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Abstract. The lambda-Pi-calculus allows to express proofs of minimal
predicate logic. It can be extended, in a very simple way, by adding com-
putation rules. This leads to the lambda-Pi-calculus modulo. We show
in this paper that this simple extension is surprisingly expressive and, in
particular, that all functional Pure Type Systems, such as the system F,
or the Calculus of Constructions, can be embedded in it. And, moreover,
that this embedding is conservative under termination hypothesis.

The AI-calculus is a dependently typed lambda-calculus that allows to ex-
press proofs of minimal predicate logic through the Brouwer-Heyting-Kolmogorov
interpretation and the Curry-de Bruijn-Howard correspondence. It can be ex-
tended in several ways to express proofs of some theory. A first solution is to
express the theory in Deduction modulo [7,9], i.e. to orient the axioms as rewrite
rules and to extend the AIT-calculus to express proofs in Deduction modulo [3].
We get this way the \II-calculus modulo. This idea of extending the dependently
typed lambda-calculus with rewrite rules is also that of Intuitionistic type theory
used as a logical framework [13].

A second way to extend the AIT-calculus is to add typing rules, in particular
to allow polymorphic typing. We get this way the Calculus of Constructions
[4] that allows to express proofs of simple type theory and more generally the
Pure Type Systems [2,15,1]. These two kinds of extensions of the AIT-calculus
are somewhat redundant. For instance, simple type theory can be expressed
in deduction modulo [8], hence the proofs of this theory can be expressed in
the AIl-calculus modulo. But they can also be expressed in the Calculus of
Constructions. This suggests to relate and compare these two ways to extend
the AIl-calculus.

We show in this paper that all functional Pure Type Systems can be em-
bedded in the AIl-calculus modulo using an appropriate rewrite system. This
rewrite system is inspired both by the expression of simple type theory in Deduc-
tion modulo and by the mechanisms of universes a la Tarski [12] of Intuitionistic
type theory. In particular, this work extends Palmgren’s construction of an im-
predicative universe in type theory [14].



1 The AII-calculus

The AII-calculus is a dependently typed lambda-calculus that permits to con-
struct types depending on terms, for instance a type array n, of arrays of size
n, that depends on a term n of type nat. It also permits to construct a function
f taking a natural number n as an argument and returning an array of size n.
Thus, the arrow type nat = array of simply typed lambda-calculus must be ex-
tended to a dependent product type ITx : nat (array ) where, in the expression
Iz : A B, the occurrences of the variable x are bound in B by the symbol IT
(the expression A = B is used as a shorter notation for the expression ITx : A B
when z has no free occurrence in B). When we apply the function f to a term n,
we do not get a term of type array x but of type array n. Thus, the application
rule must include a substitution of the term n for the variable z. The symbol
array itself takes a natural number as an argument and returns a type. Thus,
its type is nat = Type, i.e. Iz : nat Type. The terms Type, nat = Type, ...
cannot have type T'ype, because Girard’s paradox [10] could then be expressed
in the system, thus we introduce a new symbol Kind to type such terms. To
form terms, like I1x : nat Type, whose type is Kind, we need a rule expressing
that the symbol Type has type Kind and a new product rule allowing to form
the type Iz : nat Type, whose type is Kind. Besides the variables such as x
whose type has type Type, we must permit the declaration of variables such as
nat of type Type, and more generally, variables such as array whose type has
type Kind. This leads to introduce the following syntax and typing rules.

Definition 1 (The syntax of AII). The syntaz of the AI-calculus is
t=x|Type | Kind | Hx :tt | dz:tt|tt

The a-equivalence and (-reduction relations are defined as usual and terms are
identified modulo a-equivalence.

Definition 2 (The typing rules of A\II7).

[ ] well-formed Empty

I'HA:Type
I'[z: Al well-formed
I'-A: Kind
I'[z: Al well-formed
I' well-formed
I' F Type : Kind

I' well-formed z:Ael
I'kFz:A

I'A:Type I'[x:AlF B: Type
I'tIz: A B:Type

Declaration x not in I’

Declaration2 z not in I’

Sort

Variable

Product




I'tA:Type Ilx:AlF B: Kind

TF Iz AB.: Kind Product2

I'+A:Type I'lv:AlF B:Type I'lx: Al-t:B
I'FXx:At:Ilx: AB

Abstraction

I'rt:e:AB I'Fu:A

TF (tu): (u/z)B Application

It is useful, in some situations, to add a rule allowing to build type families
by abstraction, for instance Az : nat (array (2 X z)) and rules asserting that a
term of type (Az : nat (array (2 X x)) n) also has type array (2 x n). This leads
to introduce the following extra typing rules.

Definition 3 (The typing rules of M\IT). The typing rules of NI are those of
AMI~ and
I'A:Type I'lv:AlFB:Kind I'[z: AlFt:B

T'FM:At:IIx: A B Abstraction2

I'FA:Type I'B:Type I'Ft: A
I'-t:B

Conversion A =3 B

I'FA:Kind 'B:Kind I'Ft: A
I'+t:B

Conversion2 A =3 B

where =g 1is the B-equivalence relation.

It can be proved that types are preserved by g-reduction, that S-reduction is
confluent and strongly terminating and that each term has a unique type modulo
[-equivalence.

The AlIl-calculus, and even the A\IT~-calculus, can be used to express proofs
of minimal predicate logic, following the Brouwer-Heyting-Kolmogorov interpre-
tation and the Curry-de Bruijn-Howard correspondence. Let £ be a language in
predicate logic, we consider a context I" formed with a variable ¢ of type Type —
or variables t1, ..., ¢, of type Type when L is many-sorted —, for each function
symbol f of L, a variable f of type + = ... = ¢ = ¢ and for each predicate
symbol P of L, a variable P of type + = ... = ¢ = Type.

To each formula P containing free variables i, ...,z, we associate a term
P° of type T'ype in the context I,y : ¢,...,xp : ¢ translating each variable,
function symbol and predicate symbol by itself and the implication symbol and
the universal quantifier by a product.

To each proof 7, in minimal natural deduction, of a sequent A4,..., A, - B
with free variables z1, ..., 2, we can associate a term 7° of type B° in the context
Iy e, xp i tap 0 AS, . 0, ¢ A2 From the strong termination of the AII-
calculus, we get cut elimination for minimal predicate logic. If B is an atomic
formula, there is no cut free proof, hence no proof at all, of - B.



2 The AIIl-calculus modulo

The AIl-calculus allows to express proofs in pure minimal predicate logic. To
express proofs in a theory 7, we can declare a variable for each axiom of 7 and
consider proofs-terms containing such free variables, this is the idea of the Logical
Framework [11]. However, when considering such open terms most benefits of
termination, such as the existence of empty types, are lost.

An alternative is to replace axioms by rewrite rules, moving from predicate
logic to Deduction modulo [7,9]. Such extensions of type systems with rewrite
rules to express proofs in Deduction modulo have been defined in [3] and [13].
We shall present now an extension of the All-calculus: the AIl-calculus modulo.

Recall that if X, I" and A are contexts, a substitution #, binding the variables
declared in I, is said to be of type I' ~ A in X if for all x declared of type
T in I', we have YA + 0z : 0T, and that, in this case, if XI' F u : U, then
YAFOu:0U.

A rewrite rule is a quadruple | — r where I is a context and [, r and
T are (B-normal terms. Such a rule is said to be well-typed in the context X' if,
in the AIl-calculus, the context X' I is well-formed and the terms [ and r have
type T in this context.

T

If ¥ is a context, | —*T r is a rewrite rule well-typed in X and 6 is a

substitution of type I' ~ A in X then the terms 0l and 0r both have type 6T
in the context XA. We say that the term 0l rewrites to the term 0r.

If X is a context and R a set of rewrite rules well-typed in the AIl-calculus
in X, then the congruence generated by R, =g, is the smallest congruence such
that if ¢ rewrites to u then t =5 wu.

Definition 4 (AI-modulo). Let X be a context and R a rewrite system in X.
Let =gr be the congruence of terms generated by the rules of R and the rule 3.

The AlI-calculus modulo R is the extension of the MI-calculus obtained by
replacing the relation =g by =gr in the conversion rules

I'A:Type I'tEB:Type I't: A
I'+t:B

Conversion A =g B

I'FA:Kind 'B:Kind I'+t: A
I'+t:B

Conversion2 A =g B

Notice that we can also extend the Al ~-calculus with rewrite rules. In this
case, we introduce conversion rules, using the congruence defined by the system
R alone.

Ezample 1. Consider the context X = [P : Type, Q : Type] and the rewrite
system R formed with the rule P — (Q = Q). The term A\f : P Az : Q (f z)
is well-typed in the AIT-calculus modulo R.



3 The Pure Type Systems

There are several ways to extend the functional interpretation of proofs to simple
type theory. The first is to use the fact that simple type theory can be expressed
in Deduction modulo with rewrite rules only [8]. Thus, the proofs of simple
type theory can be expressed in the AIT-calculus modulo, and even in the \IT~-
calculus modulo. The second is to extend the AII-calculus by adding the following
typing rules, allowing for instance the construction of the type ITP : Type (P =
P).
I'A:Kind I'lx: Ak B : Type
I'FIlx: A B:Type
I'+A:Kind I'lt: AlF B: Kind
I'tIlx: A B: Kind
I'-A:Kind I'z: Al B:Type I'lx: AJFt: B
I'FXx:At:llx:AB
I'A:Kind Ie: AlFB: Kind I'z: Akt
I'FXe:At:Ilz:AB
We obtain the Calculus of Constructions [4].

The rules of the simply typed A-calculus, the AIT-calculus and of the Calculus
of Constructions can be presented in a schematic way as follows.

Product3

Product4

Abstraction3

: B
Abstraction4

Definition 5 (Pure type system). A Pure Type System [2, 15, 1] P is defined
by a set S, whose elements are called sorts, a subset A of S x S, whose elements
are called axioms and a subset R of S x S x S, whose elements are called rules.
The typing rules of P are

[ ] well-formed Empty

I'FA:s . .
Tle: A] well-formed Declaration s € S and x not in I’

I well-formed
't sq1:89
I' well-formed z:Ael
I'x:A

I'A:sy I'z: Al B: sy
F|_H$ZAB183 PrOdUCt <81352a83> GR

I'+A:sy I'v:AlFB:sy TI'lx:AlFt: B
I'tXx:At:IIxz:AB
I'tt:e:AB I'Fu:A

't (tu):(u/z)B

I'FA:s I'+B:s I'+Ft: A
I'+t: B

Sort (sq,s2) € A

Variable

Abstraction (s1, s2,53) € R

Application

Conversion s € S A=3 B



The simply typed A-calculus is the system defined by the sorts Type and
Kind, the axiom (Type, Kind) and the rule (T'ype, Type, Type). The AI1-calculus
is the system defined by the same sorts and axiom and the rules (T'ype, T'ype, Type)
and (T'ype, Kind, Kind). The Calculus of Constructions is the system defined by
the same sorts and axiom and the rules (T'ype, Type, Type), (Type, Kind, Kind),
(Kind, Type, Type) and (Kind, Kind, Kind). Other examples of Pure Type Sys-
tems are Girard’s systems F and Fw.

In all Pure Type Systems, types are preserved under reduction and the
[B-reduction relation is confluent. It terminates in some systems, such as the
All-calculus, the Calculus of Constructions, the system F and the system Fw.
Uniqueness of types is lost in general, but it holds for the AII-calculus, the Cal-
culus of Constructions, the system F and the system Fw, and more generally for
all functional Pure Type Systems.

Definition 6 (Functional Type System). A type system is said to be func-
tional if
(s1,82) € A and (s1,s3) € A implies sy = s3

(s1,82,53) € R and (s1, s2,84) € R implies s3 = s4

4 Embedding functional Pure Type Systems in the
All-calculus modulo

We have seen that the AII-calculus modulo and the Pure Type Systems are two
extensions of the AIT-calculus. At a first glance, they seem quite different as the
latter adds more typing rules to the AI7-calculus, while the former adds more
computation rules. But they both allow to express proofs of simple type theory.
We show in this section that functional Pure Type Systems can, in fact, be
embedded in the AIl-calculus modulo with an appropriate rewrite system.

4.1 Definition

Consider a functional Pure Type System P = (S, A, R). We build the following
context and rewrite system.
The context X'p contains, for each sort s, two variables

Us : Type and e5:Ugs = Type
for each axiom (si, s2), a variable
s1:Us,
and for each rule (s, s2, $3), a variable
sy 50,50y IX 2 Usy () X) = Usy) = Usy)

The type Us is called the universe of s and the symbol €, the decoding function
of s.



The rewrite rules are
€s,(81) > Us,

in the empty context and with the type Type, and

683(ﬁ< y XY) — Il : (g5, X) (65, (Y 1))

$1,52,53
in the context X : Us,,Y : (g5, X) = Us, and with the type Type.

These rules are called the universe-reduction rules, we write =p for the equiv-
alence relation generated by these rules and the rule 8 and we call the AIIp-
calculus the AIl-calculus modulo these rewrite rules and the rule 5. To ease
notations, in the AIlp-calculus, we do not recall the context X'p in each sequent
and write ' =t : T for XpI' -t : T, and we note = for =p when there is no
ambiguity.

Ezxample 2. The embedding of the Calculus of Constructions is defined by the
context

Type : Uk ind Urype : Type Ukina : Type

EType - UType = Type EKind * UKind = Type

Iirype, rype, Typey * X - Urype (((EType X) = Urype) = Urype)

)
H(Type,Kind,Kind) X UType EType X) = UKind = UKind)

(((

((( )
H(Kind,Type,Type) cIIX : Uking ((Exing X) = Urype) = Urype)
I iina,wind, kindy - 11X Uking (Exina X) = Ukina) = Ukina)

and the rules '
€Kmd(TyP€) - UType

EType(lj Type,Type,Type) X Y) — HZ‘ : (EType X) (EType ( ))

HType Kind,Kind) X Y) — Iz : (EType X EKind ( ))

EKind( ) (
5Tpr(H (Kind,Type,Type) X Y) — Ilx: (sKind X) (5Type ( ))

EKind(U<Kmd,Kmd,Kmd) X Y) — Ilx: (€Kmd X) (5Kmd ( ))

Definition 7 (Translation). Let I be a context in a functional Pure Type
System P and t a term well-typed in I', we defined the translation |t| of t in I,
that is a term in Al p, as follows

- |£C| =,

= |s| =35,

[Tz : A B| = ].Y<sl782753> |A| (A\z : (es, |A|) |B|), where sy is the type of A,
so 18 the type of B and sz the type of Iz : A B,

Az : A t] =Xz (g5 |A]) |t],

— |t ul = [¢] Jul:



Definition 8 (Translation as a type). Consider a term A of type s for some
sort s. The translation of A as a type is

IA]l =es |Al.
Note that if A is a well-typed sort s’ then
||8/|| = Eg él =p Usl.

We extend this definition to non well-typed sorts, such as the sort Kind in the
Calculus of Constructions, by
I8'l| = Us

The translation of a well formed context is defined by

I =11 and Iz : Al = [ T]][= - Al

4.2 Soundness

Proposition 1. 1. |(u/2)t| = (jul/z)[t], |[(u/@)t]| = (Jul/2)|]].
2. Ift — g u then [t| — 3 |ul.

Proof. 1. By induction on ¢.
2. Because a (-redex is translated as a (-redex.

Proposition 2. ||[IIx: A Bl =p ITz : ||A]| ||B|

Proof. Let s1 be the type of A, s3 that of B and s3 that of 1Tz : A B. We have
|z : AB| = e, [Ha: A Bl =2, (s, 0 Al O : (s, |4]) [B]))

=p Iz : (e, |A]) (es, (Az: (g4, [A]) |B]) 2)) =p Iz : (g5, |A]) (g5, |BJ)

= Iz : ||A[l || B].

Ezample 3. In the Calculus of Constructions, the translation as a type of ITX :
Type (X = X) is IIX : Upype ((erype X) = (erype X)). The translation as a
term of AX : Type Az : X x is the term AX : Upype Az @ (E7ypeX) . Notice
that the former is the type of the latter. The generalization of this remark is the
following proposition.

Proposition 3 (Soundness).
If T'Ft:B in P then ||| F |t :||B| in Ap.
Proof. By induction on ¢.

— If ¢ is a variable, this is trivial.

— If t = s; then B = sy (where (s1, s2) is an axiom), we have 1 : Us, = ||s2]|.

— Ift =Ix : C D, let s; be the type of C, s, that of D and s3 that of t. By
induction hypothesis, we have

[T 1C]:Us, and [T,z = |C[ = |D] : Us,



i.e.
I,z (es, |C]) & |D]: U,

Thus )
1] (I sy ,55,55) [Cl Az (g5, |C]) [D]) 2 Us,

i.e.

[T+ [Tz : C D s3]
— If t = Az : C' u, then we have
Iz:Ckru:D
and B = IIx : C' D. By induction hypothesis, we have
70, |CI = ful - [| D]
i.e.
ITN, 22 (e, [CD) F Jul - ID]| then [T Az : (es, |C]) u] : Oz« [|C]| | D]
i.e.
[N = [t = [Tz - C D
— If t = u v, then we have
I'tu:lx:CD, I'kv:C
and B = (v/z)D. By induction hypothesis, we get
ICI = Jul: [Tz - C Dl = Ha: |[C| DI and ||| F [o] : [|C]]

Thus
TN E Jt] = (Jol /@) ([ D] = [I(v/2)D|

4.3 Termination
Proposition 4. If MlIp terminates then P terminates.

Proof. Let t; be a well-typed term in P and tq,ts, ... be a reduction sequence of
t1 in P. By Proposition 3, the term [t;| is well-typed in ATp and, by Proposition
1, |t1], |t2], ... is a reduction sequence of [¢1]| in AIIp. Hence it is finite.

4.4 Confluence

We prove in this section that for any functional Pure Type System P, the system
MIp is confluent. Like that of pure A-calculus, the reduction relation of \I1p is
not strongly confluent: the term M = (Ax (z z)) ((A\y y) 0) has two one-step
reducts: Ny = (Az (z z)) 0 and Ny = ((Ay v) 0) ((Ay y) 0) and these two terms
have no common one-step reduct. Thus, we introduce another reduction relation
( = ) that can reduce, in one step, none to all the fR-redices that appears in
a term, that is strongly confluent and such that —+* = —*. Then, from
the confluence of the relation —— , we shall deduce that of the relation —.



Definition 9 (Parallel reduction). The parallel reduction ( — ) in Alp,
is the smallest relation on terms that verifies:

Moo M () R A——— (B)  (s1,82) € A
A— A M-+ M A-++ A B -+ B
Mt AM - M A M ) Hx:AB — Iz : A B (9)
M <+ M N —— N’ M -+ M N —— N’

NN o N ) (Ax:A M) N = (N'Jz)M’ (02)

A - A B -+ B’
A B (m) (s1,82,83) €ER
S$3)

€s3 (H(sl,32,53) A B) — € (H<S1,32,<
A A B -+ B’
sy (I (s, 55,550 A B) = Iz : (g5, A') (65,(B' 1))

(n2) (s1,82,83) ER

Proposition 5. Forallterms M, M', N, N' of \[lp, if M —+> M' and N — N’,
then (N/x)M —+ (N'/z)M’.

Proof. By induction on M.

— if M is a variable,
* f M=z, then M' =M ==z
(because M —— M’ and the only rule we can apply is («)).
Therefore, (N/x)M = N —— N’ = (N'/x)M’.
x if M =y # x, then, by the rule (a), (N/2)M =y = y = (N'/x)M’
(and we conclude by the same way for M = Type and M = Kind).

— if there exists terms A and B such that M = Ay : A B, then there exists
terms A’ and B’ such that M’ = \y : A’ B’ with A -+ A’ and B —~ B’
(because the only rules we can apply to an abstraction are () and (7)).
By induction hypothesis, we have (N/xz)A —— (N'/x)A’ and (N/z)B = (N'/z)B'.
Therefore, by (7),

(N/2)M = My : ((N/2)A) (N/2)B — Ay : (N'/2)A) (N'[2)B' = (' [x) M’

— if there exists terms A and B such that M = ITy : A B, then there exists
terms A’ and B’ such that M’ = Iy : A’ B’ with A -+~ A’ and B —+ B’
(because the only rules we can apply to an abstraction are («) and (9)).
By induction hypothesis, we have (N/z)A —— (N'/x)A’ and (N/z)B = (N'/z)B’.
Therefore, by (9),

(N/2)M = Iy : (N/x)A) (N/2)B — Iy : (N'/2)A") (N'/x)B" = (N'/x) M’

— if there exists terms P and @ such that M = P Q,
if the last rule of the derivation of M — M’ is:
(a) then M' =M =P Q.
We have P —~ P and Q — @, then, by induction hypothesis, (N/z)P — (N'/z)P
and (N/z)Q — (N'/x)Q.
Therefore, by (61),
(N/2)M = (N/2)P (N/2)Q —— (N'/2)P (N'/2)Q = (N' /) M.



(6) then there exists a rule (s, s2) such that M =g, 1 and M’ = U, .
Therefore, by (8), (N/z)M = ¢€,, s1 — Uy, = (N'/x)M’
(01) then there exists terms P’ and @’ such that M’ = P’ Q' with P - P’
and Q —— Q'. By induction hypothesis, we have (N/x)P —+ (N'/x)P’
and (N/z)Q — (N'/x)Q'. Therefore, by (61),
(NJ2)M = (N/2)P (N/2)Q — (N'/x)P' (N' /1)@ = (N' )M’
(f2) then there exists terms A, B, B’, Q" such that P = Ay : A B and
M’ = (Q'/y)B’ with B = B’ and Q -+ Q.
By induction hypothesis, we have (N/x)B — (N'/z)B’ and (N/x)Q — (N'/z)Q’".
Therefore, by (62),
(N/2)M = (g : (N/2)A (N/2)B) (N/2)Q —= (N'/2)@'[9) (N'/2) B’
= (N'/2)((Q'/)B) = (N' )M’
(m) then there exists a rule (si,ss,s3) and terms A, A’, B, B’ such that
M = ey (IIig, 555 A B) and M’ = e, (Ii5, 5,5 A" B'), with
A - A" and B -+~ B’.
By induction hypothesis, we have (N/z)A - (N'/x)A" and (N/2)B — (N'/z)B’.
Therefore, by (1), '
(NJ2)M = 24, (Hiay 100y (NJ2)A (NJ2)B) > 24y (H(sr 00,00y (N'/2) A" (N[ B)
= (N'Jz)M'".
(n2) then there exists a rule (si,s2,s3) and terms A, A’, B, B’ such that
M = ey, (I, 5p.55) A B) and M' = Iy : (g5, A') (s, (B’ y)), with
A - A" and B —+~ B’.
By induction hypothesis, we have (N/z)A - (N'/z)A’ and (N/x)B — (N'/z)B'.
Therefore, by (12),
(NJ2)M = e, (s, ap00y (N/2)A (N/2)B) = Ty s (24, (N'/2) &) (255 (N'/2) B )
= (N'/z)M'.

Then, following [6], we associate, to each term t of AIp, a term ¢, obtained
by reducing in parallel all its GR-redices.

Definition 10. Lett be a term of NIl p. We define, by induction on the structure
of t, the term t' as follows:

— ot =2, Typel = Type, Kind' = Kind

— (M A M)t =z AT MT, (ITz : A B)t = Iz : At Bf
(Ar: A M) N)I = (Nt/x)M*T

gs, 1)1 = Uy, if (s1,82) € A,

883(H< )A B))T =lx: (SslAT) (682(BTJ})), Zf <81752583> € R7

51,582,583

Proposition 6. If M is a term of NIp, then M —+ MT
Proof. By induction on M.

— 2t =2, Type! = Type, and Kind" = Kind, then by the rule (), we have
x = zt, Type = Typel and Kind - Kind'

— If we suppose, by induction hypothesis, A = A" and N — NT, then, by
the rule (7), Az : A N —» Az : AT NT = (\z: A N)f



Proposition 7. For all terms M and M’ of \IIp, if M —+ M’ then M’ — M

If A -~ A" and B — BT, then by the rule (4),
Iz :AB — Iz : At Bt = (ITz : A B)t
If M is an application then we consider four cases.

x If there exists an axiom (si, s2) such that M = e, 1, then, by the rule
(), we have e, s1 —t U, = (g5, 51)1.

* If there exists terms A, N and P such that M = (Az : A N) P, and if we
suppose, by induction hypothesis that N —#- NT and P —# P%, then by
the rule (6,), we have (\z : A N) P - (P1/2)NT = ((\z: A N) P)'.

* If there exists a rule (s1, 2, s3) and terms A and B such that
M = e, (]'Y<31,32733> A B), and if we suppose, by induction hypothesis
that A -+ A" and B - BT, then by the rule (1), we have

€s3 (H(31782783) AB) > I : (g, AT) (€ss (B]L T)) = (533 (H<31,sz,sa) A B))T~

* Otherwise, if there exists terms N and P such that M = N P, and if we
suppose, by induction hypothesis, that N — Nt and P — P%, then
by the rule (6;) we have N P — NT Pt = (N P)t.

Proof. By induction on the last rule of the derivation of M —— M’.
If the last rule is:

(@)
(8)

(7)

then M’ = M. By Proposition 6 we have M — M1

then there exists a rule (s1, s2) such that M = g5, §1 and M’ = Uy,. There-
fore M" —~ U,, = MT by the rule (a).

then there exists terms A, A’, P and P’ such that M = Az : A P and
M' =Xz : A" P’ with A -+~ A’ and P -+ P’. By induction hypothesis, we
have A’ —+ A" and P’ — PT, then, by the rule (v),

M =Xx: A P — \x: At Pt = Mt

then there exists terms A, A’, B and B’ such that M = IIz : A B and
M' = Iz : A’ B with A -+ A’ and B -+ B’. By induction hypothesis,
we have A’ —+ A" and B’ —+ BT, then, by the rule (§),

M =Hx: A B — IIz: At Bf = Mt

then there exists terms P, P’, Q and Q' such that M = P Q and M’ = P' Q'
with P =+ P’ and Q — Q’.

* If there exists terms A and B such that P = Az : A B, then there exists
terms A’ and B’ such that P = Az : A’ B’ with A -+ A’ and B -+~ B’
(because the only rules we can apply to an abstraction are («) and (7)).
Therefore, by induction hypothesis, B’ — B and Q' - Q.

Anda by (02)7
M =P Q =0Mx:A B)Q - (Qf/x)Bt = ((\z: A B) Q)t = Mt

* If there exists a axiom (s1,s2) such that P = &5, and @ = s, then
P’ = P and Q' = Q (because the only rules we can apply to (&5, $1) are
(), (B) and (#; with (a)) on both premises)).

And, by (8), M’ = (s, 81) —> Us, = M7



* If there exists a rule (s1, 2, s3) and terms A, B, such that P = e, and
Q= ]7<51752,83>A B, then P’ = P = ¢, (because the only rule we can
apply is (a)), and there exists terms A’ and B’ such that
Q = ]'7(51752753>A' B’ with A =~ A’ and B — B’ (because the only
rule we can apply is (6;)).
Therefore, by induction hypothesis, A’ < Al and B’ -+ Bf.
And, by (12),
M =eg, (I, 55,59 A" B') =t Iz : (g5, AT)(es, (BT 2) = M1
x Otherwise, (P Q)" = PT Q. We have, by induction hypothesis, P" — PT
and Q' — QF. Therefore, by (6,), M’ = P' Q' -+ PT QT = M.
(f2) then there exists terms A, B, B', @, Q" such that M = (Az : A B) @ and
M’ = (Q'/x)B' with B -+~ B’ and Q — Q'.
By induction hypothesis, we have B’ —+ Bt and Q' — Q.
Therefore, by Proposition 5, M’ = (Q'/z)B' —# (Q/z)Bt = MT
(m) then there exists a rule (s, s2, s3) and terms A, B such that
M = Esg (ﬂ<sl,32753) A B) and M’ = Esg (H< ) A’ B/)
with A = A’ and B - B’.
By induction hypothesis, we have A’ <+ A! and B’ — BT.
Therefore, by (n2),
M' = e, (s, 50,55 A’ B') > Iz : (e, AY) (e, (Biz)) = M1
(n2) then there exists a rule (si, s2, s3) and terms A, B such that
M =e, (1'Y<81152)S3> A B)and M’ = Iz : (g5, A) (e5,(B'x))
with A -~ A’ and B -+ B’.
By induction hypothesis, we have A’ - A" and B’ —+ BT.
Therefore, by («), (§) and (n1),
M' =1Iz: (e, A") (e5,(B'z)) =t Iz : (g4, AT) (g4, (Bx)) = MT.

51,52,83

Proposition 8. The relation —— is strongly confluent in \Mlp, i.e. for all M,
M and M", if M —+> M’ and M —~ M" then there exists a term N such that
M’ -+ N and M" —+ N.

Proof. By Proposition 7, M’ -+ Mt and M” — MT.
Proposition 9. For all terms M and M’ of MIp,

1. if M — M’ then M — M’
2. if M =~ M’ then M —* M’
3. M —+* M if and only if M —* M'  (ie. " = —%*).

Proof.

1. M — M', then M —3 M’ or M —x M’
* If M —3 M' then M —— M’, by (62) and («)
* If M —g M’ then M = M’, by (8), or (n2) and ()
2. By induction on the last rule of the derivation of M — M’'.
If the last rule is:

() then M’ = M, and we have M —* M.



(6) then there exists a rule (s1, $2) such that M = e, s1 and M’ = Us,, and
we have e, §1 —g Us,, therefore M —* M’.
(7) then there exists terms A, A’, P and P’ such that M = Az : A P,
M =Xx:A P with A -+ A" and P - P'.
By induction hypothesis, we have A —* A’ and P —* P/,
therefore M = Az : AP —* X x: A PP =M.
(0) then there exists terms A, A’, B and B’ such that M = Iz : A B,
M'=1Iz:A B with A -+ A’ and B - B’.
By induction hypothesis, we have A —* A’ and B —* B’,
therefore M = IIx : A B—* Iz : A’ B' = M'.
(01) then there exists terms P, P, Q and Q' such that M = P @ and
M' =P @ with P =+ P’ and Q - Q’.
By induction hypothesis, we have P —* P’ and Q —* @',
therefore M = P Q —* P’ Q' = M’
(f2) then there exists terms A, B, B, @, Q" such that M = (A\x : A B) Q
and M’ = (Q'/z)B’ with B = B’ and Q -+ Q.
By induction hypothesis, we have B —* B’ and Q —* ',
therefore M = (Az: AB) Q —* (\z: AB') Q' —3 (Q'/z)B' = M'".
(n1) then there exists a rule (s, s2, s3) and terms A, B such that
M =¢ey, (IIis, 5550 A B) and M’ = e, (I (s, 5,55 A’ B')
with A -+ A’ and B -+ B’.
By induction hypothesis, we have A —* A’ and B —* B/,
therefore M = ¢4, (1'Y<81’52753> A B) —* &g, (Z.Y<51752733> A" B)Y=M'.
(n2) then there exists a rule {s1, s2, s3) and terms A, B such that
M =ey, (II1s, 555y A B) and M’ = T : (5, A') (g,,(B'z))
with A =+ A’ and B - B'.
By induction hypothesis, we have A —* A" and B —* B’, therefore
M =e, (H(51782,53> A B) —" &gy (H<51,82,83) Al Bl)
—r Hx: (65, A") (e5,(B'x)) = M'.
3. By induction on the number of reductions in M —* M’ and the first point,
for one way. And by induction on the length of the derivation of M —> M’
and the second point for the other way.

Proposition 10. The relation — is confluent in \llp, i.e. for all M, M’ and
M", if M —* M' and M —* M" then there exists a term N such that
M’ —* N and M" —* N.

Proof. From Proposition 8 the relation —— is strongly confluent, hence it is
confluent. Hence, by Proposition 9 the relation — is confluent.

5 Conservativity

Let P be a functional Pure Type System. We could attempt to prove that if
the type ||A|| is inhabited in AlIp, then A is inhabited in P, and more precisely



that if I" is a context and A a term in P and t a term in AIlp, such that
Il E ¢t : ||All, then there exists a term u of P such that |u| =¢ and I" - u : A.
Unfortunately this property does not hold in general as shown by the following
counterexamples.

Ezample 4. If P is the simply-typed lambda-calculus, then the polymorphic
identity is not well-typed in P, in particular:

nat : Type ¥ ((AX : Type Az : X x) nat) : (nat = nat)
however, in A\II, we have

nat : ||[Type|| F (AX : || Type| Az : || X|| ) |nat]) : ||nat = nat||.

Ezample 5. If (s1,2,s3) € R, Xp I I'Y<31752783> HIX :s1 (X = s2) = s3)ll
but the term 1'7(31782783) is not the translation of any term of P.

Therefore, we shall prove a slightly weaker property: that if the type || A is
inhabited by a normal term in AIIp, then A is inhabited in P. Notice that this
restriction vanishes if AIlp is terminating.

We shall prove, in a first step, that if ||[I'| = ¢ : ||A]|, and ¢ is a weak 7-
long normal term then there exists a term in w such that such that |u| = ¢ and
I'tw: A. Then we shall get rid of this restriction on weak 7n-long forms.

Definition 11. A term t of Mlp is a weak n-long term if and only if each
occurrence of I, s, 55y i t, is in a subterm of the form (I, s, s,y t1 t2) (i-e.
each occurrence of ]'Y<51782733> is n-expanded).

Definition 12 (Back translation). We suppose that P contains at least one
sort: sg. Then we define a translation from AlIp to P as follows:

* &k

=z, §* = 59 §* =s, U =s,
IIx: A B)*=Iz: A* B,

Az A )" = A* tF,

s, 555y A B)* = I : A* (B* ),

gs u)* =u*,

t u)* =t* u* otherwise.

8

Py

Proposition 11. The back translation (.)* is a right inverse of |.| and ||.|| i.e.
for all t such that |t| (resp. ||t]|) is well defined, |t|* =1t (resp. ||t||* =t).

Proof. By induction on the structure of ¢.

Proposition 12. For all t, u terms and x variable of Allp,

1. ((u/z)t)* = (u*/z)t*

2. If t — u then t* —j u™ in P.

Proof. 1. By induction on t.
2. If t —p u then t* —g u*, and if { —x u, then t* = u*.



Proposition 13. For all terms A, B of P and C, D of Mlp (such that ||A]|
and ||B]| are well defined),

1. If A=, B, then ||A]| =|B|.
2. If C =D, then C* =, D*.

3. If|Al = ||B|, then A =, B.

Proof. 1. By induction on the length of the path of g-reductions and (-expansions
between A and B, and by Proposition 1.
2. By the same reasoning as for the first point, using Proposition 12.
3. By the first and second points and Proposition 11.

Proposition 14 (Conservativity). If there exists a context I', a term A of
P, and a term t, in weak n-long normal form, of ANlIp, such that ||| Ft: || 4],
Then there exists a term u of P such that |u| =t and I'tFu: A.

Proof. By induction on ¢.

e If ¢ is a well-typed product or sort, then it cannot be typed by a translated
type (by confluence of AIIp).

e If t = Az : B t'. The term ¢ is well typed, thus there exists a term C of AMIp,
such that ||C||F¢: Hz: B C (o).
Therefore ||A|| = Iz : B C (aq), and A = ||A||* = (IIz : B C)* = Iz :
B* C* (a2).
||A]| is well defined, and A cannot be a sort by (as) and confluence of AM1p,
then A is well-typed.
Therefore, by (as2), confluence of AIIp and subject-reduction of — g, there
exists terms B and C* and sorts spg:, scz, s3 of P, such that both A and
ITz : B* C* reduce to ITz : B C* (B), with I' - Bf : sy, and I, B! : sp:
C* : s where (sp:,5¢4, 83) is a rule of P.
In particular, || B¥||, |C*|| and ||ITz : B* C¥| are well defined.
Moreover, A = ITx : B¥ C* by (53), then, by Propositions 13 and 2, ||A|| =
[Tz : BY CF|| = I - ||BF|| || C¥.
Therefore ITx : B C = Hx : |BY| |C*|| by (a1), and by confluence of MTp,
we have B = || B (vo).
Then, by (ao), [T ¢ : Ia s | B [|C¥] and ||, s | B - ¢ CF).
The term Az : B t’' is in weak 7-long normal form, thus ' is also in weak
n-long normal form, and, by induction hypothesis, there exists a term u’ of
P, such that [v/| =t (v1) and I,z : B¥ o' : CF ().
Let u = Az : Bf /.
By (v2), we have I'wu : Iz : B C¥ and I'u : A by (B).
And |u| = |Mz: B* /| = Mz : | BY|| |u'| = Mz : Bt =1t by (y) and (y2).

e If ¢ is an application or a variable, as it is normal, it has the form = ¢; ... ¢,
for some variable z and terms tq, ..., t,,. We have ||| -zt ... t, : ||A]| (o).
—o If x is a variable of the context Xp,

x If x =457 (where (s1,s2) is an axiom of P),
then n = 0 (because t is well typed) and ||A| = Us,.
We have | sy :s5in P, therefore I'F sy : ss.



« If © =U, (where sis a sort of P), then n = 0 and || 4| = Type.
That’s an absurdity by confluence of AIIp.

x If ©=e¢e5 (where s is a sort of P), then, as ¢ is well typed n < 1.

*x If n =1, then ||I'|| F t1 : Us, and ||A]| = Type (absurdity).

* If n = 0, then ||A|| = Us = Type, thus by Propositions 13 and
2,
Us = Type = ||(Us = Type)*|| = ||s = soll = lIs|| = [Isol-
Therefore Type = ||so|| (absurdity).

* If = H<sl,52,53) (where (s1, $2,83) is a rule of P), then as t is
well-typed and in weak 7-long form, n = 2. We have |[|A| = U,
thus A = s3 by Proposition 13.

And ||T||Fty:Us, e 0| Ftgc|lsa]-
And HFH,tl : Usl [ ((éfsltl) = US2) (061)
t1 is also in weak n-long normal form, then, by induction hypothesis,
there exists a term u; of P such that:
lur|=t1 and T'Fug:sy (B1)
Then, by (011), ||F||,t1 : ||81|| s Hu1 = SQH
In particular, ||I||,¢1 : ||s1|| F t2 : [Jui]] = [|sz2]|-
However t, is also in weak 7-long normal form, then there exists a
term t5 (in weak n-long normal form) of MIp such that
tr=Au: funll ty, and | ful -t : lsal
By induction hypothesis, there exists a term u} of P, such that
luhl =t and T,z :uygbuh:se (B2)
Then we choose u = Iz : uy vy that verifies I't w: s3 , by (61),
(B2), and the fact that (s1, s2,s3) is a rule of P. And, finally,
[ = ey gy gy 1] (A2 5 (B 1]} ] = Hp ity 2 =

—o If x is a variable of the context I,
For k € {0,..,n}, let (Hy) be the statement:
There exists a term Ty, of P, such that ||| F z t1 ... tx || Tk]|-
We first prove (Hy),...,(Hy) by induction.

* k = 0: xis a variable of the context I', then there exists a well typed
term or a sort 7' in P such that I" contains x : T. Therefore |||
contains z : ||T|.

* 0<k<n-—1:Wesuppose (Hy).

Tty ... tgr1 is well typed in I'; then there exists terms D and FE of
AMIp such that :

I F thqr : D (1), ||| Fxty ...t : Iy : D E (d2), and
HFH Fax tl tk+1 : (tk+1/y)E ((53)
However, by (H},), there exists Ty, such that ||I'|| b a1 ... tx = || Tkl
therefore || Ty || = Iy : D E (64), by (02), and T}, = ITy : D* E* (J5),
by Propositions 11 and 13.

|7k |l is well defined and T} can’t be a sort by (J5) then T} is well
typed. Then, by (d5), confluence of AMIp and subject-reduction of
— 3, there exists terms Dt and E* and sorts sp:, s, s3 of P, such
that both T} and ITx : D* E* reduce to ITx : D* E* (J), with



I'F D :spe,and I, D @ spy = E* © spe where (sps,sg:,83) is a

rule of P.

In particular, || D¥||, ||E*|| and || [Tz : D* E¥|| are well defined.

Moreover, Ty, = ITx : D* E* by (s), then, by Propositions 13 and 2,

Tl = 172 : DF E¥|| = T« | DF) | ¥,

In particular, E = |E¥|, by (J4) and confluence of M\Tp.

Moreover, t;+1 is in weak n-long form, then by induction hypothesis,

there exists a term wugy; of P such that |ugq1] = tgt1.

Finally, (t4.11/9)E = (Jugs1/9)E = ([us /)| B = | (upsr /9) EX)L

And we conclude, by (d3) and the conversion rule of M1p.
Then, if n =0, we take u = z and I" contains = : T with ||T|| = ||4].
And, if n > 0, then, by (ag), there exists terms B and C of AITp such
that ||I'||Ft,: B (01) and ||I'||Faty ... th—1 : [Ty : B C (62) with
JAI = (ta/5)C (63) -
By (H,—1), there exists T, _1, such that ||| F x t1 ... tp—1 : [|[Th=1]|,
therefore ||T;,—1|| = ITy : B C by (62), and T,,_1 = ITy : B* C* (04).
|T5—1] is well defined, and T),_; cannot be a sort by (64), then T, is
well-typed.
Therefore, by (62), confluence of AMIp and subject-reduction of —g,
there exists terms B and C* and sorts sg:, 5oz, s3 of P, such that both
T,—1 and Ilx : B* C* reduce to Ilx : B¥ C* (ug), with I' = B : sp:,
and I', B : sy - C% : sy where (sge, sc4, 53) is a rule of P.
In particular, || B¥||, |C¥|| and || [Tz : B* C%|| are well defined.
Moreover, T,,_1 = ITx : B¥ C* by (), then, by Propositions 13 and 2,
ITosll = 2 s BF C¥| = I+ | B [[C¥).
Therefore [Tz : B C = Iz : ||B*|| ||C¥||, and by confluence of M1p, we
have B = |[ B (70).
Thus, ||| Ft,:||B¥| and ||| F 2ty ... t,_1 : |[ITy : B} C¥|.
t, and x t1 ... t,—1 are both in weak n-long normal form, then, by
induction hypothesis, there exists terms w; and ws of P such that:

lwi| =zt ..tp_y and 't w :Ily: B* C*
|ws| = t, and It wy : B
Let u = wy wo, we have:
lu| = |wi| |weo| =2ty ..ty t, and I'Fu: (we/y)CF.

However, by (63), Proposition 13 and the fact that C* = C*, we have:
A= (1 )y)C* = (we/y)C* = (w2/y)C* |, and, finally, I'Fu: A .

Finally, we get rid of the weak n-long form restriction with the following
Propositions.

Proposition 15. For all terms A, B of MIp, and for all well typed term or
sort C of P,

1. If A— B then A” —* B”
2. If A= B then A” = B”
3. If A is in weak n-long form, then A” —7% A, in particular A” = A



4- e = ey
5 If A=||C| then A” = A

Proof. 1. If A—p B, then A” — 3 B” (by induction on A).
IfA — R B7

— for all axiom (s1, s2), (€5, (51))" =€, (51) —nr Us; = (Us,)".
— for all rule (s1,s2,53), (€55 (I (5,,55,55)C D))" =
553(()“T : U51>‘y (s, ) = Usy) (H(81782,33> z y))C” D)
—>26 €s3 (H<S1782,83)C” D”) —r Iz (531 C”) (652 (D” ‘T))
=1z : (g5, C”) (g5, (D 2)")
2. By induction on the number of derivations and expansions from A to B.
3. By induction on A, remarking that (I, s, s, t1 t2)” —% I g, 50,05) 117 27
4. A translated term ||C]| is in weak n-long form.
5. If A=||C] then A” = ||C|]” = ||C||, by the the second and fourth points.

Proposition 16. Let t be a normal term of AMlp,
NI E LAl then [T F e« [|A]
Proof. By induction on t.

e If ¢ is a well-typed product or sort, then it cannot be typed by a translated
type (by confluence of AITp).

o If t = Az : B u, then there exists a term C' of AMIp, such that

A = Hx: B C (a), with Iz : BFu: C.
By («), we have B = ||B*|| (8) and C = ||C*||. Thus I,z : |B*|| F u : ||C*||.
Then, by induction hypothesis, we have Iz : | B*||  «” : ||C*||, therefore
'tz |BY| v : Hz : |B*|| |C*]| = ||A]| thus I' - Az : B w” : || A,
by (8). Finally, by (8) and the Proposition 15.5, Az : B v” = Az : B” u”,
therefore, by subject reduction, I' - ¢” = Az : B” u” : || 4]

e If ¢t is an application or a variable, as it is normal, it has the form z ¢; ... ¢,
for some variable x and terms t1, ..., t,. We have ||| bz t1 ... &, : ||A]] (o).
—o If x is a variable of the context Xp,

x If o =457 (where (s1,s2) is an axiom of P),
then n = 0 (because t is well typed) and we have (s1)” = 3.
« If © =U, (where sis a sort of P), then n = 0 and || 4| = Type.
That’s an absurdity by confluence of \I1p.
x If o =¢e5 (where s is a sort of P), then, as ¢ is well typed n < 1.
* If n =1, then ||| F ¢; : Us, and ||A|| = Type (absurdity).
* If n =0, we have (g5)” = €5
* If 2= 1.Y<81752,53> (where (s1, $2, 83) is a rule of P), then as ¢ is well-
typed, n < 2. Moreover, Iy, s, 55y (1 (s, 55,55) t1); and (I (5, s, s5) 11 t2)
have the same types than their weak n-long forms.
—o If x is a variable of the context I,
* If n =0, we have "7 = x.



* If n > 0, then there exists terms B and C of A\IIp such that
I Ftn:B (a1) and ||| F 2ty ...ty : Iy : B C (a2) with
lAll = (tn/y)C (as) . As in the proof of Proposition 14, we can type
x t1 ... tp—1 by a translated type, then IIy: BC = Iy : | B*| |C*]| .
In particular, B = ||B*|| and C = ||C*].
Thus, ||| &ty ||B*|| and ||C||F ¢ ... th—1 : ||y : B* C*|.
By induction hypothesis, we have ||I'|| Ft,” : ||B*|| and
||| - t” ... th—1” : Iy : || B*|| ||C*||. Finally, by (a3) and Propo-
sition 15.5, [|[[||F¢" =x t1” ... t,)” : (t.” /y)C = ||A]|.

Theorem 1. Let P be a functional Pure Type System, such that Nllp is ter-
minating. The type || Al is inhabited by a closed term in XMlp if and only if the
type A is inhabited by a closed term in P.

Proof. If A has a closed inhabitant in P, then by Proposition 3, ||A|| has a
closed inhabitant in MTp. Conversely, if ||A|| has a closed inhabitant then, by
termination of AITp and Proposition 16, it has a closed inhabitant in weak n-long
normal form and by Proposition 14, A has a closed inhabitant in P.

Remark 1. This conservativity property we have proved is similar to that of
the Curry-de Bruijn-Howard correspondence. If the type A° is inhabited in AI1-
calculus, then the proposition A is provable in minimal predicate logic, but not all
terms of type A° correspond to proofs of A. For instance, if A is the proposition
(Vz P(x)) = P(c), then the normal term Ao : (ITz : ¢ (P z)) (a ¢) corresponds
to a proof of A but the term Aa: (ITz : ¢ (P z)) (o (M\y: ¢ y) ¢)) does not.

Remark 2. There are two ways to express proofs of simple type theory in the
All-calculus modulo. We can either use directly the fact that simple type theory
can be expressed in Deduction modulo [8] or first express the proofs of simple
type theory in the Calculus of Constructions and then embed the Calculus of
Constructions in the AIT-calculus modulo.

These two solutions have some similarities, in particular if we write o the
symbol Urype. But they have also some differences: the function Az = of simple
type theory is translated as the symbol I — or as the term Al — in the first
case, using a symbol I — or the symbols A and 1 — specially introduced in the
context to express this particular theory, while it is expressed as Az x using the
symbol A of the A\Il-calculus modulo in the second.

More generally in the second case, we exploit the similarities of the AIT-
calculus modulo and simple type theory — the fact that they both allow to
express functions — to simplify the expression while the first method is com-
pletely generic and uses no particularity of simple type theory. This explains why
this first expression requires only the AIT~-calculus modulo, while the second
requires the conversion rule to contain (-conversion.
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