figurel: A treewhich could be interestingalthoughit
doesnt decreas¢he numberof errors.

Our aim is to proposea pruning methodwhich does
not systematicallydiscarda sub-treaewhich classification
error rateis equalto the rate of the root. The follow-
ing sectiondescribesa quality index of a treewhich is
ableto highlight suchinteresting- in our opinion - sub-
populations.This methodis not basedn a classification
errorrateandwe claimthatit is amajorpointin uncertain
domains.

3 Depth-Impurity quality index

and pruning

3.1 Framework for a quality index

Let us formulatethe questionof a quality index. We
claimthatthe quality index of atreeT" hasits maximum
valueif andonly if thetwo following conditionsaresat-
isfied:

i) All theleavesof T arepure.
ii) Depthof T"is 1.

We notice that theseconditionsare part of the usual
framework to properlydefinesuitableattribute selection
criteria to build decisiontrees([1], [4]). This frame-
work stateshata theoreticallevel, criteriaderived from
animpurity measurg[7]) performcomparably([1], [2]
and[4])!. SuchcriteriaarecalledC.M. criteria(concae-
maximumcriteria) becausanimpurity measureamong
other characteristicsis definedby a concave function.
Themostcommonlyusedcriteriawhich arethe Shannon
entropy (in thefamily of C4.5software[11]) andtheGini
criterion(in CART algorithmg[1]), areC.M. criteria.

Theideais thento useknown propertiegbasedon an
impurity measurepf C.M. criteriato definea quality in-
dex. In orderto betterunderstandhe genesiof thequal-
ity index thatwe presenbelow, we have to glanceatthe
guestionof attribute selectioncriteria in decisiontrees
andits usualnotations.Let uscall D the classof the ex-
amplesof adataset,with valuesd,, ... . , di, Q2 anodeand
Y ary attributedefinedon(, with valuesys, . .., y.,,. Let
usnote¥ aC.M. criterion (seeFig. 2).

Figure2: Splitting of anodef? usinganattributeY'.

We know (see [1], [7] and [4]) that T(Y) =
> aip(;) where Qy,...,Q, are the sub-nodes
yieldedby Y, «; is therateof 2; in 2, andy is animpu-
rity measureof D. ¥(Y") canbe viewed asa combined

measuref impurity of thesub-nodesnducedby Y. The

1We usedherethe term of impurity becauset is the mostusualin
themachindearningcommunity([1] [7]).



valueof thecriterionin anodereflectshow appropriately
thechosemattribute dividesthedata:it is away to quan-
tify thequality of atreeof depthl. For example theoreti-
calresultson C.M. criteriaclaimthattheminimumvalue
of ¥(Y) is reachedf andonly if the sub-nodesnduced
by Y arepurewith respecto D, that¥(Y") hasits max-
imum valueif andonly thefrequeng distributionsof D
in 2 andin thesub-nodesnducedby Y areequal.

In fact, thesecriteria, usedto quantify the quality of a
splitting (thatmean=of atreeof depthl) canbe straight-
forwardly extendedin orderto evaluatethe quality of a
treeof ary depth: the sub-node®f depthl inducedby
Y arereplacedby the leaves of ary depthof the tree.
Furthermorewe shall not forgetthat our aim is to offer
a suitablepruningmethodin uncertaindomains.In this
contet, we claim thata deeptreeis lessrelevantthana
small: the deepera tree,the lessunderstandablandre-
liable. For example,in Fig. 3, we preferthetreewhich
hasthe root denoted(23 to the onewith root Q5 (even
if the frequeng distributionsof D arethe sameon all
leaves). On the otherhand,both treeswith root Q23 and
Q4 have the samenumberof miss-classifiedexamples,
but we preferthetreewith root Q3 becausé is simplet

So, we have to properlydefinea quality index which
takesinto accountboth impuritiesand depthsof leaves.
Thenext sectionpresentshis index.

3.2 Thequality index DI

We proposeherea quality index called DI (for Depth-
Impurity) which correspondso atrade-of betweerdepth
andimpurity of eachleaf of atree.

Equationl definesthe quality index DI (for Depth-
Impurity) of atreeT' (we noteeither DI(T') or DI(2),
thequality index of thetreeT of root2):

DI(T) = Z a;(1 — () f(depth(2)) (1)

whereQ,...,Q!, aretheleavesof T, ¢ is therate
of £} in 2, andyp is animpurity measuraormalizedbe-
tween|0, 1]. Letusnotethatasy is animpurity measure,
(1 — ) definesa purity measure The depthof aleafis
computedrom the root of the whole tree (andnot from
theroot of T'). For instance,n Fig. 3, to calculatethe
quality of treeof root s, thedepthof theleaf (2, is with
respect(?;. If we comebackto the examplein Fig. 3
givenatthe endof the previous section(comparisorbe-
tweentreesof root(23 versugheoneof rootQ;,), we no-
tice thatthe quality index of thetreeof root Q- is lower
becausdt is deeperThis choiceto computethedepthal-
lows comparisondetweenary nodes.By introducinga

dampingfunction(denotedf), DI is ableto take into ac-
countthedepthof theleaves:the deepemleaf, thelower
its quality.

We areled to addressow the questionof definingthe
dampingfunction f. The argumentof f is a depthof a
node(denotedd). A minimal setof constraintss:

1 fisdecreasing.
2 f(1)=1

Constraintl correspondso the dampingprocessand
2 is necessaryo satisfycondition ii) of our framework.
If we choosean impurity measurenormalizedbetween
[0,1],as>"!" a; = 1, wewill seeimmediatelywith these
two constraintshatthevalueof DI isbetweer{0, 1]. The
higherthevalueof DI, thebetterquality of T'.

Furthermorewe addthethreefollowing constraints:

3 f(d) ~ 0 whend tendstowardsthe total numberof
attributes.

40<f(d) <1

5 f(d+ 1) = B.f(d) where3 € RT (in practice,
B € [0, 1] to respectonstraintl)

Constraint3 meanghata leaf which hasa depthsim-
ilar to the total numberof attributesis likely to be unre-
liable, soit seemssensiblethatthe valueof its quality is
closeto the minimumvalueof DI. Constraint4 allows
the valuesof the dampingfunction andof the purity (or
impurity) of a leaf to have samerough estimates.Over
theachievementof alineardamping,constraints is sug-
gestedby algorithmicconsiderationswe will seethatit
allows to have a linear computationof DI asindicated
by the remarkbelon. So, asthe numberof elementary
stepsin the whole processs limited, the computational
costof DI pruning(seeSection3.3) is particularly low
andit is tractableevenwith large databasesMoreover,
thechoiceof g doesnot modify the resultof the pruning
procesgseeSection3.3).

Translatedinto a mathematicalform, this set of
constraintdeadsto choosean exponentialfunction for

f-

Proof. From f(d + 1) = pB.f(d), we de-
duce: f(d) = pBU@-1.f(1). We thus get from 2:
f(d) = B4, This equality implies that f is an
exponentialfunction.

We thuschooseahefollowing function f:

)



Figure3: Examplesof DI values

where N is the the total numberof attributes(let us
notethatary exponentialfunctioncanbechosen).

If we comebackto thetreegivenin Fig. 3, we notice
thatthe treewhich hastheroot denoted?; hasa greater
DI valuethanthe onewith root24: impuritiesof leaves
of thesetreesare equal,but the latter is more complec
thantheformer. This hasbeentakeninto accounty D1I.

Remark: with regard to the algorithmic point of
view, computationof DI is not expensve. We can
easily write DI(T) accordingto the DI values of
sonsof T': in otherwords, the computationof DI(T)
is theweightedaverageof the DT valuesof thesonsof T'.

Proof. As usedpreviously, 7, ...,Q! aretheleaves

of atreeT of root (). Let uscall Q, asonof anodef.
We have:

depth(ﬂ’ )—1

Zak () (1 — p()))e™ 3
whereay () = o({;) (4)
7 o)

With (4), (3) becomes

depth(ﬂgv)—l

p(Q))e” ()

Q

(%) :Z

J

Q

It follows easilythatthedefinitionof DI (seeEquation
1) canberewritten:

= a(%)DI() (6)
k

By ensuringhat DI is computedor eachnodein one
step thispointwill allow alow computationatostfor the
DI pruningmethod.We will now moveto this subject.

3.3 DI pruning

DI leadsto a straightforvardway to prunesub-treesthe
mainideais to compareDI(T') with thepurity of its root.
WhenDI(T) is lowerthanthepurity of its root, we infer
thatthe“cost” of T' (dueto its complexity) is lessuseful
thanthe benefitof theexplanationgeneratedyy 7. So, T
is cutandreplacedy its rootwhichbecomesleaf of the
original tree. The cost-complgity methodof Breiman
[1] usesasimilar procesgthatmeansatrade-of between
a“cost” anda “benefit” to cut sub-trees)but the costis
basedn a classificatiorerrorrate.

So,astraightforvard pruningmethod(thatwe call DI
pruningbecausét goeswith DI) consistdn pruningall
sub-treesI” of root €2 of the original tree which satisfy
thefollowing condition:

DI(T) <1-¢(Q) ()

Fromexperimentswe noticedthatthe degreeof prun-
ing is quite boundto the uncertaintyembeddedn data.
In practice,that meansthe dampingprocesshasto be
adjustedaccordingto datain orderto obtain,in all situ-
ations,a relevant numberof prunedtrees. For that, we
introducea parameteidenotedk) to control the damp-
ing processthehigherk, themoreextensive the pruning
stage(i. e. the more sub-treesare cut). Equation(8)



givesthedampingfunctionupdatedy this parametefas
usual,N is thetotal numberof attributes):

k(d—1)
fr(d)=e ¥ (8

With k& = 1, we find againEquation2. By varying
k, DI pruningproducesa family of prunedtreesspread-
ing from theinitial largetreeto the treerestrictedto its
root. In practice,it shouldbenoteasyto selectautomati-
cally the“best” prunedtree(but it is notthe mainaim of
this stageof this work). Neverthelessgcurvesof DI asa
function of k andasa function of the numberof pruned
nodesgive a pragmaticmethodto stopthe pruningpro-
cess. Furthermorejf we are eagerto obtain automati-
cally asingle“best” prunedtree,we canusea procedure
requiringa testfile [1] [10] andthe final tree shouldbe
the onewhich maximizesDI (we will indicatethis way
in Conclusion).

Fig. 4 shows the prunedtree obtained(with & = 1)
from the whole treeindicatedin Fig. 3. Two sub-trees
(of root Q4 andQ42) have beencut. Although the sub-
treesof root (23 and 2y, areidentical,only the latteris
cut becauset is deeperthanthe former. Moreover, let
us notethatthe frequeng distributionsof D in 25 and
in Q4 areequal,the sub-treeof root Q4 is removed (and
notthesub-treeof root(23), becausél, is morecomple
than()s.

withk € Rt

4 Experiments

We have designedan induction software called UnDeT
(for Uncertain Decision Trees) which producesdeci-
sion trees. Two paradigmsof attribute selectioncrite-
ria are available in UnDeT (the choice of one of these
dependson the kind of data and the aim wished by
the user: see[5]). UnDeT indicates DI quality in-
dex of eachnode and prunestreeswith DI pruning.
UnDeT is available on the web at the following ad-
dress: "http://cush.info.unicaen.fr/'UnDE”. UnDeT is
includedin amoregenerabdatamining tool-boxin which
anothemajorpartis devotedto thetreatmenbf missing
values[12].

In this sectionwe describetheresultsobtainedoy run-
ning UnDeT on arealworld databaseWe performUn-
DeT with the gain criterion (Shannorentrogy) [11] be-
causeit is the mostcommonlyused. The datasetis a
medicaldatabaseomingfrom the UniversityHospitalat
Grenoble(France)andrunson child’s meningitis.

4.1 Child’s meningitis

Faced with a child with a caseof acute meningitis,
the clinician mustquickly decidewhich medicalcourse

shouldbe taken. Briefly, the majority of thesecasesare
viral infectionsfor which asimplemedicalsupervisioris
sufficient, whereasaboutonequartercasesarecausedy
bacterisandneedtreatmentvith suitableantibiotics.

In typical casesthe diagnosiscould be consideredhs
ohbvious and a few simple rules enablea quasicertain
decision. However, nearly one third of thesecasesare
presentedvith non-typicalclinical and biological data:
thedifficulty of the diagnosidiesin the factthatthe ob-
sened attributes,consideredseparatelyhave little diag-
nostic signification. The aim of this sectionis to study
therelevanceof DI pruningin suchdomains.

The useddatasetis composedf 329 instancesde-
scribedby 23 (quantitatve or qualitative) attributes. The
classis bivalued(viral versusbacterial).

4.2 Results

Theinitial largetree(seeFig. 5) has29 nodeswith pure
leaves.lts quality (0.848)is high, especiallyfor amedical
domain. This resultis dueto the relevanceof the used
attributes.

Dl =0.848 -1- (30/245) gram <= 0: DI =0.818

-3- (16/243) prot <= 0.95: DI =0.826

-5- (9/223) purpura = 0: DI =0.818

-10- (7/24) age <= 1.66: DI =0.722
-12- (0/14) vs <= 78:
-13- (7/10) vs > 78:

| 1=0 Class = vir
|
| | -14- (0/7) age <= 0.58:
I
I

DI =0. 631
1=0 dass = vir

|

|

|

|

| | -15- (7/3) age > 0.58: DI =0.514

| | | -16- (1/3) fever <= 39.7: 1=0.811 dass =
ir

| | | | | -17- (6/0) fever > 39.7: 1=0 Cass = bact

| | -11- (2/199) age > 1.66: DI =0.832

| | | -18- (0/119) lung = 0: 1=0 dass = vir

| ] ] -19- (0/54) lung = 1: 1=0 Cass = vir

| | | -20- (0/20) lung = 2: 1=0 Class = vir

| | | -21- (2/6) lung = 3: DI =0.797

| 1 ] ] -22- (0/1) season = winter: 1=0 Cass = vir

| 1 ] ] -23- (2/0) season = spring: 1=0 dass =
act

| | | -24- (0/5) season = sumer: |1=0 Class = vir

-6- (1/10) purpura = 1: DI =0.873

|

| | -26- (0/10) cytol <= 400: 1=0 Cass = vir

| | -27- (1/0) cytol > 400: 1=0 dass = bact

| -7- (0/10) purpura = 2: 1=0 Cass =vir

| -8- (4/0) purpura = 3: 1=0 Oass = bact

| -9- (2/0) purpura = 4: 1=0 O ass = bact

-4- (14/2) prot > 0.95: DI =0.685

| -28- (2/2) cytol <= 600: |=1 Cass = bact

| -29- (12/0) cytol > 600: 1=0 O ass = bact
-2- (54/0) gram> 0: 1=0 Cass = bact

Figure5: Initial largetree

Onthetreedepictedin Fig. 5, let uscall T, the sub-
treeof rootlabelled- 4- andT;, the sub-treeof root la-
belled- 10- . Ty hasanimpurity in its rootequalto 0.54
(2 miss-classifiednstancesamong16) and T3¢ hasan
impurity in its root equalto 0.77 (7 miss-classifiedn-



Figure4: Examplesof DI values

stanceamong31). NeverthelessDI(Tyo) (whichequal
to 0.722)is higherthan DI(T,) (0.685). Furthermore,
T is deeperthan Ty, which also penalizedthe quality

of Tho. DI(T1) is better becauset betterexplainsin-

stanceqT}, finally leadsto a single miss-classifiedn-

stance)put 714 is complex (we will comebackbelow to

this pointwith thepruningstage).

Fig. 6 representthe prunedtreewith k = 1. Thesub-
treeof rootlabelled- 11- becomesleaf. This pruning
introduces2 miss-classifiednstances. This numberis
not high regardingthe 201 instancesof the node. Fur-
thermore,n orderto properlyclassifythese2 instances,
theinitial largetreehadto build a complex sub-treewith
deepleaves.Suchleavesappeamnotto beveryreliablein
uncertaindomains.

Finally, Fig. 7 indicatesthe prunedtreewith & = 2.
Thesub-treeof rootlabelled- 5- becomes leaf (in this
casethe sub-tre€l is cut: its compleity to classifya
singleinstances notdependable).

It is importantto notice that the sub-treeof root la-
belled- 4- is notdestryed: evenif it doesnotdecrease
the numberof miss-classifiedexamples(which is 2 on
both root andleaves), this sub-treehighlights a reliable
sub-populatiorwhenthe attribute “cytol” is higherthan
600 (this resultis checled by the medicalexpert). It is
typically the situationthat we presentedn our motiva-
tions(seeSect.2).

5 Conclusion

We have proposeda quality index DI for decisiontrees
for uncertaindomainswhich realizesatrade-of between
theimpuritiesandthedepthof leavesof atree. Stemming
from D1, we presenta pruningmethodwhich is ableto

DI =0. 829

1- (30/245) gram<= 0: DI =0.796

-3- (16/243) prot <= 0.95: DI =0.803
-5- (9/223) purpura = 0: DI =0.792

-10- (7/24) age <= 1.66: DI =0.722
12- (0/14) vs <= 78: 1=0 Cass =vir
13- (7/10) vs > 78 DI =0.631

| -15- (7/3) age > 0.58: DI =0.514
| | -16- (1/3) fever <= 39.7: 1=0.811 dass =

I
| | -14- (0/7) age <= 0.58: 1=0 Class = vir
|
|

| | | | -17- (6/0) fever > 39.7: 1=0 Cass = bact
| -11- (2/199) age > 1.66: 1=0.080 Cass = vir
-6- (1/10) purpura = 1: DI =0.873

| -26- (0/10) cytol <= 400: 1=0 Cass =vir

| (1/0) cytol > 400: 1=0 COass = bact

|

[ ]
[ ]
||
||
||
[ ]
I
vir
||
[ ]
||
[ ]
||
(. —7— (0/10) purpura = 2: 0 Class = vir
||
II
|

|

| =
-8- (4/0) purpura = 3: 1=0 dass = bact
-9- (2/0) purpura = 4: 1=0 dass = bact
-4- (14/2) prot > 0.95: DI =0.685
| (2/2) cytol <= 600: |1=1 Class = bact
| —29— (12/0) cytol > 600: |1=0 Class = bact
-2- (54/0) gram> 0: 1=0 dass = bact

Figure6: Prunedree(k = 1)

keepsub-treesvhichdonotlesseranerrorratebut which
can point out somepopulationsof specificinterest;yet
usualmethodsarebasednaclassificatiorerrorrate. We
claimthatit is amajorpointin uncertaindomains.

Furtherwork hasto normalize DI(T') by taking into
accountthe numberof instancef 7" with regardto the
root of the whole tree: this improvementwill allow to
compareproperlytreeswith samerequeng distributions
of D in thenodesbut differentnumberof instancesAn-
otherdirectionis to usea testfile to improve the choice
of the“best” prunedtree. We will move thento another
stageof our work, which will beto selecta prunedtree
which reflects- in genel - the soundknowledgeof the



DI =0. 762

-1- (30/245) gram <= 0:
- 3-

-7- (0/10) purpura = 2:

- 4-

Dl =0. 716

(16/243) prot <= 0.95: DI =0.718
5- (9/223) purpura = 0: 1=0.237 Cass = vir
6- (1/10) purpura = 1: DI =0.873

- 26-
_27-

1=0 dass = vir
1=0 dass = bact
0 Cdass =vir

(0/10) cytol <= 400:
(1/0) cytol > 400:

| =
-8- (4/0) purpura = 3: 1=0 Oass = bact
-9- (2/0) purpura = 4: 1=0 O ass = bact
(14/2) prot > 0.95: DI =0.685
| -28- (2/2) cytol <= 600: |1=1 Cass = bact
| -29- (12/0) cytol > 600: 1=0 O ass = bact
-2- (54/0) gram> 0: 1=0 dass = bact

Figure7: Prunedree(k = 2)

studieddata.
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