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INTRODUCTION

The notion of a cellular automaton has been introduced by Ulam [U] and von
Neumann [vN]. In this classical setting, the “universe” is the lattice of integers
Z" of Euclidean space R". The set of states is a finite set A (also called the
alphabet) and a configuration is a function ¢ : Z" — A. Time t goes on in
discrete steps and represents a transition function T : AZ" — AZ" (if ¢ is the
configuration at time ¢, then 7(c¢) is the configuration at time ¢t + 1), which
is deterministic and local. Locality means that the new state at a point v €
Z" at time t + 1 only depends on the states of certain fixed points in the
neighborhood of ~ at time ¢. More precisely, if ¢ is the configuration reached
from the automaton at time ¢ then 7(c), = d(¢n,), where § : AN — A'is
a function defined on the configurations with support the finite set N (the
neighborhood of the point 0 € Z"), and N, = v+ N is the neighborhood
of v obtained from N by translation. For these structures, Moore [Moo| has
given a sufficient condition for the existence of the so—called Garden of Eden
(GOE) patterns, that is those configurations with finite support that cannot be
reached at time ¢ from another configuration starting at time ¢ — 1 and hence
can only appear at time ¢t = 0. Moore’s condition (i.e. the existence of mutually
erasable patterns — a sort of non—injectivity of the transition function on the
“finite” configurations) was also proved to be necessary by Myhill [My]. This
equivalence between “local injectivity” and “local surjectivity” of the transition
function is the classical well-known Garden of Eden theorem.

The purpose of this work is to consider this kind of problems in the more
general framework of symbolic dynamic theory, with particular regard to sur-
Junctivity theorems (and, in this case, to the density of the periodic configu-
rations) and to GOE-like theorems restricted to the subshifts of the space AT
(where T is a finitely generated group and A is a finite alphabet). Indeed for
these sets is still possible to define a structure of a cellular automaton.

More precisely, given a finitely generated group I', one can consider as “uni-
verse” the Cayley graph of T. A configuration is an element of the space A' (the
so—called full A-shift), that is a function defined on I' with values in a finite
alphabet A. The space A" is naturally endowed with a metric and hence with
an induced topology, this latter being equivalent to the usual product topology,



where the topology in A is the discrete one. A subset X of AT which is I'-
invariant and topologically closed is called subshift, shift space or simply shift.
In this setting a cellular automaton (CA) on a shift space X is given by speci-
fying a transition function 7 : X — X which is local (that is the value of 7(c),
where ¢ € X is a configuration, at a point v € I' only depends on the values of
¢ at the points of a fixed neighborhood of 7).

In Chapter 1 we formally define all these notions, also proving that many
basic results for the subshifts of A% given in the book of Lind and Marcus
[LinMar], can be generalized to the subshifts of AL'. For example, we prove that
the topological definition of shift is equivalent to the combinatorial one of set
of configurations avoiding some forbidden blocks.

Moreover we prove that a function between shift spaces is local if and only if
it is continuous and commutes with the I'-action. This fact, together with the
compactness of the shift spaces (notice that in A" closeness and compactness are
equivalent), implies that the inverse of an invertible cellular automaton is also a
cellular automaton and allows us to call conjugacy each invertible local function
between two shifts. The invariants are those properties which are invariant
under conjugacy.

A fundamental notion we give is that of irreducibility for a shift; in the one—
dimensional case, this means that given any pair of words u, v in the language
of the shift (i.e. the set of all finite words appearing in some bi-infinite con-
figuration), there is a word w such that the concatenation uwwv still belongs to
the language. We generalize this definition to a generic shift, using the patterns
and their supports rather than the words.

Then, in terms of forbidden blocks the notion of shift of finite type is given
and we prove that, as in the one-dimensional case, such a shift has a useful
“overlapping” property that will be necessary in later chapters. Moreover we
recall from [LinMar| the notions of edge shift and of sofic shift, and restate many
of the basic properties of these one—-dimensional shifts strictly connected with
the one—dimensional shifts of finite type.

As we have noticed, cellular automata have mainly been investigated in
the Euclidean case and for the full shifts. The difference between the one—
dimensional cellular automata and the higher dimensional ones, is very deep.
For example, Amoroso and Patt have shown in [AP] that there are algorithms
to decide surjectivity and injectivity of local maps for one-dimensional cellular
automata. On the other hand Kari has shown in [K1] and [K2] that both the
injectivity and the surjectivity problems are undecidable for Euclidean cellular
automata of dimension at least two. Here we extend the Amoroso—Patt’s results
to the one—dimensional cellular automata over shifts of finite type.

Finally, the notion of entropy for a generic shift as defined by Gromov in
[G] is also given; we see that this definition involves the existence of a suitable
sequence of sets and we prove that, in the case of non—exponential growth of the
group, these sets can be taken as balls centered at 1 and with increasing radius.
Moreover, we see that the entropy is an invariant of the shifts. Then, following
Lind and Marcus [LinMar], we recall its basic properties in the one-dimensional
case, also stating the principal result of the Perron—Frobenius theory to compute



it.

A selfmapping 7 : X — X on aset X is surjunctiveif it is either non—injective
or surjective. In other words a function is surjunctive if the implication injective
= surjective holds. Using the GOE theorem and the compactness of the space
AZ" | Richardson has proved in [R] that a transition function 7 : AZ" — AZ"
is surjunctive. In Chapter 2, we consider the surjunctivity of the transition
function in a general cellular automaton over a group I'.

A configuration of a shift is periodic if its I'-orbit is finite; after proving some
generalities about periodic configurations, we recall the class of residually finite
groups, proving that a group I is residually finite if and only if the periodic
configurations are dense in A",

Hence if T' is a residually finite group, a transition function 7 of a cellular
automaton on A" is surjunctive. In fact, we prove more generally that if the pe-
riodic configurations of a subshift X C A" are dense, then a transition function
on X is surjunctive. We also prove that the density of the periodic configura-
tions is an invariant of the shifts, as is the number of the periodic configuration
with a fixed period.

The remaining part of the chapter is devoted to establish for which class of
shifts the periodic configurations are dense. We prove the density of the periodic
configurations for an irreducible subshift of finite type of A% and hence, a sofic
shift being the image under a local map of a shift of finite type, the density of
the periodic configurations for an irreducible sofic subshift of A%Z. We see that
these results cannot be generalized to higher dimensions.

If the alphabet A is a finite group G and I is abelian, the periodic config-
urations of a subshift which is also a subgroup of G* (namely a group shift),
are dense (this result is a consequence of a more general theorem in [KitS2]).
Moreover, this further hypothesis is not still included in the result about irre-
ducible shifts of finite type; indeed a group shift is of finite type but there are
examples of group shifts which are not irreducible. Finally, we list some other
well-known decision problems for Euclidean shifts proving that in the special
case of a one-dimensional shift they can be solved; more generally they can be
solved for the class of group shifts using some results due to Wang [Wa] and
Kitchens and Schmidt [KitS1].

In Chapter 3, we consider generalizations of the Moore’s property and My-
hill’s property to a generic shift. In details, the GOE—theorem has been proved
by Machi and Mignosi [MaMi] more generally for cellular automata in which
the space of configurations is the whole A-shift AT and the group I' has non—
exponential growth; more recently it has been proved by Ceccherini-Silberstein,
Machi and Scarabotti [CeMaSca] for the wider class of the amenable groups.

Instead of the non—existence of mutually erasable patterns, we deal with the
notion of pre—injectivity (a function 7: X C A — AV is pre—injective if when-
ever two configurations ¢, ¢ € X differ only on a finite non—empty subset of T,
then 7(c) # 7(¢)); this notion has been introduced by Gromov in [G]. In fact,
we prove that these two properties are equivalent for local functions defined on



the full shift, but in the case of proper subshifts the former may be meaningless.
On the other hand, we give a proof of the fact that the non—existence of GOE
patterns is equivalent to the non—existence of GOE configurations, that is to the
surjectivity of the transition function. Hence, in this language, the GOE theo-
rem states that 7 is surjective if and only if it is pre-injective. We call Moore’s
property the implication surjective = pre-injective and Myhill’s property the
inverse one.

Concerning one—-dimensional shifts, from the works of Hedlund [H] and Coven
and Paul [CovP] we prove that the Moore-Myhill property (MM-property)
holds for irreducible shifts of finite type of A%. Moreover, using this result we
prove that Myhill’s property holds for irreducible sofic shifts of A%. On the
other hand, we give a counterexample of an irreducible sofic shift X C A% but
not of finite type for which Moore’s property does not hold.

Concerning general cellular automata over amenable groups, from a result
of Gromov [G] in a more general framework, it follows that the MM-property
holds for shifts of bounded propagation contained in AT. We generalize this result
showing that the MM—property holds for strongly irreducible shifts of finite type
of AT (and we also show that strong irreducibility together with the finite type
condition is strictly weaker that the bounded propagation property).

The main difference between irreducibility and strong irreducibility is easily
seen in the one-dimensional case. Here the former property states that given
any two words u, v in the language of a shift, there exists a third word w such
that the concatenation wwv is still in the language. Strong irreducibility says
that we can arbitrarily fix the length of this word (but it must be greater than
a fixed constant only depending on the shift). The same properties for a generic
shift refers to the way in which two different patterns in the language of the shift
may appear simultaneously in a configuration. For irreducibility we have that
two patterns always appear simultaneously in some configuration if we translate
their supports. Strong irreducibility states that if the supports of the pattern
are far enough, than it is not necessary to translate them in order to find a
configuration in which both the patterns appear.

These two irreducibility conditions are not equivalent, not even in the one—
dimensional case. Hence our general results about strongly irreducible shifts of
finite type are strictly weaker than the one—dimensional ones. In the attempt of
using weaker hypotheses in the latter case, we give a new notion of irreducibility,
the semi—strong irreducibility. In the one-dimensional case, this property means
that the above word w may “almost” be of the length we want (provided that it
is long enough): we must allow it to be “a little” longer or “a little” shorter; the
length of this difference is bounded and only depends on the shift. In general,
semi-strong irreducibility states that if the supports of the patterns are far
enough from each other, than translating them “a little” we find a configuration
in which both the patterns appear. The reason for this choice lies in the fact that
using the Pumping Lemma we can prove that a sofic subshift of A% is irreducible
if and only if is semi—strongly irreducible. Moreover Myhill’s property holds for
semi-strongly irreducible shifts of finite type of A" if I' has non-exponential
growth.



1. CELLULAR
AUTOMATA

In this chapter we give the notion of a cellular automaton over a finitely gener-
ated group. This notion generalizes the definition given by Ulam [U] and von
Neumann [vN]. In that classical setting, the “universe” is the lattice of integers
Z" of Euclidean space R". The set of states is a finite set A (also called the
alphabet) and a configuration is a function ¢ : Z" — A. Time t goes on in
discrete steps and represents a transition function T : AZ" — AZ" (if ¢ is the
configuration at time ¢, then 7(c) is the configuration at time ¢ + 1), which is
deterministic and local. Locality means that the new state at a point v € Z"
at time ¢t + 1 only depends on the states of certain fixed points in the neigh-
borhood of v at time t. More precisely, if ¢ is the configuration reached from
the automaton at time ¢ then 7(c), = 6(¢|y, ), where § : AN — A is a function
defined on the configurations with support the finite set N (the neighborhood
of the point 0 € Z™), and N, = v+ N is the neighborhood of v obtained from
N by translation.

Our purpose is, given a finitely generated group I, to consider as “universe”
the Cayley graph of T'. A configuration is an element of the space A, that
is a function defined on I" with values in a finite alphabet A. The space AT is
naturally endowed with a metric and hence with an induced topology, this latter
being equivalent to the usual product topology, where the topology in A is the
discrete one. A subset X of A" which is I'-invariant and topologically closed is
called subshift, shift space or simply shift. In this setting a cellular automaton
(CA) on a shift space X is given by specifying a transition function 7: X — X
which is local (that is the value of 7(¢), where ¢ € X is a configuration, at a point
~v € I only depends on the values of ¢ at the points of a fixed neighborhood of
7)-

Sections 1.1 and 1.2 of this chapter are dedicated to give a formal definition
of all these notions, also proving that many basic results for the subshifts of
AZ given in the book of Lind and Marcus [LinMar], can be generalized to the
subshifts of AT. For example, we prove that the topological definition of shift



is equivalent to the combinatorial one of set of configurations avoiding some
forbidden blocks. Moreover we prove that a function between shift spaces is
local if and only if it is continuous and commutes with the I'-action. This fact,
together with the compactness of the shift spaces (notice that in A" closeness
and compactness are equivalent), implies that the inverse of an invertible cellular
automaton is also a cellular automaton and allows us to call conjugacy each
invertible local function between two shifts. The invariants are those properties
which are invariant under conjugacy. Finally we extend to a general shift the
notion of irreducibility and of being of finite type.

In Sections 1.4 and 1.5, we recall from [LinMar] the notions of edge shift and
of sofic shift, and restate many of the basic properties of these one-dimensional
shifts strictly connected with the one—dimensional shifts of finite type.

In Section 1.6, we generalize the Amoroso—Patt’s results about the decision
problem of the surjectivity and the injectivity of local maps for one-dimensional
cellular automata on the full shift (see [AP] and [Mu]). Our results concern one—
dimensional cellular automata over shifts of finite type.

Finally, in Section 1.7 the notion of entropy for a generic shift as defined
by Gromov in [G] is given. We see that this definition involves the existence of
a suitable sequence of sets and we prove that, in the case of non—exponential
growth of the group, these sets can be taken as balls centered at 1 and with
increasing radius. Moreover, we see that the entropy is an invariant of the shifts.

Then, following Lind and Marcus [LinMar, Chapter 4], we recall basic prop-
erties of the entropy in the one—dimensional case.

1.1 Cayley Graphs of Finitely Generated Groups

In this section, we give the basic notion of Cayley graph of a finitely generated
group; as we have said, this graphs will constitute the “universe” of our class
of cellular automata. Moreover, we recall the definition of growth of a finitely
generated group I

Let T" be a finitely generated group and X a fixed finite set of generators for
I'; then each v € I' can be written as

51,8 Sn
y=aglal g (1.1)

in

where the z;,’s are generators and J; € Z.
We define the length of v (with respect to X ) as the natural number

[Vl 2 := min{|61]| + [d2] + - - - + |0n] | v is written as in (1.1)}

so that I' is naturally endowed with a metric space structure, with the distance
given by
distx (o, B) == |la 18| x (1.2)
and
Dy =={yel||lx <n}



is the disk of radius n centered at 1. Notice that D7’ is the set X UX ' U {1}.
The asintotic properties of the group being independent on the choice of the
set of generators X, from now on we fix a set X which is also symmetric (i.e.
X! = X) and we omit the index X in all the above definitions.

For each v € T', the set D, provides, by left translation, a neighborhood
of 7, that is the set vD,, = D(v,n). Indeed, if « € vD,, then a = v with
8]l < n. Hence dist(a,v) = |a=y| = |67 < n. Conversely, if o € D(v,n)
then ||y~ lal| < n (that is y"la € D,), and a = v vy 1a.

Now we define, for each £ C T and for each n € N, the following subsets of
I': the n—closure of E

ET" = U D(a,n);
aEl

the n—interior of £
E " :={a€ E| D(a,n) C E};

the n—boundary of E
OnE = ET"\E™",

the n—external boundary of E

OFE = ET™\E
and, finally, the n—internal boundary of E

0, F :=E\E™".
For all these sets, we will omit the index n if n = 1.

The Cayley graph of I', is the graph in which I is the set of vertices and
there is an edge from + to 7 if there exists a generator x € X such that ¥ = yz.
Obviously this graph depends on the presentation of I'. For example, we may
look at the classical cellular decomposition of Euclidean space R"™ as the Cayley
graph of the group Z" with the presentation (a1,...,a, | a;a; = aja;).

If G = (V,€) is a graph with set of vertices V and set of edges &, the graph
distance (or geodetic distance) between two vertices v1,ve € V is the minimal

length of a path from v; to vy. Hence the distance defined in (1.2) coincides
with the graph distance on the Cayley graph of T'.

We recall that the function g : N — N defined by
g(n) == |Dn|

which counts the elements of the disk D,,, is called growth function of T' (with
respect to X). One can prove that the limit

A= lim g(n)%

n—oo



always exists; if A > 1 then, for all sufficiently large n,
g(n) = A",

and the group I' has exponential growth. If A = 1, we distinguish two cases.
Either there exists a polynomial p(n) such that for all sufficiently large n

g(n) < p(n),

in which case I' has polynomial growth, or I" has intermediate growth (i.e. g(n)
grows faster than any polynomial in n and slower then any exponential function
2™ with z > 1). Moreover, it is possible to prove that the type of growth is
a property of the group I' (i.e. it does not depend on the choice of a set of
generators); for this reason we deal with the growth of a group. This notion has
been indipendently introduced by Milnor [Mil], Efremovi¢ [E] and Svarc [S]; it
is very useful in the theory of cellular automata.

1.2 Shift Spaces and Cellular Automata

Let A be a finite alphabet; in the classical theory of cellular automata, the
“universe” is the Cayley graph of the free abelian group Z" and a configuration
is an element of AZ", that is a function ¢ : Z" — A assigning to each point of
the graph a letter of A. We generalize this notion taking as universe a Cayley
graph of a generic finitely generated group I' and taking suitable subsets of
configurations in A"

Let A be a finite set (with at least two elements) called alphabet; on the set
AT (i.e. the set of all functions ¢ : I' — A), we have a natural metric and hence
a topology. This latter is equivalent to the usual product topology, where the
topology in A is the discrete one. By Tychonoff’s theorem, A" is also compact.
An element of Al is called a configuration.

If ¢1,co € AT are two configurations, we define the distance

1

diSt(Cl, CQ) = n——|—]_

where n is the least natural number such that ¢; # ¢ in D,,. If such an n does
not exist, that is if ¢;= co, we set their distance equal to zero.

Observe that the group I' acts on A" on the right as follows:
(€)]a = Clya
for each ¢ € A" and each v, € T' (where ¢/, is the value of ¢ at «).
Now we give a topological definition of a shift space (briefly shift); we will

see in the sequel that this definition is equivalent (in the Euclidean case) to the
classical combinatorial one.

10



Definition 1.2.1 A subset X of Al is called a shift if it is topologically closed
and ['invariant (i.e. X' = X).

For every X C Al and E C T, we set
Xp={cqplce X}

a pattern of X is an element of Xg where E is a non—empty finite subset of T'.
The set E is called the support of the pattern; a block of X is a pattern of X
with support a disk. The language of X is the set L(X) of all the blocks of X.
If X is a subshift of A%, a configuration is a bi-infinite word and a block of X
is a finite word appearing in some configuration of X.

Hence a pattern with support E is a function p: F — A. If y € ', we have
that the function p : vE — A defined as p|,, = pja (for each o € F), is the
pattern obtained copying p on the translated support vE. Moreover, if X is
a shift, we have that p € X,,g if and only if p € Xg. For this reason, in the
sequel we do not make distinction between p and p (when the context makes it
possible). For example, a word a; .. .a, is simply a finite sequence of symbols
for which we do not specify (if it is not necessary), if the support is the interval
[1,n] or the interval [—n, —1].

Definition 1.2.2 Let X be a subshift of A" a function 7 : X — A" is M-local
if there exists § : Xp,, — A such that for every c€ X and y € I’

(T(C))\’Y = 5((CV)|DM) = 6(0\'7041 y Clyags -+ - 70\'yo¢m)7
where Dy = {ay,...,am}-

In this definition, we have assumed that the alphabet of the shift X is the
same as the alphabet of its image 7(X). In this assumption there is no loss of
generality because if 7 : X C A" — BT one can always consider X as a shift
over the alphabet AU B.

Definition 1.2.3 Let I' be a finitely generated group with a fixed symmetric
set of generators X, let A be a finite alphabet with at least two element and
let D the disk in T" centered at 1 and with radius M. A cellular automaton is
a triple (X, Dps,7) where X is a subshift of the compact space AL, Dy is the
neighborhood of 1 and 7 : X — X is an M—local function.

Let 7: X — Al be a M-local function; if ¢ is a configuration of X and E is
a subset of I', 7(c)| g only depends on ¢|g+a. Thus we have a family of functions
(TE+M . XE+M — T(X)E)Egp.

The following characterization of local functions is, in the one-dimensional
case, known as the Curtis—Lyndon—Hedlund theorem. Here we generalize it to
a general local function.

Proposition 1.2.4 A function 7 : X — AT is local if and only if it is continu-
ous and commutes with the I'-action (i.e. for each ¢ € X and each v € T', one
has T(c7) = ()7 ).

11



PROOF  Suppose that 7 is M—local and that Dy; = {aq,...,any}; then for
yeTl'and ce X,

(T(CV))\Q = 5((67)\040417 (CV)\aaga s (CV)Iaam) = 5(C|'yoca1a R cl'yaam)'
On the other hand
((7(e))ja = (1(6)]ya = 6(Clyaars - - - > Clyaanm)-

Hence 7 commutes with the I'-action. We prove that 7 is continuous. A generic
element of a sub-basis of Al is

Ei={ce A |¢o=a}
with @ € I" and a € A. It suffices to prove that the set
g=1"1¢) ={ceX [7(c)ja =a}
is open in X. Actually, if ¢ € £ and
r = max(||aaq |, .., [|aml]), (1.3)

we claim that the ball Bx(c
then

, ;11) is contained in £. Indeed, if ¢ € Bx(c, %)

1
r+1
and on D, we have c|p, = ¢|p,; since, from (1.3), ace; € D,., we have 7(¢)|o =
5(5‘0“11, RN E|aam) = 5(C|aa1, ceey C|aam) = T(C)|a =a.
Conversely, suppose that 7 is continuous and commutes with the action of
I'. Since X is compact, 7 is uniformly continuous; fix M in N such that for
every ¢,c € X,

dist(c, ¢) <

dist(c, ¢) < = dist(r(c),7(2)) < 1.

M+1

Hence, if ¢ and ¢ agree on D)y, then 7(c¢) and 7(¢) agree at 1, that is, for every
ce X,

(T(C))H = 5(0\(11’ cee ac\am)

where Dy = {aq, ..., am}.
In general, since 7 commutes with the action of I', we have

(7))o = (T(e))jar = (7(e)) ") = (7(c*))11 = 6(Claass- -+ Claan)
showing that 7 is M—local. O
From the previous theorem, it is clear that the composition of two local

functions is still local. In any case, this can be easily seen by a direct proof that
follows Definition 1.2.2.

12



Now, fix v € T’ and consider the function X — A' that associates with
each ¢ € X its translated configuration ¢”. In general, this function does not
commute with the I'-action (and therefore it is not local). Indeed, if T" is not
abelian and ya # ay, then (¢7)® # (¢*)?. However, this function is continuous.
In order to see this, if n > 0, fix a number m > 0 such that vD,, C D,,; if
dist(c,¢) < #H’ then ¢ and ¢ agree on D,, and hence on vD,,. If a € D,,, we
have ¢jyo = ¢yo and then c¢?|, = ¢7|, that is ¢ and ¢” agree on D,, so that
dist(c?,¢7) < n%rl

This result will be necessary in the proof of Theorem 1.2.6, below.

Observe that if X is a subshift of A" and 7 : X — Al is a local function,
then, by Proposition 1.2.4, the image Y := 7(X) is still a subshift of A". Indeed
Y is closed (or, equivalently, compact) and I'-invariant:

Y= (r(X)' =7(X") =7(X) =Y.

Moreover, if 7 is injective then 7 : X — Y is a homeomorphism; if ¢ € Y then
¢ =7(¢) for a unique ¢ € X and we have
T H) =77 r(@") =N r(@) =& = (7 ()
that is, 77! commutes with the I'-action. By Proposition 1.2.4, 7= is local.
Hence the well-known theorem (see [R]), stating that the inverse of an invert-
ible Euclidean cellular automaton is a cellular automaton, holds also in this
more general setting. In the one—dimensional case, Lind and Marcus [LinMar,
Theorem 1.5.14] give a direct proof of this fact.
This result leads us to give the following definition.

Definition 1.2.5 Two subshifts X,Y C A" are conjugate if there exists a local
bijective function between them (namely a conjugacy). The invariants are the
properties of a shift invariant under conjugacy.

Now we prove that the topological definition of a shift space is equivalent
to a combinatorial one involving the avoidance of certain forbidden blocks: this
fact is well-known in the Euclidean case.

Theorem 1.2.6 A subset X C A is a shift if and only if there exists a subset
FcU AP such that X = X, where

neN
Xri={ce A" | p, ¢ F for every « € I',n € N}.
In this case, F is a set of forbidden blocks of X.

PROOF  Suppose that X is a shift. X being closed, for each ¢ ¢ X there exists
an integer n. > 0 such that the ball

BAF(C, i) - EX

Ne
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Let F be the set
F=A{ep,, et X}
we prove that X = Xx. If ¢ ¢ Xz, there exists ¢ ¢ X such that *\p,. =D,
for some « € T. Then dist(c®,¢) < n% and hence ¢® € Byr (G, nié) C CX which
implies ¢ ¢ X, by the I'-invariance of X. This proves that X C Xz. For the
other inclusion, if ¢ ¢ X then, by definition of F, c¢|p, € F and hence c ¢ Xz.
Now, for the converse, we have to prove that a set of type Xz is a shift.

Observe that
Xr =[] X
peF

and, if supp(p) = D, = {aa,...,an},

Xy = (MHeea | ep, #pb= () ( U fe€a |, #pal)-

acl acl o;€Dy,

Thus, in order to prove that Xz is closed, it suffices to prove that for any
t=1,..., N the set
{ce AT | oy # Plas )} (1.4)

is closed. We have

({C e A" | Ca\ai # p\ai})a = {C e A" | Cla; #p\ai}

and then the set in (1.4) is closed being the pre—image of a closed set under a
continuous function. Finally we have to prove that X is ['-invariant. If v € T’
and ¢ € Xg, for every a € I and every n € N we have ¢ |p ¢ F that is
(c)*p, &€ F and hence ¢¥ € Xy O

Now we give the first, fundamental notion of irreducibility for a one-dimen-
sional shift and we see how to generalize this notion to a generic shift.

Definition 1.2.7 A shift X C AZ is irreducible if for each pair of words u,v €
L(X), there exists a word w € L(X) such that the concatenated word wwv €
L(X).

The natural generalization of this property to any group I' is the following.

Definition 1.2.8 A shift X C AU is irreducible if for each pair of patterns
p1 € Xg and py € X, there exists an element v € I' such that EN~F = () and
a configuration ¢ € X such that ¢jp = p1 and ¢, p = pa.

In other words, a shift is irreducible if whenever we have p1, ps € L(X), there
exists a configuration ¢ € X in which these two blocks appear simultaneously
on disjoint supports. This definition could seem weaker than Definition 1.2.7,
in fact in this latter we establish that each word u € L(X) must always appear
in a configuration on the left of each other word of the language. In order to
prove that the two definitions agree, suppose that X C AZ is an irreducible
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shift according with Definition 1.2.8. If u,v are words in L(X), there exists a
configuration ¢ € X such that ¢z = u and ¢|p = v where E and F' are finite and
disjoint intervals. If max ' < min F' then there exists a word w such that vwv €
L(X) (where w = ¢|; and I is the interval [max £+ 1, min ' —1]). If, otherwise,
max F' < min F there exists a word w such that vwu € L(X); consider the word
vwu two times, there exists another word x such that vwu x vwu € L(X) and
hence uzv € L(X).

1.3 Shifts of Finite Type

Now we give the fundamental notion of shift of finite type. The basic definition
is in terms of forbidden words; in a sense we may say that a shift is of finite
type if we can decide whether or not a configuration belongs to the shift only
checking its words of a fixed (and only depending on the shift) length. This fact
implies an useful characterization of the one-dimensional shifts of finite type,
a sort of “overlapping” property for the words of the language. We prove that
this overlapping property still holds for a generic shift of finite type.

Definition 1.3.1 A shift is of finite type if it admits a finite set of forbidden
blocks.

If X is a shift of finite type, since a finite set F of forbidden blocks of X has a
maximal support, we can always suppose that each block of F has the disk Dy,
as support (indeed each block that contains a forbidden block is forbidden). In
this case the shift X is called M-step and the number M is called the memory
of X. If X is a subshift of A%, we define the memory of X as the number M,
where M + 1 is the maximal length of a forbidden word.

For the shifts of finite type in A%, we have the following useful property.

Proposition 1.3.2 [LinMar, Theorem 2.1.8] A shift X C A% is an M -step
shift of finite type if and only if whenever uv,vw € L(X) and |v| > M, then
wow € L(X).

Now we prove that this “overlapping” property holds more generally for
subshifts of finite type of A,

Proposition 1.3.3 Let X be an M-step shift of finite type and let E be a sub-
set of T. If c1,ca € X are two configurations that agree on 0,,F, then the
configuration ¢ € AT that agrees with c¢i on E and with co on CE is still in X.

PROOF  Let c¢1,cy and ¢ be three configurations as in the statement; if F is a
finite set of forbidden blocks for X, each having Dy = {ay, ..., o, } as support,
we have to prove that for each v € T, ¢¥|p,, ¢ F. Observe that either

yDy C ET?M or 4Dy CCE;
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indeed, if v € E*M then by definition yDjy; C (ETM)*M = p+2M 1f ¢ p+M,
suppose that there exists ¥ € yDjy; N E. Then, for some i, 4 = ya; and hence
v =~a; ' € yDy € EYM which is excluded; then yDj; C CE.

Now, if 7 is such that vDas € ET2M | we have ¢ |p,, = (c17)p,, ¢ F- If v
is such that yDy; C CE, we have ¢ |p,, = (c2”)p,, ¢ F- O

Corollary 1.3.4 Let X be an M-step shift of finite type and let E be a finite
subset of T'; if p1,p2 € Xg+2m are two patterns that agree on 8;ME, than there
exist two extensions c1,ca € X of p1 and pa, respectively, that agree on CE.

PrROOF  Indeed, if ¢; and ¢ are two configurations extending p; and po re-
spectively, then they agree on 8;ME. The configuration ¢ of Proposition 1.3.3
and the configuration ¢, coincide on 0F and they are extensions of p; and po,
respectively. O

1.4 Edge Shifts

A relevant class of one—dimensional subshifts of finite type, is that of edge shifts.
This class is strictly tied up the one of finite graphs. This relation allows us
to study the properties of an edge shift (possible quite complex) studying the
properties of its graph. On the other hand, each one-dimensional shift of finite
type is conjugate to an edge shift and hence they have the same invariants;
thus also in this case the properties of the shift depend on the structure of the
accepting graph.

Definition 1.4.1 Let G be a finite directed graph with edge set £. The edge
shift X is the subshift of £% defined by

X = {(ex)zez | tle;) =i(ez41) for all z € Z}
where, for e € &, i(e) denotes the initial vertex of e and t(e) the terminal one.

The structure of a finite graph (and hence of an edge shift) can be easily
described by a matrix, the so—called adjacency matriz of G.

More precisely, let G be a graph with vertex set V = {1,...,n}; the adja-
cency matriz of G is the matrix A such that A;; is the number of edges in G
with initial state ¢ and terminal state j.

It is easily seen that the (¢, j)—entry of the matrix A™ (the product of A
with itself m times), is the number of paths in G with length m from i to j.

The edge shift Xg is sometimes denoted as X a, where A is the adjacency
matrix of G. The fundamental role of the adjacency matrix will be clarified in
the sequel.

Concerning the edge shifts, it is easy to see that every edge shift is a 1-step
shift of finite type with set of forbidden blocks {ef | t(e) # i(f)}. On the other
hand, each shift of finite type is conjugate to an edge shift accepted by a suitable
graph G. Now we give an effective procedure to construct it.
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Let X be a shift of finite type X with memory M, the vertices of G are the
words of L(X) of length M and the edges are the words of L(X) of length M +1.
There is an edge named ag . ..apap+1 € L(X) from ay ...ap to az...apr41.

aiy...apap41

—
aj...ap az...apr+1

The edge shift accepted by this graph is the (M + 1)th higher block shift of
X and is denoted by XM+ Consider the function 7 : XM+ — X defined
setting, for each ¢ € XM+ and each z € Z, 7(c)|- equal to the first letter of
the word c|.; 7 is a bijective local function and hence a conjugacy.

a_1ap...ap apal ... ap+1 aiag ...ap+2
a_1 ap aq

The above table points out the behavior of the function 7.

1.5 Sofic Shifts

The class of sofic shifts has been introduced by Weiss in [Weil] as the smallest
class of shifts containing the shifts of finite type and closed under factorization
(i.e. the image under a local map of a sofic shift is sofic). Equivalently, one
can see that a shift is sofic if it is the set of all labels of the bi-infinite paths
in a finite labeled graph (or finite-state automaton). In automata theory, this
corresponds to the notion of regular language. Indeed a language (i.e. a set of
finite words over a finite alphabet) is regular if it is the set of all labels of finite
paths in a labeled graph.

Definition 1.5.1 Let A be a finite alphabet; a labeled graph G is a pair (G, £),
where G is a finite graph with edge set £, and the labeling L : £ — A assigns
to each edge e of G a label L(e) from A.

We recall that a finite-state automaton is a triple (A, Q, A) where A is a finite
alphabet, Q is a finite set whose elements are called statesand A : Ox A — P(Q)
is a function defined on the Cartesian product Q x A with values in the family
of all subsets of Q. Suppose that Q € A(Q, a); this means that when the auto-
maton “is” in the state ) and “reads” the letter a, then “it can pass” to the
state Q. The automaton is deterministic when A : @ x A — Q U {(}, that is
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the state @ above (if it exists) is determined from @ and a; the automaton is
complete when A : @ x A — P(Q)\{0}, that is for each state @ and each letter
a there is at least a state Q such that Q € A(Q,a).

Clearly each general finite-state automaton determines a labeled graph set-
ting V := Q and drawing an edge labeled a from @ to @ if and only if
Q € A(Q,a). Also the converse holds: given a labeled graph G with set of
vertices V, we can set Q :=V and A(i, a) is the set of all vertices j of the graph
for which there is an edge e such that i(e) = 4, t(e) = j and L(e) = a.

In the sequel we will not distinguish between a labeled graph and the related
finite—state automaton.

If£=...e_1epe1... is a configuration of the edge shift X¢, define the label
of the path £ to be

ﬁ(f) =... E(e_l)ﬁ(eg)ﬁ(el) e € AZ,
The set of labels of all configurations in X¢g is denoted by
Xg:={c€ A% |c= L(¢) for some £ € Xg} = L(Xg).

Definition 1.5.2 A shift X C AZ is sofic if X = Xg for some labeled graph G.
A presentation of a sofic shift X is a labeled graph G for which Xg = X.

Obviously each edge shift is sofic. Indeed if G is a graph with edge set &,
we can consider the identity function on & as a labeling £ : £ — &£ so that
Xa = X(g,ide)- Moreover, each shift of finite type is sofic. Consider the graph
G introduced in the previous section that accepts the edge shift X [M+1]: Jabeling
the edges of G setting L(ay ...apap+1) = a1 (that is £ is the previous function
7: XM+ X)) it can be easily seen that the labeled graph G so obtained is
such that X = Xg.

ay az

aj ...apnr ag...apr+1 as...ap+2

Notice that in a graph G (or in the labeled graph G having G as support),
there can be a vertex from which no edges start or at which no edges end.
Such a vertex is called stranded. Clearly no bi-infinite paths in Xqg (or in Xg),
involve a stranded vertex, hence the stranded vertices and the edges starting or
ending at them are inessential for the edge shift Xg or for the sofic shift Xg.
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Following Lind and Marcus [LinMar, Definition 2.2.9], a graph is essential if no
vertex is stranded. Removing step by step the stranded vertices of G, we get
an essential graph G that gives rise to the same edge shift. This procedure is
effective, because G has a finite number of vertices. Moreover, this “essential
form” of G is unique. This property of the edge shift X holds true for the
sofic shift Xg: the labeled graph G = (G, L|¢(q)) is such that Xg = X (indeed
Xg =L(Xg) = L(Xg) = Xg).

If we deal only with essential graphs, it is easy to see that the language of a
sofic shift is regular.

Among the subshifts of A%, the sofic shifts are the images under a local
function (briefly factors) of a shift of finite type. Indeed each labeling is a local
function defined on an edge shift and, on the other hand, the factor of a shift
of finite type is also the image under a local function of a suitable edge shift
(each shift of finite type being conjugate to an edge shift). This characterization
allows us to call sofic a shift X C A" which is factor of a shift of finite type.

1.5.1 Minimal Deterministic Presentations of a Sofic Shift

In automata theory, a finite—state automaton is deterministic if, given a state
Q and a letter a, there is at most one successive state @ (determined by @ and
a). This corresponds, in the finite graph representing the automata, to the fact
that from a vertex i (the state) there is at most one edge carrying the label a.
Although this restrictive condition, one can prove that for each regular language
there is a deterministic automaton accepting it. This property holds true for
sofic shifts: each sofic shift admits a deterministic presentation. A minimal
deterministic presentation of a sofic shift is a deterministic presentation with
the least possible number of vertices. We will see that the irreducibility of the
sofic shift implies the existence of only one (up to labeled graphs isomorphism)
minimal deterministic presentation of it.

Definition 1.5.3 A labeled graph G = (G, £) is deterministic if, for each vertex
1 of G, the edges starting at ¢ carry different labels.

Proposition 1.5.4 [LinMar, Theorem 3.3.2] Every sofic shift has a determin-
1stic presentation.

Definition 1.5.5 A minimal deterministic presentation of a sofic shift X is a
deterministic presentation of X having the least number of vertices among all
deterministic presentations of X.

One can prove that any two minimal deterministic presentations of an ir-
reducible sofic shift are isomorphic as labeled graphs (see [LinMar, Theorem
3.3.18)), so that one can speak of the minimal deterministic presentation of an
irreducible sofic shift.

In the following propositions, we clarify the relation between the irreducibil-
ity of a sofic (or edge) shift and the strong connectedness of its presentations.
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On the other hand, it can be easily seen that the strong connectedness of G
is equivalent to the following property of the n x n adjacency matrix A of G:
for each 4,5 € {1,...,n}, there exists an m € N such that the (i, j)-entry of
A™ is not zero.

Proposition 1.5.6 [LinMar, Lemma 3.3.10] Let X be an irreducible sofic shift
and G = (G, L) the minimal deterministic presentation of X. Then G is a
strongly connected graph.

Proposition 1.5.7 [LinMar, Proposition 2.2.14] If G is a strongly connected
graph, then the edge shift Xa is irreducible.

As a consequence of this two facts, we have the following corollary that will
be useful in the sequel.

Corollary 1.5.8 Let X be an irreducible sofic shift and G = (G, L) the minimal
deterministic presentation of X. Then the edge shift Xq is irreducible.

As we have seen, a shift is sofic if and only if it is the image under a local
function of a shift of finite type. From the previous result it follows a stronger

property.

Corollary 1.5.9 A shift is an irreducible sofic shift if and only if it is the image
under a local function of an irreducible shift of finite type.

Notice that, in general, the image under a local function of an irreducible
shift is also irreducible.

1.6 Decision Problems

Two natural decision problems arising in the theory of cellular automata con-
cern the existence of effective procedures to establish the surjectivity and the
injectivity of the transition function. For Euclidean cellular automata over full
shifts, Amoroso and Patt have shown in [AP] that there are algorithms to decide
surjectivity and injectivity of local maps for one-dimensional cellular automata
(see also [Mu]). On the other hand Kari has shown in [K1] and [K2] that both
the injectivity and the surjectivity problems are undecidable for Euclidean cel-
lular automata of dimension at least two.

In this section we extend the problem to cellular automata over subshifts
of finite type of A%, giving in both cases a positive answer to the existence of
decision procedures.

1.6.1 A Decision Procedure for Surjectivity

If X is a shift of finite type, the problem of deciding whether or not a function
7 : X — X given in terms of local map is surjective, is decidable. In fact we
can decide if a local function 7 : X — AZ is such that 7(X) C X.
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Consider a transition function 7 : X — A!" defined by a local rule §; suppose
(in this assumption there is no loose of generality) that X has memory 2M and
that 7 is M—local. The function 7 can be represented in this way. Consider the
presentation G of the edge shift X [2M+1] constructed in Section 1.4, the label of
the edge u a v € L(X) (where u, v are two words in the language of X of length
M), is the letter d(u a v), that is the letter to write under a in the output tape
in correspondence with u a v:

O(ur...um avr...vnr)

In this way we get a labeled graph G which is the presentation of the (sofic)
shift 7(X). On this presentation we can check if any forbidden block of X
appears in 7(X); if none of them appears, we have that 7 : X — X and hence
we deal with a genuine cellular automaton.

To see whether or not the function 7 is surjective, first suppose that the shift
X is irreducible. Hence it can be easily seen that also 7(X) is irreducible and
hence we can construct the minimal deterministic presentation of X and 7(X),
respectively. These two presentations are isomorphic (as labeled graphs) if and
only if X = 7(X).

In the general case, Lind and Marcus give in [LinMar, Theorem 3.4.13] an
effective procedure to decide whether two labeled graph generate the same shifts.

1.6.2 A Decision Procedure for Injectivity

If X is a shift of finite type, the problem of deciding whether or not a function
7: X — X given in terms of local map is injective, is decidable.

As we have seen in the previous subsection, we can construct a labeled graph
G which is the presentation of the shift 7(X). From G, we construct another
graph GxG. The vertices of it are the couples (7, j) where i, € V(G) are vertices
of G. There is an edge (i,5) — (h, k) labeled a, if in G there are two edges in
E(G) labeled a of kind:

i—h and j-Sk.

Notice that, in general, Xg = Xg.¢g and hence, in our case, GxG is a presentation
of 7(X).

A vertex (i,7) of G % G is diagonal if i = j. Now, notice that the function 7
is non—injective if and only if on the graph G there are two different bi-infinite
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paths with the same label. This fact is equivalent to the existence of a bi—infinite
path on G * G that involves a non—diagonal vertex. Hence, starting from the
graph G * G we construct an essential graph that accepts the same bi-infinite
paths . Now it suffices to check, on this latter graph, if some non-diagonal
vertex is involved.

1.7 Entropy

The entropy of a shift is the first invariant we deal with in the present work. It
is a concept introduced by Shannon [Sha] in information theory that involves
probabilistic concepts. Later Adler, Konheim and McAndrew [AdIKoM] intro-
duced the topological entropy for dynamical systems. The entropy we deal with
is a special case of topological entropy and is independent on probabilities.

In this section we give the general definition of entropy for a generic shift.
We will see that this definition involves the existence of a suitable sequence of
sets that, in the case of non—exponential growth of the group can be taken as
balls centered at 1 and with increasing radius.

Then, following Lind and Marcus [LinMar, Chapter 4], we recall its basic
properties in the one-dimensional case, also stating the principal result of the
Perron—Frobenius theory to compute it.

Let (Ey,)n>1 a sequence of subsets of I' such that |J,, . En = I' and
lim = 0; (1.5)
n— oo |E'n,|

if X C Al is a shift, the entropy of X respect to (E,), is defined as

log | X
ent(X) := limsup M.

n—oo | En]

Condition (1.5) will be necessary in the proof of Theorem 1.7.1 and other as-
pects of its importance will be clarified in Chapter 3. Notice that (1.5) implies

. ot E . 0, E .. .
lim,, o0 % = 0 and lim,,_, % = 0; moreover it is equivalent to the
n n
- . OF
condition lim,, I\Eﬂl =0.

If X is a subshift of A%, we choose as E,, the interval [1,n] (or equivalently,
in order to have | J,,cn En = T, the interval [—n,n]), so that X, is the set of
the words of X of length n. One can prove that in this one—dimensional case,
the above maximum limit is a limit. Indeed [Xg, . .| < |Xg,||XE,, | and hence
setting a,, := log|Xg,|, we have that the sequence (a,)nen is sub-additive,

namely an4m < an + anm. We want to prove that

. an . (7%
lim — = inf —.
n—oo N n>l n
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Fix m > 1; then there exist ¢, € N such that n = mq + r and we have
an < qam + a, so that S= < 2%m 4 9= Now

lim (ﬂ + %) = lim (gam—i— %) = dm
n—oo n n n—oo \n n m
a < a

and then limsup,, ., 5 < %=. Hence

= Cln . am . . a/n
limsup — < inf — < liminf —.
n—ooo N m>1 m n—oo n

In general, if ' is a group of non—exponential growth, we choose as FE,
a suitable disk centered at 1 € I'; indeed, setting a;, = |Dy|, we have that
limp_. {/a; = 1 hence liminf;_. % = 1. From this fact it follows that for

h
Ahy 41
a

a suitable sequence (ap, )r we have that limy_, oo = 1. Hence

. Qhy1 . Qhptl 4. . Qp,,
liminf = = Jim —2 im inf Fo=1.
k—oo Qp,—1 k—oo ap, k—oo Gp,—1

Qhy, +1

Then, for a suitable sequence (ap, ), we have lim, . o =1, that is we
kn —
find a sequence of disks E,, := Dy, such that
B+
lim @ =1.
0En| _ |[EX\E,|  |Ef\ES| _ |EF|
Hence B = 1B < B = (B 1—, 0.

In the following theorem we prove that the entropy is an invariant of the
shift.

Theorem 1.7.1 Let X be a shift and 7 : X — AU a local function. Then
ent(7(X)) < ent(X) (that is, the entropy is invariant under conjugacy).

PrROOF  Let 7 be M-local and let Y := 7(X); we have that the function
Tgrv : Xpen — Y, is surjective and hence

.
Ve, | < [ Xpiu| < |1Xp, |1 Xop, | < 1Xp,||A% ).

From the previous inequalities we have

log |Yg,| _ log|Xg,| | |0f;En|log|A]|
|Enl T |l | En|

n |

and hence, taking the maximum limit, ent(Y) < ent(X). O

Now we see how to compute the entropy for an irreducible sofic subshift of
AZ,
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Let X be a sofic shift; given a presentation G = (G, L) of X, there is an
effective procedure to construct, from G a deterministic presentation G of X.
This procedure is called subset construction. The vertices of G are the non—
empty subsets of the vertices of G and there is an edge in G labeled a from I to
J if J is the set of terminal vertices of edges in G starting at some vertex in I
and labeled a.

Using combinatorial methods, it is easy to see that the entropy of a sofic shift
X coincides with the entropy of the edge shift X g of a deterministic presentation
of X, as stated in the following theorem.

Proposition 1.7.2 [LinMar, Proposition 4.1.13] Let X be a sofic shift and let
G = (G, L) be a deterministic presentation of X. Then ent(X) = ent(Xqg).

Given a finite graph G, it is obvious that the adjacency matrix A of G is non—
negative and, by the Perron—Frobenius Theorem, has a maximum eigenvalue
Aa > 0, the so—called Perron eigenvalue of A. This eigenvalue gives us a way
to compute the entropy of an irreducible sofic shift, as stated in the following
theorem.

Proposition 1.7.3 [LinMar, Theorem 4.3.3] Let X be an irreducible sofic shift
and let G = (G, L) be a strongly connected deterministic presentation of X.
Then ent(X) = log(Aa ).

If X and G are as in the above theorem, it is clear that the graph G is a
strongly connected deterministic presentation of Xg. Hence we have another
proof of Proposition 1.7.2 (as far as irreducible sofic shifts are concerned).

In fact, in [LinMar, Section 4.4] the above results are used to give a general
method of computing the entropy of a generic sofic shift.

A fundamental result given in that section whose proof is based on the
proposition above, is the following theorem.

Theorem 1.7.4 [LinMar, Corollary 4.4.9] If X is an irreducible sofic shift and
Y is a proper subshift of X, then ent(Y) < ent(X).

In Chapter 3, we will prove a theorem of this kind in a much more general
setting.
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2. SURJUNCTIVITY AND
DENSITY OF PERIODIC
CONFIGURATIONS

A selfmapping 7 : X — X on a set X is surjunctive if it is either non—injective or
surjective. In other words a function is surjunctive if the implication injective =
surjective holds. In this chapter, we consider the surjunctivity of the transition
function in a general cellular automaton over a group I'.

A configuration of a shift is periodic if its I'-orbit is finite; after proving in
Section 2.2 some generalities about periodic configurations, we recall in Section
2.3 the class of residually finite groups, proving that a group I' is residually
finite if and only if the periodic configurations are dense in AT

Hence if T' is a residually finite group, a transition function 7 of a cellular
automaton on A' is surjunctive. In fact, in Section 2.4 we prove that if the pe-
riodic configurations of a subshift X C AT are dense, then a transition function
on X is surjunctive. We also prove that the density of the periodic configura-
tions is an invariant of the shifts, as is the number of the periodic configuration
with a fixed period.

The remaining part of the chapter is devoted to establish for which class of
shifts the periodic configurations are dense. We prove in Section 2.5 the density
of the periodic configurations for an irreducible subshift of finite type of A% and
hence, a sofic shift being the image under a local map of a shift of finite type,
the density of the periodic configurations for an irreducible sofic subshift of A%.
We see that these results cannot be generalized to higher dimensions.

In Section 2.6 we introduce the notion of a group shift and (as a conse-
quence of a more general theorem in [KitS2]), we prove that for this class of
shifts the periodic configurations are dense. Finally, we list some well-known
decision problems for Euclidean shifts proving that in the special case of a one—
dimensional shift they can be solved; more generally they can be solved for the
class of group shifts using some results due to Wang [Wa] and Kitchens and
Schmidt [KitS1].
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2.1 Surjunctivity

In this section we investigate under which hypotheses an injective selfmapping
of a set is also surjective, that is we study the class of selfmappings that are
either surjective or non—injective. This property is the so—called surjunctivity
and is due to Gottschalk (see [Gott]). Here we prove a sufficient condition for
which a selfmapping of a topological space is surjunctive.

Definition 2.1.1 Let X be a set and 7: X — X a function; 7 is surjunctive if
it is either surjective or non-injective.

The simplest example is that of a finite set X and a selfmapping 7 : X — X;
clearly every function of this kind is surjunctive; in other words, for a selfmap-
ping of X we have injectivity = surjectivity. Another example of surjunctive
function is given by an endomorphism of a finite-dimensional vector space and
by a regular selfmapping of a complex algebraic variety (see [Ax]); many others
examples are given in [G]. Moreover, Richardson proves in [R] that each transi-
tion function of an Euclidean cellular automaton on the full shift is surjunctive.

Lemma 2.1.2 Let X be a topological space, let 7 : X — X be a closed function
and let (X;)icr be a family of subsets of X such that

e X=Uo %

o 7(X;) C X;

o Tx, : Xi — X, is surjunctive
then T s surjunctive.

Proor  If 7 is injective then, for every i € I, the restriction 7|x, is also injec-
tive; by the hypotheses we have 7(X;) = X; and hence | J;c; Xi = U,;¢; 7(Xi) =
T(Uier Xi) € 7(Uier Xi) = 7(X). Then X = (J,c; Xi € 7(X), and 7 being
closed we have X C 7(X). O

el

2.2 Periodic Configurations of a Shift

In this section we point out the fundamental subset of the periodic configura-
tions of AT. In the Euclidean case, we imagine that a periodic configuration is
obtained “repeating” in each direction the same finite block. Hence translating
such a configuration, we get only a finite number of new configurations; this
property leads us to define periodic a configuration whose I'-orbit is finite.

Definition 2.2.1 A configuration ¢ € Al is n-periodic if its orbit ¢ = {¢7 |

~v € T'} consists of n elements; in this case n is the period of c. A configuration
is periodic if it is n—periodic for some n € N.
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From now on, P, denotes the set of the periodic configurations whose period
divides n and C), is the set J,,~; P, of all the periodic configurations.

In general, a configuration ¢ € A! is constant on the right cosets of its own
stabilizer H, (i.e. the subgroup of all h € I such that ¢" = ¢). Indeed, if h € H.,
we have

h
Clhy = (€)1 = -
Hence, if ¢ is periodic, ¢ is constant on the right cosets of a subgroup of finite
index. Now we prove that this property characterizes periodic configurations.

Proposition 2.2.2 A configuration ¢ € A" belongs to P, if and only if there
exists a subgroup H of T’ with finite index dividing n, such that ¢ is constant on
the right cosets of H.

PrROOF  Let ¢ be m—periodic with m|n; by definition, the stabilizer H. has
finite index m and ¢ is constant on the right cosets of H.. Conversely, if H has
finite index dividing n and c is constant on the right cosets of H, we prove that
H C H.. Indeed, if h € H and v € I" we have

(Ch)\v = Clhy = Cly
and hence ¢® = ¢ so that h € H,. H being of finite index, H. also has finite

index and the index of H. divides that of H so that it divides n. Hence ¢ € P,,.
O

The following result is well known (see, for example, [Rot]).

Lemma 2.2.3 Let I' be a finitely generated group; for every n € N there are
finitely many subgroups of I' of finite index n.

Proor If H C T has finite index n, fix a set {v;,...,7,} of right coset
representatives of H and consider the function ® : I' — S, from I' to the
symmetric group on n elements defined by:

q’v(%‘) =7
where Hv,;y = Hv;, that is

Hyy;y = HO, (v;).
This function is a group homomorphism, indeed from the above equality
Hyvy = HO(7;)7 = HP5(P4(7;));
on the other hand we have, by definition,

Hy; vy = H®5(7;)
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and then &5 0 ®, = ®, 5.

Notice that ker(®) C H. Indeed, if ®, = idg,, then ®,(1) = 1 that is
Hy=H.

Now, the subgroups of I' containing ker(®) are as many as the subgroups of
I'/ ker(®) which is a finite group.

On the other hand, there are finitely many homomorphisms from I' to S,
because such an homomorphism is completely determined by its value on the
(finitely many) generators of I'. O

Corollary 2.2.4 The set P, is finite.

PrROOF By Proposition 2.2.2, a configuration ¢ € X belongs to P,(X) if
and only if it is constant on the right cosets of a subgroup H with finite index
dividing n. By Lemma 2.2.3, these subgroups H are in finite number. For a
fixed H, there are finitely many functions from the right cosets of H to A, that
is |A|THL O

2.3 Residually Finite Groups

In this section we deal with the basic properties of residually finite groups. We
will see that the (finitely generated) residually finite groups are precisely those
groups such that for each finite set A, the set C), of periodic configurations is
dense in A",

Definition 2.3.1 A group I is residually finite if for every v € I' with v # 1,
there exists H < T of finite index such that v ¢ H.

In other words, a group if residually finite if

() H={1}.
H<T
[I:H]<oo

Examples of residually finite groups are the groups Z" (n = 1,2,...) and, in
general, all finitely generated abelian groups. The free group F',, of rank n is an
example of residually finite, non—abelian group. The additive group of rational
numbers Q is an example of abelian, non—finitely generated and non-residually
finite group.

The proofs of the following Lemma 2.3.2 and Theorem 2.3.3 are due to T.
Ceccherini-Silberstein and A. Machi.

Lemma 2.3.2 IfT is a residually finite group and F = {v4,...,7v,} is a finite
subset of T with 1 ¢ F, then there exists a subgroup Hp < T of finite index such

that v, ¢ Hp and Hpvy; # Hpvy; (if i # j)-
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PrROOF  For every i = 1,...,n let H; be a subgroup of finite index such
that v; ¢ H; and let H;; be a subgroup of finite index such that ’yfy}l ¢ H;j
(where 7 # j). The intersection Hp of all these subgroups also has finite index;
moreover v, ¢ Hp (for every ) and ’yﬂj_l ¢ Hrp (i #j). O

In particular, the set F' of this Lemma can be extended to a set of right coset
representatives of the subgroup Hp.

Theorem 2.3.3 Let I" be a finitely generated group and A a finite alphabet. If
T is residually finite, then the set C), of periodic configurations is dense in AL.

PrROOF  Suppose that I' is residually finite; we have to prove that
AT — T

Fix ¢ € AY and let Hp, be the subgroup of finite index whose existence is
guaranteed by Lemma 2.3.2 with F := D,\{1}, and let D be a set of right coset
representatives of Hp, containing D,,. If v € I' and v = hd with h € Hp, and
d € D, define a configuration ¢, such that (¢, ), = ¢q. This configuration being
constant on the right cosets of Hp,_, is periodic. Moreover ¢ and ¢,, agree on
D,, and hence dist(c, ¢,) < —L_ Then the sequence of periodic configurations

n+1-°
(¢n)n converges to c. O

The same result is also given by Yukita [Y]. The converse of this theorem
also holds.

Theorem 2.3.4 Let I' be a finitely generated group and A a finite alphabet.
Then I' is residually finite if and only if the set C, of periodic configurations is
dense in A

Proor  If T is not residually finite, let 1 # v € I' be an element belonging
to all the subgroups of I' of finite index; in particular v € ﬂcecp H_ so that,

for ¢ € Cp, ¢ = ¢ and hence ¢, = ¢|;. Let ¢ € AT such that ¢y # €)1, then
for each n such that v € D, and each ¢ € Cp, we have ¢p, # c|p,. Hence

dist(¢,¢c) > .27 and ¢ ¢ Cp. O

2.4 Density of Periodic Configurations

In this section we prove that the density of the periodic configuration is a suffi-
cient (but not necessary) condition for the surjunctivity of the transition func-
tion in a cellular automaton. By Theorem 2.3.4, we have that from the residual
finiteness of I it follows that a transition function 7 : AT — A" on a full shift
surjunctive. The groups Z" being residually finite, we have that this result
generalizes Richardson’s theorem.

Theorem 2.4.1 Let X C Al be a shift whose set Cp(X) := C, N X of periodic
configurations of X is dense in X. Then every transition function 7 : X — X
18 surjunctive.
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Proor By Corollary 2.2.4, we have that the set P,,(X) := P, N X is finite;
now we prove that if 7 is local then 7(P, (X)) C P,(X). Indeed if ¢ € P,(X)
then H. C H because if h € H,.

Hence, the index of H. being a divisor of n, the index of H, (. also divides n
and 7(c) € P,(X).
By Lemma 2.1.2; 7 is surjunctive. O

Corollary 2.4.2 If T is a residually finite group and 7 : AV — AV is a transi-
tion function, then T is surjunctive.

In general, the implication injective = surjective of Theorem 2.4.1 is not
invertible; the standard example is the following. Let A = {0,1} and I = Z; let
7 be the local function given by the local rule 6§ : A*> — A such that

d(ai,az,a3) = ay + az (mod2).

Then 7 is surjective and not injective. Indeed if (a,).cz is a configuration in
A% define a pre-image of it in this way:

bo=0

b1 =0

bpt1 = ap — bp—o (mod2) if n > 2
b_p =a_pt1 —b_pyo (mod2) if n <0

that is

a_s—ap | a_1 ag 0 0 |ai |as | ag—a1 | ag —as
a_3s a_9g a_1 aon aq a9 as ay as

With by = 1 = b; we can construct a pre-image in an analogous way.

Proposition 2.4.3 If X C Al is a shift such that Cp(X) is dense in X and
7: X — AL is a local function, then Cp(7(X)) is dense in 7(X).

PrROOF  Set Y := 7(X); we first prove that 7(Cp(X)) C Cp(Y). Indeed if
¢ € X the stabilizer H. is contained in H,() and if H. has finite index, then
also H; (. has finite index. Then C,(Y) 2 7(Cp(X)) 2 7(Cp(X)) = 7(X) =Y.
O

Corollary 2.4.4 The density of the periodic configurations is an invariant of
the shift.

In general, given a shift X, denote with @Q,,(X) the set of the periodic con-

figurations of X with period n and let ¢, (X) be the cardinality of @, (X). We
have that ¢, (X) is an invariant of X. Indeed, suppose that 7: X — Y is a
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conjugacy and let ¢ € @, (X). We prove that H. = H,(.); as we have already
seen, H. C H (). If h € H; (), we have 7(c") = 7(c)" = 7(c); T being injective,
we have c" = c.

From this fact it is clear that also the number p,, (X)) (that is, the cardinality

of P,(X)), is an invariant of X.

2.5 Periodic Configurations of Euclidean Shifts

In this section we concentrate our attention on the density of the periodic con-
figurations for a Euclidean shift. In the one—dimensional case we prove this
density for the irreducible sofic shifts. The situation in the two—dimensional
case is deeply different: there are counterexamples of irreducible shifts of fi-
nite type for which the set C), is not dense. At the end of the section also the
notion of mizing shift is given and this property is strictly stronger than irre-
ducibility. Nevertheless, Weiss have proved in [Wei2]) the existence of mixing
two—dimensional shifts of finite type X and of local functions 7 : X — X which
are injective and not surjective.

Proposition 2.5.1 If X C A% is an irreducible shift of finite type, then the set
Cp(X) of periodic configurations of X is dense in X.

PROOF  Suppose that X has memory M; let ¢ € X and let u, := ¢|_y 5. Fix
a € L(X) with |a|] = M; X being irreducible, there exist two words v, w, €
L(X) such that

a vpupwy, a € L(X).

Let ¢, be the periodic configuration
Ce i@ VpUp Wy @ VpUpWy, G-+ = A UpUpWn;

by Proposition 1.3.2, ¢, € X. Moreover ¢, [y n] = €|[—n,n) and hence lim, o ¢,
=c. a

Corollary 2.5.2 If X C AZ is an irreducible sofic shift, then the set Cp(X) of
periodic configurations of X is dense in X.

Proor By Corollary 1.5.9, we have that every irreducible sofic shift is the
image under a local map of an irreducible shift of finite type. Hence Propositions
2.5.1 and 2.4.3 apply. O

Counterexample 2.5.3 We now define a reducible shift X C A% which is of
finite type but whose set Cp(X) is not dense.

Let A = {0,1} and let X be the shift of finite type with set of forbidden
blocks {01}. Then the elements of X are the configurations 0,1 constant in 0
and 1 and the configurations of the type ...1111110000000...; clearly X is not
irreducible because there are no words u € L(X) such that Oul € L(X). In this
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shift we have C,,(X) = {0, 1} which is closed (and so not dense) in X. Notice
that, for this shift, a transition function is injective if and only if it is surjective
and hence surjunctivity holds even if the set of periodic configurations is not
dense. O

Observe that, if X is a subshift of A%, it is always possible to define an irre-
ducible subshift X2 of A% consisting of copies of X; more precisely, a configu-
ration ¢ belongs to X2 if and only if each horizontal line of ¢ (i.e. the bi-infinite
word (¢|(,1))-ez, for each fixed ¢t € Z), belongs to X. The irreducibility of X2
can be easily seen: given two blocks of the language, it suffices to translate one
of them in the vertical direction in such a way that the supports are far enough.
Moreover, it is obvious that the shift X?2 is of finite type if X is.

Counterexample 2.5.4 We show, using the above example, thag Proposition
2.5.1 no longer holds for the irreducible shifts of finite type of AZ".

Let X2 be the shift over the alphabet A = {0, 1} generated by the shift X of
the previous counterexample; then X2 is irreducible and of finite type. The set
Cp(X?) is in this case contained in the set of all those configurations assuming
constant value at each horizontal line. It is then clear that a configuration
assuming the value 1 at (0,0) and 0 at (1,0), cannot be approximated with any
sequence of periodic configurations. O

Definition 2.5.5 A shift X C A" is mizing if for each pair of blocks p; € Xg
and py € Xp, there exists an M > 0 such that for each v ¢ Dy there is a
configuration ¢ € X such that ¢z = p1 and ¢, = p2 (notice that if M is big
enough, then EN~F = ().

In other words, a shift X is mixing if and only if for each pair of open sets
U,V C X there is an M > 0 such that UNV?Y # ) for all v ¢ Dys. Indeed,
given a pattern p with support E, consider the set U := {c € X | ¢jp = p}; U
is open because if £ = {v,,...,7,} then U = (\_ {c € X | ¢},, = p},,} which
is a finite intersection of open sets.

Even if we strengthen the irreducibility hypothesis by assuming that the
shift is mixing, there are examples of a mixing subshifts of finite type X and
of local functions 7 : X — X which are injective and not surjective (see [Wei2,
Section 4]).

2.6 Group Shifts

If the alphabet is a finite group G, the full shift G is also a group with product
defined as in the direct product of infinitely many copies of G. Endowed with
this operation the space G is a compact metric topological group.

Definition 2.6.1 If G is a finite group, a subset X C GT is a group shift if is
a subshift and a subgroup of GT.
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Clearly a group shift is also a compact (metric) group. Hence it can be seen
as an example of dynamical system (X,T"), where X is a compact group and I'
is a subgroup of the group Aut(X) of the automorphisms of X which are also
continuous. Indeed the action of T" defines a subgroup of Aut(X): for a fixed
v € T, the bijective function ¢ — ¢” from X to X is, as we have seen, continuous
and it is also a group homomorphism because

(c102)7 |, = (c1€2)|ya = C1yaC2]ya = 17 jaC27 |0 = (c17¢27)ja-

If (X,T) is a dynamical system, the group I' acts expansively on X if there
exists a neighborhood U of the identity in X such that () . v(U) = {1x}; the
set of I'—periodic points is the set of points x € X such that {y(z) | vy € T'} is
finite. Clearly it coincides with the set Cp,(X) if X is a group shift.

In the hypotheses that X is metrizable and I' is an infinite and finitely gen-
erated abelian group, Kitchens and Schmidt prove in [KitS2, Theorem 3.2] that
if T acts expansively on X then (X, T') satisfies the descending chain condition
(i.e. each nested decreasing sequence of closed I'-invariant subgroups is finite),
if and only if (X,TI') is conjugate to a dynamical system (Y,I"), where Y is a
group subshift of GI' and G is a compact Lie group. Notice that, in this con-
text, a conjugation is a continuous groups isomorphism that commutes with the
I'-action.

A consequence of this fact is the following theorem.

Theorem 2.6.2 [KitS2, Corollary 7.4] Let X be a compact group and T' <
Aut(X) a finitely generated, abelian group; if I' acts expansively on X then the
set of I'—periodic points is dense in X.

The following result gives an answer to the problems arising from Coun-
terexample 2.5.4.

Corollary 2.6.3 Let G be a finite group and let ' be an abelian group; if X <
G" is a group shift, then the set C,(X) of periodic configurations of X is dense
imn X.

PROOF  We have to prove that the group I' acts expansively on G''; indeed
the identity in X is the configuration ¢; assuming the constant value 14, where
1¢ is the identity of G. Consider the neighborhood X; of ¢; consisting of all
those configurations of X assuming the value 1 at 1p. Obviously () cp{c” |
CEXl}:ﬂ,YeF{CGX|C\7:1G}:{Cl}- O

In [KitS2] is also proved that if X is a group shift, then X is of finite type.
Indeed the following theorem is proved.

Theorem 2.6.4 [KitS2, Corollary 3.9] Let G be a compact Lie group. If X <
G' is a closed T'—invariant subgroup there exists a finite set D C T' such that

X:{CGGF|07|DEHfor every v € T'},

where H is a closed subgroup of GP.
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Hence if G is finite and X is a group shift, the set GP\ H is finite and is a set
of forbidden blocks for X. Although this fact, X is not necessarily irreducible.
For example, consider in (Z/2Z)% the group shift {0, 1,01, 10}.

Notice that an abelian, finitely generated group I' is also residually finite; we
have another proof of this fact fixing a finite group G and applying Corollary
2.6.3 to the group shift G*'. By Theorem 2.3.4 we have that I' is residually
finite.

2.6.1 Decision Problems for Group Shifts

Now we list some other decision problems arising in the case of Euclidean sub-
shifts of finite type.

e The tiling problem: given a finite list F of forbidden blocks is Xz empty
or non—empty? In fact the tiling problem is an equivalent formulation of
the domino problem, proposed by Wang [Wa].

e A problem strictly related with this latter is the following: given a finite
list F of forbidden blocks, is there a periodic configuration in X 7

e Given a finite list F of forbidden blocks, are the periodic configurations
dense in X£7

e The extension problem: given a finite list F of forbidden blocks and given
an allowable block (that is a block in which does not appear any forbidden
block), is there a configuration in Xz in which it appears? Clearly a
positive answer to the extension problem would imply a positive answer
to the tiling problem.

Now we prove that the answers for subshifts of finite type of A% are all
positive: there are algorithms to decide, the tiling and the extension problems
and there is an algorithm to decide whether or not the periodic configurations
are dense in X. In order to see the first two algorithms, consider, more generally,
a sofic shift. If G is a labeled graph G accepting X (and we may assume that G
is essential), it can be easily seen that X is non—empty if and only if it exists
a cycle on the graph. Hence the shift is non—empty if and only if it contains a
periodic configuration. On the other hand, the language of X is the language
accepted by G (G being essential); hence an allowable word is a word of the
language if and only if it is accepted by G.

To establish the density of the periodic configurations, suppose that X is
of finite type with memory M; one has that Cp(X) is dense in X if and only
if C,(XM+1) is dense in XM+, The shift XM+ an edge shift accepted
by the graph G constructed in Section 1.5 and hence the set C,(XM+1]) is
dense in XM if and only if each edge of G is contained in a strictly connected
component of G, that is if the graph G has no edges connecting two different
connected components.
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For the subshifts of finite type of AZ the answers are quite different; in this
setting Berger proved in [B] the existence of a non—empty shift of finite type
containing no periodic configurations and the undecidability of the tiling prob-
lem. Sufficient conditions to the decidability of tiling and extension problems
are the following.

Theorem 2.6.5 (Wang [Wa]) If every non-empty subshift of finite type of
AZ contains a periodic configuration then there is an algorithm to decide the
tiling problem.

Theorem 2.6.6 (Kitchens and Schmidt [KitS1]) If every subshift of finite

type of AZ® has dense periodic configurations then there is an algorithm to decide
the extension problem.

As a consequence of these facts, we have from Corollary 2.6.3 that if X < G z?
is a group shift, then the tiling and extension problems are decidable for X.
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3. THE MOORE-MYHILL
PROPERTY

For Euclidean cellular automata, Moore [Moo] has given a sufficient condition
for the existence of the so—called Garden of Eden (GOE) patterns, that is those
patterns that cannot be reached at time t from another configuration starting
at time ¢ — 1 and hence can only appear at time ¢t = 0. Moore’s condition
(i.e. the existence of mutually erasable patterns — a sort of non—injectivity of
the transition function on the “finite” configurations) was also proved to be
necessary by Myhill [My]. This equivalence between “local injectivity” and
“local surjectivity” of the transition function is the classical well-known Garden
of Eden theorem.

In this chapter, we consider generalizations of the Moore’s property and
Muyhill’s property to a generic shift. In details, the GOE-theorem has been
proved by Machi and Mignosi [MaMi] more generally for cellular automata in
which the space of configurations is the whole A-shift AT and the group T
has non—exponential growth; more recently it has been proved by Ceccherini—
Silberstein, Machi and Scarabotti [CeMaSca] for the wider class of the amenable
groups.

Instead of the non—existence of mutually erasable patterns, we deal with
the notion of pre-injectivity (a function 7 : X C AV — AV is pre-injective if
whenever two configurations ¢,¢ € X differ only on a finite non—-empty subset
of T, then 7(c) # 7(¢)); this notion has been introduced by Gromov in [G].
In fact, we prove in Section 3.1 that these two properties are equivalent for
local functions defined on the full shift, but in the case of proper subshifts the
former may be meaningless. On the other hand, we give a proof of the fact that
the non—existence of GOE patterns is equivalent to the non—existence of GOE
configurations, that is to the surjectivity of the transition function. Hence, in
this language, the GOE theorem states that 7 is surjective if and only if it is pre—
injective. We call Moore’s property the implication surjective = pre-injective
and Myhill’s property the inverse one.
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In Section 3.2, we recall the notion of an amenable group. We give the more
useful characterization of amenability in terms of Fglner’s sequences. It will
follow from Section 1.7 that, if the group I' has non—exponential growth, the
Fglner’s sequence can be taken as a suitable sequence of disks centered at 1 € T'.

Concerning one-dimensional shifts, in Section 3.3 we see that from the works
of Hedlund [H] and Coven and Paul [CovP] it follows that the Moore-Myhill
(MM) property holds for irreducible shifts of finite type of AZ. Moreover, using
this result we prove that Myhill’s property holds for irreducible sofic shifts of
AZ. On the other hand, we give a counterexample of an irreducible sofic shift
X C AZ but not of finite type for which Moore’s property does not hold.

Concerning general cellular automata over amenable groups, we see in Sec-
tion 3.4 that from a result of Gromov [G] in a more general framework, it follows
that the MM-property holds for shifts of bounded propagation contained in A

In Section 3.5, we generalize this result showing that the MM—property holds
for strongly irreducible shifts of finite type of A" (and we also show that strong
irreducibility together with the finite type condition is strictly weaker that the
bounded propagation property).

The main difference between irreducibility and strong irreducibility is easily
seen in the one-dimensional case. Here the former property states that given
any two words u, v in the language of a shift, there exists a third word w such
that the concatenation uwwv is still in the language. Strong irreducibility says
that we can arbitrarily fix the length of this word (but it must be greater than
a fixed constant only depending on the shift). The same properties for a generic
shift refers to the way in which two different patterns in the language of the shift
may appear simultaneously in a configuration. For irreducibility we have that
two patterns always appear simultaneously in some configuration if we translate
their supports. Strong irreducibility states that if the supports of the pattern
are far enough, than it is not necessary to translate them in order to find a
configuration in which both the patterns appear.

These two irreducibility conditions are not equivalent, not even in the one-
dimensional case. Hence our general results about strongly irreducible shifts of
finite type are strictly weaker than the one-dimensional ones. In the attempt of
using weaker hypotheses in the latter case, we give in Section 3.6 a new notion
of irreducibility, the semi—strong irreducibility. In the one—dimensional case,
this property means that the above word w may “almost” be of the length we
want (provided that it is long enough): we must allow it to be “a little” longer
or “a little” shorter; the length of this difference is bounded and only depends
on the shift. In general, semi—strong irreducibility states that if the supports
of the patterns are far enough from each other, than translating them “a little”
we find a configuration in which both the patterns appear. The reason for this
choice lies in the fact that using the Pumping Lemma we can prove that a sofic
subshift of A% is irreducible if and only if is semi-strongly irreducible. Moreover
Myhill’s property holds for semi-strongly irreducible shifts of finite type of Alif
I" has non—exponential growth.

37



3.1 The Garden of Eden Theorem and the Moo-
re—Myhill Property

In this section we give the definition of a pre—injective function, proving that
this property is equivalent to the notion of non—existence of mutually erasable
patterns used in the original works of Moore [Moo] and Myhill [My]. Indeed they
prove that a transition function of a Euclidean cellular automaton on a full shift
admits two mutually erasable patterns if and only if it admits a Garden of Eden
pattern, that is a pattern without pre-image. A result of this kind, concerning a
local function 7 between two shifts, is what we call a Garden of Eden theorem;
we deal with the Moore—Myhill property when we have a shift such that for each
transition function of a cellular automaton over it pre—injectivity is equivalent
to surjectivity.

Definition 3.1.1 Let 7 : AT — A" be a transition function; two patterns p;
and po with the same support F' are called T—mutually erasable if p1 # p2 and
if for every c1,co € AT such that c1|lp = p1, C2p = p2 and c1gp = C2)gp, One
has 7(c1) = 7(c2).

Definition 3.1.2 Let X, Y C A" be two shift and 7 : X — Y be a function; a
pattern p € Yg is Garden of Eden (briefly GOE) with respect to T, if for every
c € X one has 7(c)|g # p-

The Garden of Eden (GOE) theorem is the union of the following two theo-
rems.

Theorem 3.1.3 (E. F. Moore - 1962) If 7 : A% A% s a transition
function and there exist two T—mutually erasable patterns, then there exists a
GOF pattern.

Theorem 3.1.4 (J. Myhill - 1963) If 7 : AZ 5 A% s q transition func-
tion and there exists a GOE pattern, then there exist two T—mutually erasable
patterns.

In order to consider GOE-like theorems not in the whole of A" but in a sub-
shift X C AT, notice first that two patterns of X are not necessarily extendible
by the same configuration of X. Therefore it could happen that two patterns
with support F' for which there does not exist a common extension ¢|gp, are
T-mutually erasable although the function 7 is bijective. The notion that seems
to be a good generalization of the non—existence of mutually erasable patterns,
is that of pre—injectivity; we will see that if X = A" then the non—existence of
T-mutually erasable patterns is equivalent to the pre—injectivity of 7.

Definition 3.1.5 A function 7: X C AT — AT is called pre—injective if when-
ever c¢1,co € X and ¢; # ¢y only on a finite non—empty subset of I', then

7(c1) # 7(c2).

38



Proposition 3.1.6 Let 7 : AT — AU be a transition function; then T is pre—
injective if and only if there are no T—mutually erasable patterns.

PrROOF  Let p; and ps be two 7—mutually erasable patterns with support F.
Fix a € A and define ¢y, cy € AU that coincide, respectively, with p; and py on
F and such that

(c1)y = (c2)y =a

if v ¢ F. Then ¢; and ¢y differ only on a non-empty finite set (since this set is
contained in F'), and 7(c1) = 7(c2), so that 7 is not pre-injective.

Suppose, conversely, that 7 is not pre-injective; there exist two configura-
tions ¢; and co such that, for some non empty finite set F' we have:

® CiF # CQ|F
® C1ICF = C2|CF
o 7(c1) =7(c2)-

Set p1 := c1p+2m and py 1= cg|p+2m, where M is such that 7 is M-local;
then we prove that p; and ps are 7—mutually erasable. First p; # ps and if ¢,
¢y are two configurations such that

® Ci|p+2M = D1
® Co|pt+2M = P2
® ¢; = G out of M

we have that 7(¢1) = 7(¢2).

Indeed, set Dy := {aq,...,ap} and v, := yay; if ¥ € T and vDyy C
F+2M e have (T(El))w = 5(61\71""’ ) = 5(p1W1""’ ) = 5(Cl|’71""’ ) =
(T(e1))ly = (T(e2))y = d(c2yys---0 ) = 6D215,5--+5 ) = 0(C2py,50ves ) =
(7(e2)) -

If, otherwise, YDys C CF and if we suppose, for example, that vy,...,7; €

F2Moand v,,4,...,7, € C(FTM), then (1(¢1))y, = 0(Cijy,s---5C1py,) =
0(C1ly,s--+5C2)y, ) = 0(C2)y 55 C2py, ) = 0(C2py, 5+ -5 Cpy ) = (T(C2))}y- D

One can prove (see [MaMi, Theorem 5]) that a transition function on A"
is surjective if and only if there are no GOE patterns. It is easy to prove that
this property holds also for the local functions between shifts, as proved in the
following Proposition.

Proposition 3.1.7 Let 7 : X — Y a local function; then T is surjective if and
only if there are no GOE patterns.

PrOOF It is clear that the surjectivity of 7 implies the non—existence of GOE—
patterns.

For the converse, suppose that for each finite set £ C I' and each p € Yg
there is a configuration ¢ € X such that 7(c)|g = p; we prove that 7 is surjective.

39



If ceY,let ¢, € X be such that 7(c,)|p, = ¢p,; hence lim,, .o 7(cn) =¢. X
being compact, there is a subsequence (¢, )i that converges to a configuration
¢ € X. 7 being continuous, we have that ¢ = limg_,oo 7(cn, ) = 7(c). O

Hence we can restate the Garden of Eden Theorem [Moo] and [My] as follows.

Theorem 3.1.8 If 7 : AZ" 5 AZ® s q tramsition function, then T is pre—
injective if and only if it is surjective.

Definition 3.1.9 A shift X C A" has the Moore—Muyhill property (briefly MM
property), if for every cellular automaton (X, Dy, 7) the transition function 7
is pre—injective if and only if it is surjective. The Moore—property is surjective
= pre—injective and the Myhill-property is pre—injective = surjective.

In the sequel we will distinguish between these properties and the GOE—
theorems for a local function. Indeed the former are properties of a single shift
but, on the other hand, we will speak of GOE-theorem whenever we have a
GOE-like theorem for a local function between two possibly different shifts.

Notice that if a shift X has the Myhill-property, than each transition func-
tion 7 : X — X is surjunctive (because, obviously, injectivity = pre-injectivity).

Proposition 3.1.10 The MM-property is invariant under conjugacy.

PROOF A conjugacy being both surjective and pre-injective, it suffices to
prove that the composition of two local pre-injective function is still a (local)
pre—injective function. Hence suppose that 7 : X — Y and ¢ : ¥ — Z are
pre—injective functions; if ¢1,co € X with ¢; # co and there exists a finite
subset F' C I' such that c¢ijgp = coigp, We prove that if 7 is M-local then
7(c1)ig(p+ary = T(c2)|g(peary. Actually, if v ¢ FM then vDys € CF and hence
7(c1)}y = 7(c2)y- The set FT being finite, we have ¢(7(c1)) # ¢(7(c2)) so
that ¢ o7 is pre-injective. O

3.2 Amenable Groups

In this section we give the definition of amenability for a group I'; using a char-
acterization of it due to Fglner (see [F], [Gr] and [N]), Ceccherini-Silberstein,
Machi and Scarabotti have proved that the MM—property holds for the full shift
ATl (see [CeMaScal).

Definition 3.2.1 A group I is called amenable if it admits a I'-invariant prob-
ability measure, that is a function p : P(I') — [0, 1] such that for A, B C T and
for every v € T’

e ANB=0= u(AUB) = u(A) + u(B) (finite additivity)

o u(vA) = u(A) (I'—invariance)
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e u(I') =1 (normalization).

Theorem 3.2.2 (Fglner) A group I' is amenable if and only if for each finite
subset F C T and each € > 0 there exists a finite subset K C T' such that

[KF\K]|

<e
K|

This characterization is equivalent to the following one.

For each pair of finite subsets F, H C T" with 1 € H and each € > 0 there exists
a finite subset K O H such that
[KF\K|
||
Indeed, suppose that there exists K such that
KHP\K| __
|K|
We have that K C K H and hence
|KHF\KH| |[KHF\K|
— < — <eé;
|[KH| |K|

it suffices to set K := K H.

An analogous equivalent form of Fglner’s characterization is given by Namioka
in [N].

Theorem 3.2.3 Let I be an amenable group; then there exists a sequence of
finite sets (Ey)n>1 such that:

e B, CEC...CE,C...

° Un21 E, =T,
. O E.
o lim,, . ‘ l’%n‘"l =0.

PrROOF  First, notice that in Fglner condition there is no loss of generality
if we suppose 1 € K. Now we construct, by induction, a nested sequence
le K1 C...C K, C... such that, for eachn > 1

Ka(DFM\E| 1

Let K7 be a finite subset 1 € K7 C I'" such that

| K1 (DTYO\K; |

<1
| K|
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whose existence is guaranteed by Theorem 3.2.2. Suppose to have found K,
there exists K, 11 2 K,, such that

Ko (DA Kol _ 1
| Kyl n+1

Observe that
e K, (DM = (K, D,)*M
e K, CK,(D;M)C(K,D,)™™
e K, CK,D,

hence

Setting F,, := K,,D,, we have the stated properties because D, C K,,. O

A sequence as in Theorem 3.2.3 is called amenable (or Folner sequence); from
now on we fix the amenable sequence (E,,),>1 found above and the entropy of a
shift will be defined with respect to (Ey)n>1. As we have seen in Section 1.7, if
the group I" has non—exponential growth, the sequence (E,),>1 can be replaced
by a suitable sequence of disks centered at 1.

Corollary 3.2.4 If (E,)n>1 is an amenable sequence, then

|95l
lim =0
and | |
o E
lim =M — .

Using the existence of an amenable sequence in the amenable group T,
Ceccherini—Silberstein, Machi and Scarabotti have proved the following theo-
rem for the full shift A"

Theorem 3.2.5 [CeMaSca, Corollary of Theorem 3] Let I' be a finitely gen-
erated amenable group and T : A' — AV be a transition function. Then T is
surjective if and only if there are no T—mutually erasable patterns.

As a consequence of this theorem we have the following statement.

Corollary 3.2.6 (MM-property for the full shift) For an amenable group
T, the full shift AU has the MM-property.
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3.3 The Moore—Myhill Property for Subshifts of
AZ

As far as irreducible shifts of finite type are concerned, we have the following
result that stems from the works of Hedlund [H] and Coven and Paul [CovP].

Theorem 3.3.1 [LinMar, Theorem 8.1.16] Let X be an irreducible shift of finite
type, Y a shift and 7 : X — Y a local function. Then T is pre—injective if and
only if ent(X) = ent(7(X)).

Corollary 3.3.2 (MM-property for irreducible subshifts of finite type
of AZ) An irreducible subshift of finite type of A% has the MM-property.

Proor  If 7 is pre-injective, then by Theorem 3.3.1 we have ent(X) =
ent(7(X)). By Theorem 1.7.4, there does not exist a proper subshift of X whose
entropy equals that of X. Thus 7(X) = X and 7 is surjective. Conversely, if 7
is surjective we have ent(X) = ent(7(X)) and Theorem 3.3.1 applies. O

Now we show that the irreducibility condition in the above theorem cannot
be dropped.

Counterexample 3.3.3 Myhill-property no longer holds for a subshift of fi-
nite type of A% but not irreducible.

Let X be the full shift over the alphabet A = {0, 1}; clearly X is irreducible
and of finite type. Consider the set X C {0,1,2}Z given by the union X U {2},
where 2 is the bi-infinite word constant in 2. The set X is a shift of finite type
over the alphabet A = {0, 1,2} with set of forbidden blocks:

{02,20,12,21}.

Moreover X is not irreducible; indeed we have 1,2 € L(X) but for no word

w € L(X) the word 1w2 belongs to L(X).
Consider the transition function 7 : X — X defined by:

(c) = c ifee X
U=V 0 ife=2.

Clearly 7 is 1-local where the local rule is given by d(a) = a if a # 2 and
§(2) = 0. This function is not surjective because the word 2 has no pre-images,
but it is pre—injective. Actually, if ¢; and co are different configurations which
only differ on a finite subset of Z, then they must belong to X and so their
images under 7 are different. O

Counterexample 3.3.4 Moore—property no longer holds for a shift of finite
type but not irreducible.
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Let X be the shift over the alphabet A = {0,1,2} with set of forbidden
blocks {01,02}. The shift X is not irreducible; indeed for no word v € L(X)
the word Oul belongs to L(X).

Consider the transition function 7 : X — X defined by the local rule:

if 0
5(a1azas) :{ S

The function 7 is surjective because a generic word of X, for example,
...1211122121212212121 0 0000000000000 . . .

has two pre—images:
... 1211122121212212121 1 0000000000000 . .

and
...1211122121212212121 2 0000000000000. . .

This also shows that 7 is not pre—injective. O

Using the generalizations to dimension 2 of Countgrexamples 3.3.3 and 3.3.4,
we obtain two irreducible shifts of finite type of A% which give the following
counterexamples.

Counterexample 3.3.5 Ml\/gfproperty no longer holds for an irreducible shift
of finite type contained in A%".

Consider the cellular automaton of Counterexample 3.3.3; it is clear that the
1-local function 7 can be extended to a 1-local function 79 : X2 — X2 with
the same local rule (6(a) = a if a # 2 and §(2) = 0). The function 74 is, as 7,
pre—injective and non-surjective.

For the cellular automaton of Counterexample 3.3.4, we have similarly that
the extended function 75 is surjective and not pre—injective  0O.

We now prove that a result similar to Theorem 3.3.1 holds for irreducible
sofic shifts.

Theorem 3.3.6 Let X be an irreducible sofic shift, Y a shift and7: X —Y a
local function. Let G = (G, L) be the minimal deterministic presentation of X.
Then T o L is pre—injective if and only if ent(X) = ent(7(X)).

Proor  The labeled graph G = (G, £) being a presentation of X, we have
X = Xg = L(X@). By Corollary 1.5.8, Xg is an irreducible shift of finite
type. Moreover 70 L : Xg — Y is a local function; thus, by Theorem 3.3.1,
7o L is pre-injective if and only if ent(Xg) = ent(7(L(Xg))) = ent(7(X)). By
Proposition 1.7.2, ent(Xg) = ent(X) and the claim is proved. O

Corollary 3.3.7 (Myhill-property for irreducible sofic shifts) Let X be
an irreducible sofic shift and T : X — X a transition function. Then T pre—
injective implies T surjective.
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PrOOF Let G = (G, £) be the minimal deterministic presentation of X; we
prove that if 7o L is not pre—injective, then 7 is not pre—injective either. Suppose
that there exist two bi-infinite paths c1,c2 € X@ which are different only on a
finite path and such that 7(£(c1))) = 7(L(c2)). Then one can write ¢; and c¢q,
respectively, as:

€_2 . €—1 . ey . el €n—1 . en . €n+1
1 e — il —— g i —— s —— iy — D ] — .
and

e_g . e-1 . fo . fi frn—1 . fn . ent1
2 T T ) T 1 T T g T gl

with eg # fo. Setting a; := L(e;) and b; := L(f;), the graph G being determin-
istic we have ag # by and hence

L(c1) = a_2a_1 apQ1 ...Ap_10p Qpi1 - ..

and
E(Cg) = a_20_1 bobl . bn—lbn Ap+41 - - -

are two configurations in X which differ only on a finite (non empty) set and
whose images under 7 are equal. Therefore 7 is not pre—injective.

Thus, if 7 is pre—injective, then 7o L is also pre—injective; by Theorem 3.3.6,
we have ent(X) = ent(7(X)). X being irreducible and by Theorem 1.7.4, 7(X)
cannot be a proper subshift of X. Hence 7(X) = X, i.e. 7 is surjective. O

3.3.1 A counterexample to Moore—property for a sofic
subshift of AZ

We now give an example of an irreducible sofic shift not of finite type for
which the transition function is surjective but not pre—injective (that is, Moore—
property no longer holds in general if the finite type condition is dropped). Our
example will be the even shift X, that is the subshift of {0, 1}% with forbidden
blocks

{1011 | n > 0}.

The shift X, is sofic, indeed it is accepted by the following labeled graph.
________ 0__
GO0
e -
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We define a transition function 7 as follows:
T(C)\z = 5(C|z—27 Clz—15 €|z €241, c|z+2)
where ¢ is the local rule:

1 if ajasaz = 000 or ajasaz = 111 or ajasazasas = 00100,
0(arazazasas) = 0 otherwise.

First we prove a Lemma.

Lemma 3.3.8 If a block 0"1 with n > 3, has a pre—image under T of length
n + 5 in the language of X,

a1 a2 ag a4 o Ap 41 (p4-2 (np43 Ap44 Unp45
0] 0]... 0 0 1 ’

then this pre—image can be only of type

1. (i) arag zx (1 —2)(1 —z)...11 00 11 000G, +4an+5,
(#i) aja xz (1 —z)(1 —x)...11 00 11 00100,
(#41) araz (1 —z)(1 —z) xx...00 11 00 111ap4+4ans,
when n is even and for a suitable x € {0,1};

2. (i) arae (1 — ) xzx...11 00 11 000G, +4Gn+5,
(#i) ajaz (1 —x) xzz...11 00 11 00100
(#91) araz © (1 —2)(1 —x)...00 11 00 111Gy t4Gn+t5
when n is odd and for a suitable x € {0,1}.

PrROOF  We prove the statement by induction on m > 3. Assume that
T(a1az2asa4asa¢a7ag) = 0001; we distinguish three cases.

° agasag = 000

air |az a3 | 0| 0|0 | ar | as
0]0]0|1

Then a3z = 1 otherwise d(asasasagar) = §(0000a7) = 1 # 0.

e ayasagarag = 00100

al ag a300100
00|01

Then, for the same reasons as above, a3z = 1.

o a4qa506 = 111

46



aq a9 as 1 1 1 ar as
0]0]0]1

Then a3z = 0 otherwise §(azasasagar) = §(111la7) =1 # 0.

Now let us suppose that the statement is true for n and that we have
T(a1...anye) = 0"

a1 a2 ag a4 s Ap 42 (n43 (p44 ap+45 Un46
0] 0]... 0 0 1

If n is even, by the inductive hypothesis one has either
ag...apya =zx (1 —2)(1 —x)...11 000
or
ag...anye =2 (1 —2)(1 —z)...11 00100

or
ag...ansa =(1—2)(1 —2) zz...00 111

for a suitable z € {0,1}.

In any case we have ay = as. If ag = a4, then §(asasasasar) = d(asasasapar)
=1%#0. Thus a3 # a4.

It follows, in the three cases, that either

a1...0p46 =arag (1 —z) zz (1 —2)(1 —x)...11 000G, 15016

or
ai...apye = arag (1 —z) zz (1 —2)(1 —x)...11 00100
or
a1 ...0py6 =arag x (1 —x)(1 — ) zx...00 11la,4+56,16-
If n is odd, by the inductive hypothesis we have either
ag...0nta = (1 —2) zz...11 000
or
ag...ante = (1 —x) zx...11 00100
or

ag...apya =z (1 —2)(1 —2)...00 111

for a suitable z € {0,1}.

In any case a4 # a5 = ag. If ag # a4, then asagas = asaqas so that aqy =1
(otherwise we had a forbidden block). For the same reason, as = a3 = 0. This
implies §(azasasasag) = 6(00100) = 1 # 0. Thus a3 = a4.

It follows, in the three cases, that either

ai...apye = arag (1 —z)(1 —z) xzx...11 000ay+50n+6
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or
ai...0nq6 =ara2 (1 —z)(1 —z) za...11 00100

or
ai...anpe = arag xx (1 —x)(1 —x)...00 11la, 450,16

Then the statement is still true for O®t'1. O

Proposition 3.3.9 The local function T is a transition function, that is 7(Xe)
C X..

PROOF  7(X.) being a subshift of {0, 1}%, it suffices to prove that no forbidden
block 101 with n odd, has a pre-image of length n + 6 in the language of X..
First we prove that there is no block ajasazasasagar of length 7 such that
T(a1a2a3a4a5a6a7) = 101:

aq ag as Qa4 as Qg a7
1 0|1

We distinguish two cases.

e asays =00

ap |az | 00| a5 | as | ar
1(0] 1

Then as = 1 otherwise §(azasasasag) = 6(000asag) = 1 # 0. Then 6(aazasaqas)
= 5(&1100@5@6) =0 75 1.

e asagas = 111

ai |as | 1|11 |ag | ar
11011

Then as = 0 otherwise d(azasasasag) = §(1111ag) = 1 # 0. Thus d(a1a2asa4a5)
= 0(a10111ag) = 0 # 1. We have proved that no block of length 7 goes to 101
under 7.

Let us now prove that no block a; ... an+¢6 of length n+ 6 has 101 as image
under 7, where n € N is odd and strictly greater than 1. If

ap | a2 | as | a4 | as | ... Un4+3 | Gntd | An4s5 | Ant6
1 0 0 1... 0 1 ’
by Lemma 3.3.8 we have agasas ... = x(1—z)(1—z) ..., and being §(ajazasasas)

= 1, we distinguish two cases:

o =0

48



al a2 as 0 1 1 e An+3 Ap+4 Ap+5 An+6
1{0]0]0]... 0 1

Then a3 = 0 (otherwise we had a forbidden block) and as = 1 because §(azasaq
asag) = 0(az0011) = 0 and §(00011) = 1. Then é(ajasazaqsas) = 6(a11001) =
0# 1.

o =1

ai ag as 1 0 0 B Un43 An44 An45 an+6
1 10]0]0]|... 0 1

If a3 = 0 then as = 0 and d6(azasasasas) = §(00100) = 1 # 0. Thus az =
1. Then §(aga3100) = §(a21100) and 6(a21100) = 0 implies ap = 0. Thus
0(ara2a310) = 6(a10110) = 0 # 1. Hence 10™1 has no pre-image under 7. O

Proposition 3.3.10 The transition function 7 : X, — X, is surjective.

PrOOF  To prove the surjectivity of 7 it suffices, as we have seen, to prove
the non—existence of GOE patterns or, equivalently, the non—existence of GOE
words. To this aim, as it can be easily seen, it is enough to prove that each block
of kind 10™210™2...10™ 1 (where n1,...ny are even integers), has a pre-image
block. Indeed each word in L(X.) is contained in such a special word.

First we prove that every block of the type 10™1 where n is even, has a
pre—image aj . ..a,4¢ in the language of X, of length n + 6

ap | a2 | as | a4 | as | ... An42 | Gn43 | Antda | An4s5 | And6
1 0 0 1... 0 0 1 ’

in each of the three cases in which a, 44 — 1.
Ifn=0

0 0 0 0 as Qg

1)1 ’
and
1 1 1 1 as Qg
[ )
1)1
Ifn=2

ay aq 1 01010 as ag
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aq al 1 0 0 1 0 0

and

00|01
110]0]1

[t
—_

as | ae

If n > 4, for a suitable x € {0,1},

. l—z|l—z|1l—-2|z|xz]|... |0]0|0]| ants | Gn+s
1 0(0]...0J0]1
Similarly
. l—z|1l—z|1l—2z |z |z 010 0]0
1 00 010
and, finally,
. zlax|z|l—a|1l=—x | ... |1 |1]|1]| an+s | Gnts
1 0 0 ... 1001

Now, fix a word of kind 10™110™2...10™*1; we can construct a pre—image of
this word starting from the first on the right block 10™*1 (over the first on the
right 1 we can write, arbitrarily, 000** 111** or 00100). In this way we get
a word a ...as over the second on the left 1 and we can start from this word
over 1 to construct a pre-image for the second on the right block 10™*-11, and
SO on:

— —
bl b2 b3 b4 b5 N aq a9 as ay as * * *
ojo|1yo0l0}...10J10| 212|010 0]0]|1
Nk —1 Nk

In each of the possible choices we can find a block whose image under 7 is
our fixed word.
For what we have stated before, 7 is surjective. O

Proposition 3.3.11 The transition function 7 : X, — X, is not pre—injective.

PrROOF  Let us consider the configuration c;:

[...]oJoJoJoJoJ1]JoJoJ1]oJOoJOoJOJO]...]|

and the configuration cs:

50




[ JoJoJoJofoJo [T[T[1]0]ofo]o]0]...].

These configurations are different only on a finite subset of Z, but they have
the same image under 7, that is the configuration

[ Ji[i[i[i[i[iJoJoftjoJoli[1]1]...].

Thus 7 is not pre—injective. O

3.4 Gromov’s Theorem

Recently, Gromov has proved a GOE-like theorem in a setting of graphs much
more general than Cayley graphs, for alphabets not necessarily finite and for
subset of the “universe” not necessarily invariant under translation. Because
of the weakness of these hypotheses, in his theorem are needed properties that
are stronger than ours (as we will see in next section), for example the bounded
propagation of the spaces. In this section we apply Gromov’s theorem to our
cellular automata proving that all the properties required in the hypotheses of
this theorem are satisfied.

Definition 3.4.1 A closed subset X C Al is of bounded propagation < M if
for each pattern p € A with support F one has

PIFAD(a, M) eXFﬁD(mM) foreacha € F = pe Xp.

If v € T, the left translation i, : I' — T defined by i (a) = ya is an isometry.
Indeed

dist(ya, v8) = [la” 'y Hy8| = [la” 6| = dist(a, ).

It is clear that not all the isometries are of this kind; for example consider

Z? = (a,b | ab = ba) and the unique homomorphism extending the function
i: Z* — Z? defined by

clearly ||i(c)|| = ||@||. Then

dist(i(a),(8)) = [li(a) "' i(B)|| = [[i(a™'B)]| = dist(a, B).

But 7 is not a translation.

Consider a subgroup I' < T' and the set Z(T') consisting of all restriction to
each finite subset I of I' of the left translations by an element of I'; a generic
element of Z(I") is iﬂF : F — ~vF. The set Z(I') is a pseudogroup of partial
isometries that is, following Gromov’s definition:

1. idp : F — F is an element of Z(I'), indeed idp = i1 5
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2. ify €I and by 7 — 7F is an element of Z(T'), then (Z'AY‘F)*1 :vF — F

. 4 . . . _1 s .
is still in Z(T') because (i p) ™" = iy S
3. il iy, p: F = F and iy, | o7 F = 757, F are two elements of (D),
1 —
then their composition is still in Z(I") because oy, O i p = Pram 1

4. the restriction of each element of Z(I') defined on F' to a (finite) subset
E C F, is still in Z(T).

Two elements o, 3 inl' are I'-equivalent if there exists v € T' such that
~va = (3, that is Ta = T'3. Then the equivalence classes are the right cosets
{Ta | @ € T}. The pseudogroup Z(T') is dense if each equivalence class Ta is
such that for some R = R(a)) € N one has

U P(ye, R) =T

~eT

We prove that this property is equivalent to the existence of R € N such that

U D(y.R)=T (3.1)

~veT

Indeed if (3.1) holds and 3 € I there exists v € T' such that dist(3,v) < R
hence
dist(8, ya) < R+ dist(y,va) = R+ ||«

and then, fixed a right coset representative o of I'ar, we have U'yef D(ya, R+
|la||) = . Moreover, we can prove that (3.1) holds if and only if T has finite
index. Indeed, suppose that (3.1) holds; consider the right cosets T'a with
a € Dpg. It is clear that these are finitely many; furthermore UaEDR Fa=T
because if 3 € T by (3.1), we have 3 € yDg with v € I'. Hence I has finite
index.

Conversely, if T' has finite index, fix a set {a1,...,a,} of cosets representa-
tives. Let R := max; ||a;||. If o € T, we have that a = ya; for some v € ' and
some ¢. Hence dist(«,y) = ||oi|| < R, that is o € D(v, R).

Now consider a stable (i.e. closed) and invariant space X C A"; if we
consider the finite subsets of I" and the elements of I', a family of functions

HF,'y . XF — X'yF = XiW(F)

which commute with the restriction (i.e. (Hp(c|r))ye = HE,(¢g) or, in
other words, the following diagram



commutes), gives rise to a set of holonomy maps. In particular, we have a set
of holonomy maps H(I") defining

—1
Hpy (o) :==¢" |yF;

indeed (Hp (c)p))iye = (€ ye)ye = e = Heq(cp).

The set H(T) is a pseudogroup of holonomies, that is
1. idx, : Xp — Xp is an element of H(T'), indeed idx, = Hp1;

2. ify €l and Hp, : Xp — X,p is an element of H(T'), then (Hp,)" " :
X p — Xp is still in H(T') because (Hpy) ™' = Hypq-1;

3. if Hry, : Xp — Xy, F and Hy p, 1 Xy, F — X4, F are two elements of
H(I'), then their composition is still in H(I") because Hy r, c Hr,, =
HF,’YQ’Yl )

4. the restriction of each element of H(I') defined on Xr to Xp (where E is
a finite subset E C F), is still in H(T).

Finally, if Z(T') is dense (that is, if I’ has finite index), we have defined a
dense pseudogroup of holonomies.

If Y C AU is another stable and I'-invariant space, a function 7 : X —
Y is of bounded propagation < M if it is the limit of a family of functions
Tr : Xp — Yp-u that commute with the restrictions; then a function of
bounded propagation is such that 7(c);, = TD(a)M)(qD(a,M))‘a and, in gen-

eral, 7r(cjp) = 7(c)|p-m.

If 7 is a function of bounded propagation, we have that the holonomies in

H(T) commute with 7 if 7 commutes with the I'-action:

Xrp ——— X,yF

| [ror

XF—M LN[W} XVF_ZM
Indeed (notice that v(F~M) = (yF)~M),
-1 -1
Tyr(Hey(cp)) = Tyr((€ )jyp)) = 7(¢7 ) j(yp)-n
and »
Hp-m o (Tr(ep)) = Hp-n o (7(¢) p-m) = (T(c))jyp-n.
In this case, provided that Z(I') is dense, we say that the function 7 admits a
dense holonomy.

Under these hypotheses and supposing that I'" is amenable, we have the
following theorem.
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Theorem 3.4.2 Let X,Y C AU be stable spaces of bounded propagation and
7:X — Y a map of bounded propagation admitting a dense holonomy, then
ent(X) = ent(Y) implies that T is surjective if and only if it is pre—injective.

Suppose that 7 is a bounded propagation < M function between two -
invariant stable spaces and 7 commutes with the I'-action, if the pseudogroup
Z(T") is dense, we can write each « € 'as a =~d (y € I', d € D) and

7(0)ja = T()|ya = (T(¢"))ja = TD(a,m) (¢ |D(d,M))|d = TDr 1 r (€7 |Dari ) |d-

This means that in order to know the function 7 it is sufficient to know how
the image under 7 of a configuration in X acts on Dg. In other words, it is
sufficient to know the function 7p,,, » : Xp,,,x — 7(X)Dg-

On the other hand, if 7 is M—local between two shift spaces, we have

7(0)ja = T(c")1 = TDu (¢ Dy )1

that is it suffices to know how the image under 7 of a configuration in X acts
on the identity of I'; i.e. the local rule J.

For this reasons, the notion of bounded propagation is a generalization of
the notion of local function as far as stable spaces not necessarily I'-invariant
are concerned.

Hence, if I" is amenable, the next two theorems follow from Theorem 3.4.2.

Corollary 3.4.3 (GOE—theorem for shifts of bounded propagation) Let
X,Y C AU shift spaces of bounded propagation and T : X — Y a local function,
then ent(X) = ent(Y) implies T surjective <= T pre—injective.

Corollary 3.4.4 (MM-property for shifts of bounded propagation) If
X C AT is a shift space of bounded propagation then X has the MM-property.

3.5 Strongly Irreducible Shifts

In this section we give the definition of strong irreducibility for a shift. In general,
as we have seen at the end of Section 1.2, it is possible to give a definition
of irreducibility that generalizes the one-dimensional one. But although we
can prove the MM property for irreducible shifts of finite type of A%, this
irreducibility is too weak in the general case of subshifts of finite type of Al (see
Counterexample 3.3.5). We prove the MM-property for the strongly irreducible
shifts of finite type of A'. On the other hand, we will see that a shift of bounded
propagation (that has, by Gromov’s theorem, the MM-property ), is strongly
irreducible and of finite type, but the converse does not hold.

Definition 3.5.1 A shift X is called M—irreducible if for each pair of finite sets
E,F CT such that dist(E, F') > M and for each pair of patterns p; € X and
p2 € X, there exists a configuration ¢ € X that satisfies ¢ = p; in F and ¢ = po
in F. The shift X is called strongly irreducible if it is M—irreducible for some
M e N.
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In the particular case I' = Z, it can be easily seen that a shift X C A% is
M-irreducible if for each n > M and for each pair of words u,v € L(X), there
exists a word w € L(X) with |w| = n, such that vwv € L(X).

The following theorem will be proved in the next section in the case of groups
with non—exponential growth and semi-strongly irreducible shift.

Proposition 3.5.2 Let ' be an amenable group. Let X be a strongly irreducible
shift of finite type and let T : X — A be a local and pre—injective function. Then
ent(7(X)) = ent(X).

PrROOF  Suppose that the memory of X is M, that X is M—irreducible and
that 7 is M-local. Set Y := 7(X) and fix an amenable sequence (E,,),; we have

|V gane| < [V, || A] 13 Bn]

and then
10g|YE;¢L—2M| < log|YEg, | |8;'MEH|1og|A|
T2 I 2% | Enl '

Taking the maximum limit and being

- 103y Bl

lim —=— =0,

n—oo |En|
we have log |V |

0} M
lim sup % <ent(Y).
Suppose that ent(Y) < ent(X); then
log |Y log | X
lim sup % < lim sup %;

so that there exists n € N such that

log |YETT2M | 10g |XE
| Enl | Enl

n |

that is
|YE7J{2M| < |XEn|

Fix v € X6+ME+M; since dist(05,, B, E,) = M +1 > M for each u € Xp,
2 n

there exists a pattern p € XE;{SM that coincides with v on E,, and with v on

O EFM. Then

{p € Xgpom | Doy g = v} = [ Xp,| > [Yigon].

Since Tpism @ Xpianw — Ypaon s surjective, there exist two patterns p1,ps €
Xprsar such that py # py but p1 = v = py on I3 EFM and 75 m (p1) =

%)



T oM (p2). By Corollary 1.3.4, there exist two configurations ¢1,c2 € X which
extend p; and py and which coincide outside E;f™. We prove that 7(cy)
7(c2), and hence that 7 is not pre-injective. If v € E;F2M we have yDy,
EFM and hence, if Dy = {a1,...,am}, 7(c1)ly = 0(C1jyars -1 Clivan)
3(Prpyars -5 Plyan) = T (P)ly = Tgrov (P2)ly = 0(P2ha05 -+ P2)ya,) =
5(CQ|'ya15"'aCQ|'yam) = 7-(02)|'y- If Y ¢ E;zM, we have ’YDM - [](EIM) and
hence 7(c1), = 7(c2)y, since ¢; coincide with ¢z on C(EFM). O

N

s

Lemma 3.5.3 If[ is a finitely generated group, there exists a sequence of disks
(F})jen obtained by translation of a disk D and at distance > M such that
Ujen Fj+R =T for a suitable R > 0.

PrOOF  Let D be the disk centered at 1 and of radius p; define the following
sequence of finite subsets of I':

FQ = {1}7

Fi={yel||vl=2p+M+1}

and, in general,
Lhi={yveTl [yl =n2p+M+1)}.

It is clear that for each n, dist(T',,Tp+1) = 2p + M + 1. Inside the set T, fix
Yn,1 and eliminate all the points in I';, whose distance from v, ; is less than
20+ M + 1.

Next, fix v,, , among the remaining points and eliminate all the points whose
distance from 7, 5 is less than 2p + M + 1. In this way, we will get a set T,
whose elements have mutual distance > 2p + M + 1 and such that for each
element ,, of I',, there exists an element of T',, whose distance from 7,, is less
than 2p + M + 1.

We now prove that, denoting by (3;)jen the sequence of the elements of
Unen Cn, the sequence (3;D)jen is a (D, M, R)-net with R := 2p 4+ 2M; so
that we can set Fj := ﬂjD.

Let then v € T'; there exists v,, € I', such that dist(y,7,) < p+ M. Since

. belongs to Ty, there is 7,, € T, such that dlst(*yn, o) < 2p+ M and hence
dlbt(’}/ 7,) < 3p+ 2M; then v € (5, D)+ (20+2M),

We call the above sequence a (D, M, R)-net.

Lemma 3.5.4 Let T' be an amenable group and let (Ey), be a fized amenable
sequence of I'. Let (Fj)jen be a (D,,2M, R)-net, let X be an M-irreducible
shift and let Y be a subset of X such that Yr, C Xp, for every j € N. Then
ent(Y) < ent(X).

PROOF  Let (pj)jen be a sequence of patterns such that p; € Xg,\Yr;; let
N(n) be the number of F;’s such that F;** C E, and denote by Fj,, ..., Fj

96



these disks. Set £ := |Xp+um| and denote by 7, : Xp, — Xp, the restriction

to Fy, of the patterns of Xg,. We prove that

1 XE,\ U o (05)] < (1= YV Xp

n |

by induction on m € {1,..., N}. We have
|XEn| < |XFJ,+M ||XEH\F,+M|
1 J1

then
|XE'n.| < §|XEn\thM|'

(3.2)

Since X is an M—irreducible shift and since dist(Fj, , En\FlerM) > M, given a
pattern p € X \FHM there exists a pattern p defined on all E,, that coincides

with p on En\FlerM and with p;, on Fj,; then

|XE \F+M| < |7r (pJ1)|'

Hence 1
E|XEn| < |m;. (o)
and 1
X\, 03] < X6, | = 2l X, | = (1= €)X, |
Suppose
1 XE,\ U ")l <= Xg, |-
Since
m—1
X, \ U )| < X g oy e |9 € X\ U 5 @30},
=1
and, being |X | =¢
m—1
|XEn\ U p]1 | <f|{p‘E \F+Iw |p€XEn\ U p]z)}|
=1

Moreover, since X is M—irreducible,

m—1

{pe, \F;PM |p€Xg,\ U i)} <

=1

<Hp € Xg,\ U Yp) | DiE;, = Pin b,
=1
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Hence

m—1
|XEn\ U p]1 | < |{]?E XEn\ U p]z) |p|F] _p.]nz}|
i=1
and then
X, \Uw (i)l = 1(X5,\ U i) \ 75 (0] <

(XEH\U pj,)\{peXEn\U "pi) | Pir,, = Pin Y <

i=1

< |Xg,\ U s, |XEn\ U Hpj)l <

<(1- %)(1 X | = (L €)X |

Hence (3.2) holds, and since |Yp, | < [Xg, \ UY Y(p;.)|, we have

11]

log|Vp,| _ N(n)log(1 — ) N log | X, |
|En]  — |yl |En|

(3.3)

Observe that N
U +RU E, \E (R+2r+M)) (34)

Indeed suppose that v € E, and v ¢ U~ F}% (Fy); being a (D, 2M, R)-

net, we have that v € F;'® for some k, that is v € 3D with 8 such that

BD*M ¢ E,. Hence dist(y, 3) < r+ R so that 8 € yD+E. If y € B, B2+

then 8 € D8 C B, "™ 5o that FM = 3D C E,, which is excluded.
From (3.4), we have

|Bnl < N(n)|[DFF| + B\ B (FH2r80)|

so that 9 |
N(n) RioreymEn
1< |DTE| + . ;
1Bl | Enl
. . . - 105 arsng Bl
taking the minimum limit and being lim,,_,~ — Bl = 0,
N
¢ = liminf 20 < g

and then from (3.3) it follows

ent(Y) < Clog(1 — &™) +ent(X) < ent(X). O
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Proposition 3.5.5 Let X be a strongly irreducible shift of finite type, let T :
X — AZ be a local function such that ent(7(X)) = ent(X). Then T is pre—
mjective.

PROOF  Suppose that X has memory M, that is X is M—irreducible and that
7 is M—local. Moreover suppose that 7 is not pre—injective; then there exist
c1,c2 € X and a disk D contained in I', such that ¢; # ¢o on D, ¢; = ¢o out of
D and 7(c1) = 7(c2). Set (Fj)jen = (B;D7?M)jen a (DM, 2M, R)-net and
denote by Y the subset of X defined by

Y = {C eX | (Cﬁj)|D+2M 7& C2|p+2M for every j € N},

that is the subset of X avoiding the pattern cg|p+2m on the disk D+2M and
on the translated disks F; = 8;D*?M. The set Y is a subset of X such that
Yr, C XF;; we prove that 7(Y) = 7(X). Indeed if ¢ € X\Y, there exists a
subset J C N such that for every j € J, we have (Cﬂj)|D+2M = cg|p+2m. Define
¢ € X in the following way:

-1
° e’ on F} for every j € J,

Y
Il

e ¢ = cout of the union {J; ; Fj.

That is, ¢ is obtained from c substituting all the occurences of co|p+2m with
01|D+2M.

By Proposition 1.3.3, we have ¢ € X and moreover ¢ € Y; we prove that
7(¢) = 7(c).

If v € ;D™ for some j € J, we have yDy; C Fj and then 7(c), =

—1 —1

(1% ), = T(C1)|ﬁj—1,y = T(Cg)mj—l,y =7(c2" )y = 7(0)y-

Suppose that v ¢ ﬁjDJrM for every j € J; then yDjys C C(ﬁjD) and hence
7(¢)}y = 7(¢)jy- Indeed ¢ and ¢ coincide on (U, , C(3;D): if j € J and v €

—1

8;MﬁjD = F;\B;D, we have ¢, = (clﬁi Iy = Cligr1y: Since ﬁj_l’y € 0D

ﬁ}l)

one has Cligrty = C2ipsty = (co Iy = Cly-

Then, by Lemma 3.5.4,
ent(7(X)) =ent(7(Y)) <ent(Y) <ent(X). O

Proposition 3.5.6 Let I' be an amenable group. Let X be a shift, let Y be
a strongly irreducible shift and let 7 : X — Y be a local function such that
ent(7(X)) = ent(Y). Then 7 is surjective.

PrROOF Let X and Y be as in the hypotheses and let 7 : X — Y be a local
function. We prove that if 7(X) C Y, then ent(7(X)) < ent(Y). Indeed if
T7(X) C Y, there exists a configuration ¢ € Y which does not belong to 7(X)
and then there exists a disk D such that ¢;p € Yp\(7(X))p. Let (F}))jen be
a (D,2M, R)-net; then (7(X))r, C Yr,; by Lemma 3.5.4, ent(7(X)) < ent(Y).
O
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Theorem 3.5.7 Let T' be an amenable group. Let X be a strongly irreducible
shift of finite type, let Y be a strongly irreducible shift and let 7 : X — Y be a
local function with ent(X) = ent(Y). Then 7 is pre—injective if and only if is
surjective.

Proor If 7 is pre-injective we have, by Proposition 3.5.2, that ent(7(X)) =
ent(X). Then ent(7(X)) = ent(Y) so that, by Proposition 3.5.6, 7 is surjective.

If, conversely, 7 is surjective then ent(7(X)) = ent(Y") that is ent(7(X)) =
ent(X). By Proposition 3.5.5, 7 is pre-injective. O

Corollary 3.5.8 (MM-property for strongly irreducible shifts of finite
type) If T is an amenable group, a strongly irreducible subshift of finite type of
AT has the MM-property.

We conclude this section proving that the property of bounded propagation
for a shift is strictly stronger than the union of strong irreducibility and finite
type condition.

Lemma 3.5.9 A shift X is of finite type with memory M if and only if each
configuration ¢ € AU such that ¢|D(a,M) € XD(a,M) Jor every a € T', belongs to
X.

PrROOF  Let X be a shift of finite type with memory M, let F a finite set of
forbidden blocks each one with support Dj; and let ¢ € AT be a configuration
such that ¢|p(a,n) € Xp(a,m) for every a € T'.

We prove that ¢ € X it is clear that for each «, ¢*p,, € Xp,, and hence
we have c®|p,, ¢ F, that is c € Xz = X.

For the converse, suppose that each configuration ¢ € A" such that C|D(a,M) €
XD(a,m) for every a € T', belongs to X. Define

F = {C\DM | CIDum ¢ XDM};

if c € X we have that for each o, ¢*|p,, € Xp,, = c*|p,, ¢ F and c € Xr. If
¢ € X we have for each « that 1Dy € XDy = Clapy € XabDy and ¢ € X.
O

Now we can prove the following statement.

Proposition 3.5.10 If X C AT is a shift of bounded propagation, then X is
strongly irreducible and of finite type.

PrOOF  Suppose that X has bounded propagation < M; if E, F C I" are such
that dist(E, F') > M and p; € Xg, p» € X are two patterns of X, consider
the pattern p with support £ U F given by the union of the functions p; and
pa2. Clearly p € Xgup because if « € E' U F and, for instance a € E, we have
(EUF)NaDy € E and hence p(pur)nap, € X(BuF)naD, - A configuration
in X extending p is such that ¢z = p; and ¢|p = p2. Hence X is M—irreducible.
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Now suppose that ¢ € A" is such that ¢|D(a,M) € XD(a,m) for every a € T'.
Then if n > M and o € D,, we have

DD (a,M) = (€| D(a, )| DD (a,M) € XD,AD(a, M)

X being of bounded propagation we have ¢|p, € Xp,. X being closed we have
ceX. O

IfI' = Z and X is an edge shift, then also the converse of this theorem holds.

Proposition 3.5.11 If X C A% is a is strongly irreducible edge shift, then it
s of bounded propagation.

PrROOF  Let G be a graph such that X = Xg; notice that if uwv,vw €
L(X), then wvw € L(X) for every word v € L(X) such that |v|] > 1. In-
deed if e1,...,en, f1,--+y fm, 91,-.-,91 € E(G) are edges of G such that u =
e1...en, V= f1...fm and w = g1 ...g;, we have:

. . e1 . e en . fi . f2 fm .

uv : 2] 12 > In+1 In+42 > In+m+1
. . fi . f2 fm . g1 . g2 g .

vw Intl = Jn+2 — T Indtm+l — 7 Intm+2 — 0 T Indmi+1.

Then it is clear that the word

. . €1 €n - f1 fm . g1 g .
uvw : == =24l = T ntm4l T 0 T 7 Intmti+l

belongs to L(X).

Suppose that X is M—irreducible; we prove that X has bounded propagation
< M.

Let I be the interval [1, L] and let p € AF a pattern such that for each
a € F we have pipap(a,m) € XFnp(a,m); then there exist ¢ > 0 and 0 <r < M
for which L = ¢M +r + 1. Set oy := M + 1, then F'N D(ay, M) = [1,2M + 1]
and hence pjj120r41] € X12041]- Set ap := 2M + 1, then F N D(a, M) =
[M+1,3M +1] and hence pj(ar41,3041) € X[pr41,3m+1]- By the above property,
we have that pjy spr41) € X[1,30m+1)- In this way we can prove that pj gar41) €
X1,gm+1]- Set ag :=gM 41, then F'ND(ay, M) = [(¢g—1)M +1, L] and hence
p=p,1 € Xn,0) = XF-

If F' is the union of two disjoint intervals Fy = [1, L1] and F» = [L1 + n, L]
at distance n < M, we already have from the above case that pjp, € Xp, and
P|r, € Xk, Set a:= Ly, then FND(a, M) = Fy U[Ly +n, L1 + M] and hence
PP U[L1+n,L1+M] € XPU[L1+4n,0,+M]- Then there exists a word u of length n—2
such that p;p, w p|i1,4n,0,4+m) € L(X) and the word p|p, € L(X). For the above
property we have pjg, v pjr, € L(X) and hence p € Xr.

Finally, if F' is the union of two disjoint intervals F} and F5 at distance > M,
we have that p € Xp for the M—irreducibility of X.

Because each finite subset F' of Z is a finite union of intervals, we have that
the property holds for every F. O
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Now we prove that in general strong irreducibility and finite type condition
do not imply the bounded propagation property. Consider the subshift X C
{0,1}% with set of forbidden blocks:

{010,111},

Clearly X is a strongly irreducible (in fact 2-irreducible) shift of finite type; if
M > 1 consider the following pattern p with F' := supp(p)

ofef [ [ef [ Jue]... Ju] [ Jt] ] Jt]o]
M copies of ..

In this case we have pjrap(a,m) € Xrap(a,m) but p ¢ Xp; hence X is not of
bounded propagation < M for each M > 1.

3.6 Semi—Strongly Irreducible Shifts

As we have seen, the MM-property holds for irreducible subshifts of finite type
of AZ. On the other hand we have that the MM-property holds, in general, for
strongly irreducible subshifts of finite type of A" (provided that I is amenable).
In this section we define another form of irreducibility: the semi—strong irre-
ducibility. For sofic shifts, this notion is equivalent to the general irreducibility in
the one—-dimensional case and, in all other cases, allows us to prove the Myhill-
property for the subshifts of finite type (if I' has non—exponential growth).

Definition 3.6.1 A shift X is called (M, k)—irreducible (where M, k are natural
numbers such that M > k) if for each pair of finite sets E,aD C T (the second
one is a ball centered at «) such that dist(F,aD) > M and for each pair of
patterns p; € Xg and py € X, p, there exists a configuration ¢ € X that satisfies
c¢=p; in E and ¢ = p2 in aeD, where € € I is such that ||e|| < k. The shift X
is called semi-strongly irreducible if it is (M, k)-irreducible for some M,k € N.

Hence the difference between this new property and the strong irreducibility
one, lies in the fact that the support of the second pattern must be a ball and
the configuration ¢ merging the two patterns moves this support “slightly”.
Notice that this move is a translation and hence it make sense to say that the
configuration c restricted to aeD coincides with ps € X,p. Moreover, under
the previous hypotheses, the translated disk aeD is still contained in (aD)*M;
indeed if D = D, and v € aeD,, then dist(y,a) < dist(y, ac) + dist(ae, a) <
r+ [le7!|| < r + k. In particular we have that E NaecD = 0.

In Definition 3.6.1 is in fact essential that, given a finite set F' C I'; it exists
a € I such that the translated set oF is still contained in F M. If the group is
not abelian, the set aF' could be quite far from F. On the other hand the set
Fa is a—near to F, but it is not, in general, obtained from F under translation.

62



Consider, for example, the free group Fa generated by the elements a and b. If
F = {a™,b"} with n > M, we have that does not exist an « # 1 such that

aF = {aa™,ab™} C F™™ = D(a™, M) U D(b"™, M).

Indeed, if the reduced form of « is @b or @b~! then dist(aa™, a™) = |la "aa™|| =
la—"ab*a"|| > n + 1 and dist(aa™, ") = ||b""aa™|| = ||b~"a@b*'a™|| > n, that
is aa™ ¢ F+M_ If, otherwise, the reduced form of « is @a™! then ab™ ¢ F+M.

To have a counterexample also in the amenable case, consider the infinite
dihedral group Cs * Ca with the presentation (a,b | a® = b? = 1); we have that
if M =1 there is no a # 1 such that a{a,b} C D(a,1) U D(b,1). Indeed if
a = (ab)™ with n > 0 then ca = (ab)™a = a(ba)™, hence

dist(aa, a) = ||aaal| = ||(ba)™]| = 2n > 1

and
dist(aa, b) = ||baa| = ||ba(ba)"|| = ||(ba)" || = 2(n + 1) > 1.

In both cases, we have that aa ¢ D(a,1) U D(b,1). If a = (ab)™a with n > 0
then ca = (ab)™, hence

dist(aa,a) = |la(ab)™|| = ||(ba)" 0| =2(n — 1) +1=2n—1

and
dist(aa, b) = [|b(ab)™|| = || (ba)"b|| = 2n + 1 > 1.

To have aa € D(a,1)UD(b, 1), it must be n = 1. Hence o = aba and ab = abab.
But, in this case, we have

dist(ab,a) = ||bab|| =3 and dist(ab,b) = ||babab|| = 5.

For the symmetry between a and b, we have an analogous result if & = (ba)™b
or a = (ba)™.

This is the reason why, to avoid this problem, we require that the second set
in Definition 3.6.1 is a ball centered at a. Then we consider the new center ae
(which is e-near to «). The ball ae D having the same radius as a.D, is obtained
by translation of it. As we have seen, if I" has non—exponential growth the sets
in the amenable sequence (E,,), are balls centered at 1. Hence if M is large
enough we have that eE,, C E;fM.

In the particular case I' = Z, it can be easily seen that a shift X C A% is
(M, k)-irreducible if for each n > M and for each pair of words u,v € L(X),
there exists a word w € L(X) with n—k < |w| < n+k, such that v w v € L(X).

In order to see that in the one-dimensional case irreducibility and semi—
strong irreducibility are equivalent, we state the well-known Pumping Lemma
as follows.
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Lemma 3.6.2 (Pumping Lemma) Let L be a regular language. There exists
M > 1 such that if wvwv € L and |w| > M, there exists a decomposition

w = 1Yz
with 0 < |y| < M so that for each n € N we have uzxy™zv € L.

Moreover, one can take as M the number of vertices of a graph accepting L.

Corollary 3.6.3 If X C A% is a sofic shift, then

X irreducible <= X semi-strongly irreducible.

Proor  If X is irreducible, we claim that X is (M, M)-irreducible, where M
is given by the Pumping Lemma.

If n > M and u,v € L(X), there exists w € L(X) such that vwv € L(X).
We distinguish two cases.

If lw| >n+ M, then w = x1y121 with 0 < |y1| < M and if wy := x121, then
vwiv € L(X) and |w|— M < |wi| < |w|—1. If jw1| < n+ M, moreover we have
|wi] > |w|—M >n>n—M. If |w1| > n+ M, we repeat the above construction
to obtain, for some i > 1, a string of elements wy, ..., w;, w;+1 such that for
each j=1,...,1+1

1. wwjv € L(X)

2. wj = x;y;2; with 0 < |y;| < M

3. wjy1 = T2

4. |lwj| >n+ M for each j =1,...,4
5. |wit1] <n+ M.

Then |w;y1| > |wi] = M >n >mn — M so that we can set w := w; 1.

In the second case, suppose that |w| < n — M; there exists wy; € L(X) such
that wwv wy vwv € L(X) and |wv wy uw| > |w|. In this way we obtain a
word w; € L(X) such that uw;v € L(X) and |w;] > n — M. If, moreover,
|wi| > n+ M, we can apply the former case. O

Now we prove a fundamental result that in the amenable case has been
proved in Proposition 3.5.2 of previous section. We refer to that proof for the
details.

Proposition 3.6.4 Let I' be a group of non—exponential growth. Let X be a

semi—strongly irreducible shift of finite type and let 7 : X — AT be a local and
pre—injective function. Then ent(7(X)) = ent(X).

64



PrROOF  Suppose that the memory of X is M, that X is (M, k)—irreducible
and that 7 is M—local. Set Y := 7(X) and fix an amenable sequence of disks
(Ep)n; as we have seen in the proof of Proposition 3.5.2 we have

1. 10g |YE+2M |
msup ———— <

ent(Y).

Let [ = I(k) be the number of &’s such that ||e|| < k and suppose that ent(Y) <
ent(X); then

e 8 YEr | dog | Xp,| (o log(Bpd)
A TN S VON msup o

so that there exists n € N such that

log |YE;1+2IVI | log(‘Xli‘)
| En| | En|
that is x
|YEI2M| < %

Fix v € X8+ME+M; since dist(05,, B, E,) = M +1 > M for each u € Xp,
2 n

there exists an € € Dy, and a pattern p € XE;{SIVI that coincides with u on €E),

and with v on 05, E;. Then

| XE, |

Hp € XE:L—SZ\{ |p‘8;.MEIM =0} > > |YE2—2M|.

Since Tpisn XE;—S»M — YE#M is surjective, there exist two patterns pi,ps €
X s such that py # ps but p1 = v = ps on O EfM and Tgion (p1) =
T o (p2). By Corollary 1.3.4, there exist two configurations ¢1,ce € X which

extend p; and py and which coincide outside £ . As we have seen in the proof
of Proposition 3.5.2, one has 7(c1) = 7(c2); hence 7 is not pre-injective. O

Observe that for semi—strongly irreducible shifts, Lemma 3.5.4 does not nec-
essarily hold. Indeed consider the subshift X = {01,170} C AZ%; this shift is of
finite type. Being accepted by the graph

OO

65



the shift X is (2,2)-irreducible. Now ({5j});ez is a ({0}, 4, 10)-net. If ¢ is the
configuration = 0 on the even numbers and = 1 on the odd ones, set YV := {c};
we have Y(5;1 C Y55 but ent(Y) = ent(X) = 0.

The following lemma is very similar to Lemma 3.5.4 but as one can see the
hypotheses are quite stronger.

Lemma 3.6.5 Let T be a group with non—exponential growth and let (E,)n
be a fized amenable sequence of disks. Let (Fj)jen = (D(B;,7))jen be a
(D,,2M, R)-net, let X be an (M, k)—irreducible shift and let Y be a subset of X
such that for each j € N, there exists a pattern p; € Xp; for which p; ¢ YD(gjs,T)
whenever € € Dy. Then ent(Y) < ent(X).

PrROOF  Let N(n) be the number of F}’s such that FjJrM C E,, and denote by
Fj,,..., Fj, these disks. Set { := | Xp+n| and denote by P;,, C Xg, the set of
the blocks p of X, such that PIDB,, er) = Pim for some ¢ € Dy; we prove that

<(1-¢HV|Xg,| (3.5)

N
|XEn\ U Pj,

i=1
by induction on m € {1,..., N}. We have

| XE,| < |XF,+M ||XEH\F,+M|
i1 i1

then
|XE'n.| < §|XEn\thM|'

Since X is (M, k)-irreducible and since dist(F},, En\FlerM ) > M, given a pat-
ternp € X, \FHM there exists a pattern p defined on all E,, that coincides with
™A

pon En\FjTM and with pj, on some D(f3; €,7); then
|XEn\thM| < Pl

Hence we have

£IX5, <P,
so that ) )
[ Xp, \Pj| < [Xp,| - E|XEn| =(1- E)|XEn|'
Suppose X
X\ Pl <1 =&)Y Xg, |;
i=1
since

m—1
i=1
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< | Xp+a|{p € X \ g+ [ PID(3, e,r) # Dji for each i =1,...,m—1 and each €}|
Jm A im %
and being | X +u| = &, we have

<

m—1
|XEn\ U pj,

=1

<&{pe XEH\F;?{ | PID(8; &) # p;, foreach i =1,...,m — 1 and each ¢|}.
Moreover, since X is (M, k)—irreducible,
Hp € XEn\thnM | PID(, &) 7 Pji for each i =1,...,m —1 and each e} <
< H{pe€ Xg, |p|D(Bjie7r) # p;, foreachi=1,...,m —1 and each ¢

and pip(s, &r) = Djm for some £}|.

Hence
1 m—1 m—1
E|XE"\ U P'i S |{pEXEn\ U P'i pID(B]‘mE)T):pjm for some 8}‘
=1 =1
and then

m m—1
X\ Pl = 1(Xe,\ U Pi) \ Pl <
=1 =1

c,r) = Dj,, for some e}| <

Jm

<1(xe\ U B\ e X\ U Bl oo

=1
m—1 1 m—1
<1xe\ U Bl - glXe\ U Pl <
i=1 i=1

<(- %)(1 X | = (1 - €)X

n|'

Hence (3.5) holds, and since |Yg,| < | XEg, \ Uﬁzl P;,.|, we have

log|Yp, | _ N(n)log(1 — ) n log | X, |

< (3.6)
|E,| |Enl | En|

As we have proved in Lemma 3.5.4,

N(n)

|Enl

¢ :=liminf > 0;

then taking the maximum limit in (3.6), it follows

ent(Y) < Clog(1 — &™) +ent(X) < ent(X). D

The following statement is an easy consequence of Lemma 3.6.5 and gener-
alizes the result given in Theorem 1.7.4.
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Corollary 3.6.6 Let T" be a group with non—exponential growth and let X be
a semi-strongly irreducible subshift of AU. If Y is a proper subshift of X then
ent(Y) < ent(X).

PrOOF  Let X be (M, k)-irreducible. If Y C X, there exists a configuration
¢ € X which does not belong to Y and then there exists a disk D, such that
¢p, € Xp, \Yp,. Let (Fj)jeN = (D(ﬂj,T))jeN be a (D,,2M, R)-net; then
cp, ¢ YDp(s,e,r) whenever € € Dy; by Lemma 3.6.5, ent(Y) <ent(X). O

Proposition 3.6.7 Let I" be a group with non—exponential growth. Let X be a
shift, let 'Y be a semi—strongly irreducible shift and let 7 : X — Y be a local
function such that ent(7(X)) = ent(Y'). Then 7 is surjective.

PrROOF Let X and Y be as in the previous hypotheses and let 7: X — Y be
a local function. Clearly 7(X) is a subshift of Y. By Corollary 3.6.6, we have
that if 7(X) C Y, then ent(7(X)) <ent(Y). O

Theorem 3.6.8 Let I' be a group of non—exponential growth, let X be a semi—
strongly irreducible shift of finite type and let Y be a semi—strongly irreducible
shift. If 7 : X — Y is alocal function and ent(X) = ent(Y'), then T pre—injective
implies T surjective.

PrROOF  If 7 is pre-injective we have, by Proposition 3.6.4, that ent(7(X)) =
ent(X). Then ent(7(X)) = ent(Y") so that, by Proposition 3.6.7, 7 is surjective.
O

Hence we may conclude stating this (partial) generalization of Corollary
3.5.8.

Corollary 3.6.9 (Myhill-property for semi—strongly irreducible shifts
of finite type) Let T be a group of non—exponential growth. Let X be a semi—
strongly irreducible subshift of finite type of AT and let T : X — X be a transition
function. Then T pre—injective implies T surjective.
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