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Summary. Derived from the concept of self-adaptation in evolution strategies, the CMA (Co-
variance Matrix Adaptation) adapts the covariance matrix of a multi-variate normal search
distribution. The CMA was originally designed to perform well with small populations. In
this review, the argument starts out with large population sizes, rel3ecting recent extensions of
the CMA algorithm. Commonalities and differences to continuous Estimation of Distribution
Algorithms are analyzed. The aspects of reliability of the estimation, overall step size control,
and independence from the coordinate system (invariance) become particularly important in
small populations sizes. Consequently, performing the adaptation task with small populations
is more intricate.

Nomenclature

Abbreviations

CMA Covariance Matrix Adaptation

EDA Estimation of Distribution Algorithm

EMNA Estimation of Multivariate Normal Algorithm
ES Evolution Strategy

(W {1,wy, )-ES, evolution strategy withi parents, with recombination of gii
parents, either Intermediate or Weighted, araffspring.

OP:R" R"™",x xxT, denotes the outer product of a vector with itself,
which is a matrix of rank one with eigenvectorand eigenvaluex 2.

RHS Right Hand Side.
Greek symbols

2, population size, sample size, number of offspring.
Tl parent number, number of selected search points in the population.
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Meov, parameter for weighting between rank-one and nanipdate, see?Q).

81 . . .
He = i“:l w? 7, the variance effective selection mass, s8e (

(9  R,,step size.
Latin symbols

B R", an orthogonal matrix. Columns & are eigenvectors of with unit
length and correspond to the diagonal element3 of

c(@ R"™ " covariance matrix at generatign
Gi , diagonal elements df .

Cc 1, learning rate for cumulation for the rank-one update of the covariance
matrix, see {7) and @3).

Ccov 1, learning rate for the covariance matrix update, se@, (21), (22), and
(34).

c < 1, learning rate for the cumulation for the step size control, 88eand @31).

D R", adiagonal matrix. The diagonal element$ofire square roots of eigen-
values ofC and correspond to the respective columnB of

dii , diagonal elements @ .

d 1, damping parameter for step size update, 8ég (28), and (32).

E Expectation value

f:R" R,x f(x), objective function (Ptness function) to be minimized.
fophere t R"  R,X  foprere(X)= x 2= [, x2.

g N, generation counter, iteration number.

I R"™", Identity matrix, unity matrix.

m(@ R" mean value of the search distribution at generagion

n N, search space dimension, $ee

N (O, I), multi-variate normal distribution with zero mean and unity covariance ma-
trix. A vector distributed according td (0, ) has independent0, 1)-normally
distributed components.

N(m,C) m+ N (0,C), multi-variate normal distribution with mean R"
and covariance matri R"*". The matrixC is symmetric and positive
debnite.

p R", evolution path, a sequence of successive (normalized) steps, the strategy
takes over a number of generations.

w;i, wherei =1, ..., 1, recombination weights, see als?).(
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x(  R" k-th offspring from generatiog + 1. We refer tox(9*1) | as search
point, or object parameters/variables, commonly used synonyms are candidate
solution, or design variables.

x 9V i-th best individual out ok &Y ... x (¥

1 Introduction

We assume a search scenario, where we want to minimize an objective function
f :R" R,x f (x).! The only accessible information dn are function
values of evaluated search points. Our performance measure is the number of func-
tion evaluations needed to reach a certain function value. Many continuous domain
evolutionary algorithms use a normal distribution to sample new search points. In
this chapter, we focus on algorithms with a multi-variate normal search distribution,
where the covariance matrix of the distributiismot restricted+o a priotie.g., not

a diagonal matrix. Estimation of Distribution Algorithms (EDASs) falling into this
class, include the Estimation of Multi-variate Normal Algorithm (EMNA), the Esti-
mation of Gaussian Network Algorithm (EGNA), 16], and the Iterated Density
Estimation Evolutionary Algorithm (IBA) [4]. Evolution Strategies (ESs) falling

into this class include §uu , )-ES with self-adaptation of correlated mutations
[19], and the ES with Covariance Matrix Adaptation (CMA)(]. Originally, the

CMA was interpreted aderandomized self-adaptatigfhZ]: in contrast to the orig-

inal self-adaptation, where changes of the distribution parameters obey their own
stochastics, in the CMA, changes of the distribution parameteidegeeministically
linked to the object parameter variations. In this chapter, we will review the CMA
from a different perspective revealing the close relationship to EDAs like the EMNA.

The Multi-variate Normal Distribution

Any normal distributionN (m, C), is uniquely determined by its mean R"
and its symmetric and positive dePnite covariance matrix R"*". Covariance
matrices have an appealing geometrical interpretation: they can be uniquely identi-
ped with the (hyper-)ellipsoilx ~R" |xTCS!x = 1}, as shown in Figl. The
ellipsoid is a surface of equal density of the distribution. The principal axes of the
ellipsoid correspond to the eigenvectorsfthe squared axes lengths correspond
to the eigenvalues. The eigendecomposition is denoted by B (D)2 BT, where
columns ofB are eigenvectors of with unit length 8 is orthogonal), and the
squared diagonal elements of the diagonal mariare the corresponding eigenval-
ues.

The normal distributiomN (m, C) can be written in different forms.

N(m,C) m+N(,C) m+BDB 'N(0,I1) m+BDN(0,I) (1)

1 In fact, the image needs not to Be. Any totally ordered set is sufbcient.
2 (., ) refers to the non-elitist selection scheme witparents, Intermediate recombi-
nation of allu parents, and offspring.
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N 0,D?
Fig. 1. Six ellipsoids, depicting one-lines of equal density of six different normal distrib-

utions, where R., D is a diagonal matrix, an@ is a positive depbnite full covariance
matrix. Thin lines depict exemplary objective function contour lines

where O O denotes equality in distribution aindenotes the identity matrix. B =

I, where R.,C = 2| and the ellipsoid is isotropic (Fid, left). If B = I,
the ellipsoid is axis parallel oriented (middle). In the coordinate system givéh, by
the distributionN (0, C) is uncorrelated.

Objective

The objective of covariance matrix adaptation is, loosely speaking, to bt the search
distribution to the contour lines of the objective functioto be minimized. In Figl

the solid-line distribution in the right bgure follows the objective function contour
most suitably, and it is easy to foresee that it will help to approach the optimum the
most. On convex-quadratic objective functions, setting the covariance matrix of the
search distribution to the inverse Hessian matrix is equivalent to rescaling the ellip-
soid function into a spherical one. We assume that the optimal covariance matrix
equals the inverse Hessian matrix, up to a constant fa€onsequently, the adapta-

tion mechanism should aim gpproximate the inverse Hessian mati®&hoosing a
covariance matrix or choosing a respective afbne linear transformation of the search
space is equivalentT.

Basic Equation

In the CMA evolution strategy, a population of new search points is generated by
sampling a multi-variate normal distribution. The basic equation for sampling the
search points, for generation numlger 0,1,2, ..., read$

2
@V N m@ @ c@ fork=1,..., 2

3 Even though there is good intuition and strong empirical evidence for this statement, a
rigorous proof is missing.
4 Framed equations belong to the bnal algorithm of a CMA evolution strategy.
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where

denotes the same distribution on the left and right side.

N(m@ ( @)2c@) m@+ @N(@©,CO) m@+ @BODOEIN/(0,I)
is the multi-variate normal search distribution.
x(kg+l) R", k-th offspring (search point) from generatigr 1.
m(@ R", mean value of the search distribution at generagion
(9 R, , OoverallO standard deviation, step size, at genegation
c(® R"™" covariance matrix at generatign

2, population size, sample size, number of offspring.

To debne the complete iteration step, the remaining question is, how to calculate
m(9*D) c(e*D) "and (9*1) for the next generatiog + 1. The next three sections
will answer these questions, respectively.

2 Selection and Recombination: Choosing the Mean

The new meam (9*1) of the search distribution is\aeighted average qf selected
pointsfrom the samplec{9™ | .. x(@*D .

u
m(g+1) - Wi Xi(:g+1) (3
i=1
H
wi =1, w; >0 fori=1,..., (4)
i=1
where
s} is the parent population size, i.e. the number of selected points.

wi=1.n R+, positive weight coefbcients for recombination, whete w»
: wy > 0. Settingw; = 1/u, (3) calculates the mean value pfselected
points.

x (91 i-th best individual out ok 'Y , ..., x*? from (2). Theindexi : de-

‘notes the index of thé-th ranked individual and (x(*7)  f (x{9*2)
f (x(gfl) ), wheref is the objective function to be minimized.
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Equation 8) implementsecombinatiorby taking a weighted sum ¢f individ-
uals,and selectiorby choosingt < and/or assigning different weightg .
The measure <

He = . Wi2 ()

can be paraphrasedeariance effective selection magsom the debnition of; we
derivel e M, andpye = p for equal recombination weights, iw; = 1/u
foralli =1 ...u. Usually,ue / 4indicates a reasonable settingmgt A typical
settingwould bev; uSi+1,andu [/ 2

3 Adapting the Covariance Matrix

In this section, the update of the covariance ma€ixis derived. We will start out es-
timating the covariance matrix from a single population of one generation (S&ct.

For small populations this estimation is unreliable and an adaptation procedure has
to be invented (SecB.2). The adaptation procedure takes into account more than one
generation and can be further enhanced by exploiting dependencies between succes-
sive steps (SecR.3).

3.1 Estimating the Covariance Matrix

For the moment we assume that the population contains enough information to reli-
ably estimate a covariance matrix from the populafiéiar the sake of convenience
we assume (9 = 1 in this section. For (9 = 1 the discussion holds except for a
constant factor.

Referring to @), we can (re-)estimate the original covariance ma@f® from

the sample populatiox, %" ... x@Y by
T
1 « 1 <« 1
(9+1) — (g+1) (9+1) (9+1) (9+1)
Cemp’ = =71 X; S—- X X; S—- X
i=1 j=1 i=1

(6)
The empirical covariance matrtx(egr'ﬁ',}) is an unbiased estimator 6f9): assuming
thexi(9+l) 4 =1... ,toberandom variables (rather than a realized sample), we
have thaE C%y? C©@ = C(9 Consider now a slightly different approach to

get an estimator fo€ (9.

® To re-estimate the covariance matri®, from a N (0,1) distributed sample such that
cond(C) < 10 a sample size 4n is needed. The condition number of the ma-
trix C is debned via the Euclidean noreond(C) € c x ¢St , where C =
sup, -; Cx . Forthe covariance matri€ holdscond(C) = max 1, where max

and min are the largest and smallest eigenvalu€of
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cwod =1 e g @ 40D o T 7
i=1
The matrixC‘9*? is an unbiased maximum likelihood estimator®f®. The re-
markable difference betweefl)(and (7) is the reference mean value. Rbfg?ﬁpl) it
is the mean of thactually realizedsample. Foc @Y itis the true mean value of
the distributionm(9) (see @)). Therefore, the estimatofsé?{,}) andC9*? can be
interpreted differently: WhiIeCé%Tpl) estimates the distribution varianeéthin the

sampled pointsC®™") estimates variances of samplstps x(9*" § m(©@ . For
the CMA the second approach is chosen.
Equation {) re-estimatethe originalcovariance matrix. To OestimateO a ObetterO
covariance matrix®) is modibed and the samegighted selectiomechanism as in
(3) is used §].

H T
cE® = w xTV Em@ xITD §m© @)
i=1

The matrixC ff”l) is an estimator for the distribution s€lected stepfust asc (oD
is an estimator of the original distribution of steps before selection. Sampling from
Cﬁgﬂ) tends to reproduce selected, @wccessfukteps, giving a justibcation for
what a ObetterO covariance matrix means.

We compare®) with the EMNAy00ar @pproach 15, 16], where

u

(g+1) _ 1 (0+1) & 1 (g+1) & 1y T
CEmna global H Xj. S m(e*D X 8 m(etD , 9)
i=1
andm@) = L 1 (9" The subtle difference is, again, the choice of the

reference mean vallfeEquation 8) estimates selected steps while #) the vari-
ance within the selected population is estimated. Equa@ipalvays reveals larger
variances thand), because the reference mean valueding the minimizer for the
variances. Moreover, in most conceivable selection situati®decreases the vari-
ances.
Figure2 demonstrates the estimation resultseotinear objective function for

= 150, p = 50, andw; = 1/u. While (8) increases the expected variance in
direction of the gradient (where the selection takes place, here the diagonal), given
ordinary settings for parent numbgrand recombination weights,, ..., wn, (9)
decreases this variance! Therefor@), i6 highly susceptible to premature conver-
gence, in particular with small parent populations, where the population cannot be
expected to bracket the optimum at any time. However, for large valyesdarge
populations with large initial variances, the impact of the different reference mean
value can be marginal.

® Taking a weighted sum, K. wi...,instead of the meari; K, ..., is an appealing,
but less important, difference.
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(b)

sampling estimation new distribution

Fig. 2. Estimation of the covariance matrix Gfnear (X) = S i2:1 X; to be minimized.

Contour lines dotted indicate that the strategy should move toward the upper right corner.
(a) Estimation ofC{#*" according to ), wherew; = 1/ ; (b) estimation ofC (4,%) b
according to 9). Left sample of = 150 N (0, 1) distributed pointsMiddle: thep = 50
selected pointsdpty determining the entries for the estimation equatsali¢l straight lineg,

and the estimated covariance matrétlipsoid). Right search distribution of the next gen-
eration. Givernw; = 1/u, (a) increaseshe expected variance in gradient direction for all
pn< / 2, while (b) decreaseshis variance for any <

To ensure:flg”) is areliable estimator implementing?j, (3), and @), the vari-
ance effective selection mags (cf. (5)) must be large enough: to get condition
numbers smaller than ten f@ﬁg) on fsphere (X) = ir‘:l x2, to our experience,
Me 10n is needed. The next step is to circumvent this restrictiopon

3.2 Rank4u-Update

To achievdastsearch (opposite to morebustor moreglobal search), e.g. competi-

tive performance ofspnere , the population size must be small. Becauge ! 4

alsope must be small and we may assume, gig., 1 +In n. Then, itis not
possible to get eeliable estimator for a good covariance matrix frof) @lone. As a
remedy, information from previous generations is added. For example, after a sufp-
cient number of generations, the mean of the estimated covariance matrices from all
generations,

I SR e

—NZ>h
g+1 =0 (i)

cled = (10)
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becomes a reliable estimator for the selected steps. To m&?efrom different
generations comparable, the differert) are incorporated. (Assuming® = 1,
(10) resembles the covariance matrix from EMNAG].)

In (10), all generation steps have the same weight. To assign recent generations
a higher weight, exponential smoothing is introduced. ChooSiff = | to be the
unity matrix and a learning ra@< c¢oy 1, thenC(9*D) reads

. 1
clo+d) = as Ccov)c(g) + Coov ( )2C£g+1)
9

" x(9"D & m(

=(1 S Ccov)C(g) + Ceov w; OP lT (11)
i=1

where

Ceov 1 learning rate for updating the covariance matrix. EQy = 1, no prior
information is retained ang€ (9*1) = ﬁcﬂgﬂ) . Forceey = 0, no learning
takes place an@(9*) = C©

OP:R" R"" x xxT,denotes the outer product of a vector with itself.

This covariance matrix update is called ramupdate §], because the sum of outer
products in {1) is of rankmin(, n) (with probability one). Note that this sum can
even consist of a single term,jif=1.

The factorl/c oo, can be interpreted as thackward time horizorBecause1)
expands to the weighted sum

g & v .
COM = (18 o)™ CO + oy (18 )™ 1, CIP (12
I
i=0
the backward time horizon, g, where abou63% of the overall weight is summed
up, is debned by

9

Ceov (1S cew)®®' 063 1S é . (13)
i=g+1S8 g
Resolving the sum yields
(18ca) © ¢, (14)
and resolving for g, using the Taylor approximation fdém, yields
1
9 G (15)

That is, approximatel®7%of the information inC (9*1) is older thanl/c .o, gener-
ations, and, according td4), the original weight is reduced by a factor®@87 after
approximatelyl/c .oy generations.
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The choice ok is crucial. Small values lead to slow learning, too large values
lead to a failure, because the covariance matrix degenerates. Fortunately, a good
setting seems to be largely independent of the function to be optimi&eetst order
approximation for a good choiceds,, Ue /n 2. Therefore, the characteristic time
horizon for (L1) is roughlyn?/u ¢ .

Even for the learning rate,,, = 1, adapting the covariance matrix cannot be
accomplished within one generation. The effect of the original sample distribution
does not vanish until a sufbcient number of generations. Assuming bxed search costs
(number of function evaluations), a small population sizallows a larger number
of generations and therefore usually leads to a faster adaptation of the covariance
matrix.

3.3 Cumulation: Utilizing the Evolution Path

We have used the selected steps?™ & m(@)/ (9 to update the covariance
matrix in (11). BecauséOP(x) = xxT = OP( Sx), the sign of the steps ifL1)

is irrelevantD that is, the sign information is not used for calcula@i§*? . To
exploit this information, the so-calleslolution paths introduced {0, 17].

We call a sequence of successive steps, the strategy takes over a number of gener-
ations, an evolution path. An evolution path can be expressed by a sum of consecutive
steps. This summation is referred to as cumulation. To construct an evolution path,
the step size is disregarded. For example, an evolution path of three steps can be
constructed by the sum

m(g+1) é m(g) m(g) g rn(gg 1) m(gS 1) é m(géZ)
© * @n @52)

(16)

Again, we use exponential smoothing as iri)( to construct the evolution path,
pc R",starting withp® = 0.

. . mfetD é m(9)
PO =L Sc)pl? + @S cle ——5—— (17

where

pf;g)

c. 1. Again,l/c. isthe backward time horizon of the evolution ppth(compare
(15)). A time horizon between n andn is reasonable.

R", evolution path at generatian

The factor c.(2S c;)le IS @ normalization constant fqr(cg). Forc. = 1 and

Le = 1,the factor reduces to one, apf*® = (x{%*" § m@)/ (@, The factor
is chosen, such that

" We use the sphere modiegnere (X) = ;X7 to empirically Pnd a good setting for the
parametec.o, , dependent on andple . The setting found was applicable to any non-noisy
objective function we had tried so far.
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p™Y N (0,C) (18)
x(T & m@

(9)
To derive (L8) from (19) and (L7) remark that

© N (0,C) foralli=1,...,u . (19)

u
15c)?+ c@3c) =1 and  wN;(0,C) %N(O,C) . (20)
i=1 €

The (rank-one) update of the covariance mat@i¥® via the evolution path
pY reads [0
COD = (1 & ooy )C@ + ooy p®D pED T . 1)

An empirically validated choice for the learning rate Ri) is Ceoy 2/n 2. For
¢ =1 andu =1, (21) and (L1) are identical.

Using the evolution path for the update ©f is a signibcant improvement of
(11 for small e , because correlations between consecutive steps are exploited.
The leading signs of steps, and the dependencies between consecutive steps, play a
signibcant role in the resulting evolution pqi[s?”’ . Forc.  3/n the number of
function evaluations needed to adapt a nearly optimal covariance matrix on cigar-like
objective functions becomé&3(n).

As a last step, we combinél) and @1).

3.4 Combining Rank{1-Update and Cumulation

The bnal CMA update of the covariance matrix combiri€§ &nd 1), wherepgoy
determines their relative weighting.

cle*) = (1 § c@ 4 S e+ e Ty 18

( Coov ) Mcov g < $% L& Coov Mcov
rank-one update
H (9+1) & 1 (9) (9+1) & n(9)
X T Sm X277 Sm
oW @ © (22
it $% &
rank{1 update

where
Heov 1. Choosingucoy = He IS Most appropriate.

Ccov  MiN(Heov, He ,N?)/N 2.
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Equation R22) reduces to 11) for peoy and to @1) for peoy = 1. The
equation combines the advantagesldf @nd 1). On the one hand, the information
within the population of one generation is used efpciently by the pankdate.

On the other hand, information of correlations between generations is exploited by
using the evolution path for the rank-one update. The former is important in large
populations, the latter is particularly important in small populations.

4 Step Size Control

We know two reasons to introduce a step size control in addition to the adaptation
rule of (22) for C(9),

1. The optimal overall step length cannot be well approximate@By in particu-
lar if pe is chosen larger than one. For examplef gffere (X) = inzl x2, the
optimal step size equals approximately fspnere (X)/n, givenC(® | and
Me = M n[2, 17]. This dependency op cannot be realized byl(), and is
also not well approximated by®).

2. The largest reliable learning rate for the covariance matrix upda&2)ng too
slow to achieve competitive change rates for the overall step length. To achieve
optimal performance ofyprere With an evolution strategy, the overall step length
must decrease by a factor of approximaeip(0.202)  1.22within n function
evaluations, as can be derived from progress formuiap.[229]. That is, the
time horizon for the step length change must be proportional tw shorter.
From the learning rate., in (22) it follows that the adaptation is too slow to
perform competitively orf sphere Wheneverpe n. This can be validated
by simulations even for moderate dimensions, say, 10 and smally, , say,

Me 1+Inn.

To control the step size(® we utilize an evolution path, i.e. a sum of successive
steps (see pag®l). The method is denotexlimulative path length controtumula-
tive step size control, @umulative step size adaptatiofhe length of an evolution
path is exploited, based on the following reasoning.

€ If the evolution path is long, the single steps are pointing to similar directions.
Loosely speaking, they are correlated. Because the steps are similar, the same
distance can be covered by fewer but longer steps in the same directions  con-
sequently the step size should be increased.

€ If the evolution path is short, single steps cancel each other out. Loosely speak-
ing, they are anti-correlated. If steps annihilate each other, the step size should
be decreased.

€ Inthe desired situation, the steps are approximately perpendicular in expectation
and therefore uncorrelated.
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To debne OlongO and OshortO, we compare the length of the evolution path with its
expected length under random selectiddnder random selection consecutive steps
are independent and therefore uncorrelated. If selection biases the evolution path to
be longer then expected,will be increased, and, vice versa. If selection biases the
evolution path to be shorter than expectedvill be decreased. In the ideal situation,
selection does not bias the length of the evolution path at all.

Because, in general, the expected length of the evolutionpigfﬁ) from (17)
depends on its direction (compafis)), a conjugate evolution path is constructed:

)g% m(g"'l) é m(g)

p(g+1) - (1 é c )p(g) + c (2 S c )ue C(g @

23

where

p(g) R" is the conjugate evolution path at generatipn

¢ < 1. Again,1l/c is the backward time horizon of the evolution path (compare
(15)). For smallye , a time horizon betweenn andn is reasonable.

¢ (2S c )Ue Iis anormalization constant, seEj.

)élB(g)T, whereC(® = B(® D@ *B(©® js an eigende-
composition ofC(9, whereB (9) is an orthonormal basis of eigenvectors, and
the diagonal elements of the diagonal mali¥®) are square roots of the corre-
sponding positive eigenvalues.

c@357 % gpo

S 1
ForC(9 = 1, (23) replicates (7), because(@°? = | then. The transformation

1 v,
C@°? re-scales the stem(9*) S m(9 within the coordinate system given by
5 5
B (9, The single factors of the transformati@{®°?= B@D@°'B©@T can be
read as follows (from right to left):

B rotates the space such that the columrB &%, i.e. the principle axes of the
distributionN (0, C(9)), rotate into the coordinate axes. Elements of the resulting
vector relate to projections onto the corresponding eigenvectors.

s . . .

D@°* applies a (re-)scaling such that all axes become equally sized.

B (9 rotates the result back into the original coordinate system. This last transfor-
mation ensures that directions of consecutive steps are comparable.

1

Consequently, the transformati@{®° ? makes the expected length pﬁ‘gﬂ)

independent of its direction, and for any sequence of realized covariance matri-

cesCég:)ovllzw we have under random selectip®*? N (0,1), givenp©

N (0, 1) [6].
To update (@, we Ocompare® @ with its expected lengtEN (0,1) ,
that is

8 Random selection means that the index (compare 8)) is independent of the value of
x99 foralli=1,..., egi: =i
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(9+1)

@) —n (@4 & P S
In In d EN(OD s1 (24)
where
d 1, damping parameter, scales the change magnitudie d®). The factor
c /d is based on in-depth investigations of the algorittiin [
EN (0,1) = 2( ”;1 )Y (%) n+ O(1/n), expectation of the Euclidean
norm of aN (0, |) distributed random vector.
For pl@® = EN (0,1) the second summand i&4) is zero, and (@ is un-

changed, while (@ is increased forp®*? > EN (0,1) ,and @ is decreased
for p(g|+l) < EN (0,l) . The step size change is unbiased on the log scale, be-
causeE In (@) (@ =in @ forp®Y N (0,1). The role of unbiasedness
is discussed in Sedb. .

We show that successive steps taken rhy® are approximatelyC(®°*-

conjugate. Equations28) and @4) adapt such that the length ob(g+1)

equals approximatel N (0,1) . Starting from(EN (0,1) )2 pe™
ple*d T p{?Y = RHST RHS of (23) and assuming that the expected squared length
of (@3 %(m (6*1) S m(9)) is unchanged by selection we get
0@ @37 (M@ §m@)y o (25)
and T
c@ip® cO M §m@ g (26)

& T
Givenlce,  1and @5 we assume tha%®? c(@®
and derive

1
2

(m@) Sm(@) 0

Mm@ & Mm@y " c@3t @) §m©@ @7)

That is, consecutive steps taken by the distribution mean become approximately
C(@°*.conjugate.
Because (9 > 0, (24) is equivalent to

(9+1)

(0+) = (9 exp % EI\[I)(OI) S1 (28

The length of the evolution path is an intuitive and empirically well validated good-
ness measure for the overall step length. ffror > 1 it is the best measure to our
knowledge. Nevertheless, it fails to adapt nearly optimal step sizes on very noisy
objective functions].
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5 Simulations
The complete algorithm of the CMA evolution strategy is summarized in Appen-

dix A, where all (default) parameter settings are given. We show single simulation
runs of the CMA-ES on the test functions from Tatilewheren = 8.° All func-

Table 1. Convex-quadratic test functiong.= Ox, whereO is an orthogonal matrix

Function cond(H) fswop Initial interval
fSphere (X) = % F:l Xi2 ) 1 10§9 [01, 03]n
iS1 =
fai (x)= 1 7, 10°7S1y? 10° 10°°  [0.1,0.3]"
fogap (X)= 2 y5+10% [5'y? +10%2 10 10°° [5, 25]"
fwoax (X)= L M2 y?+10° L, ¥ 10°  10°°  [5,25]

tions are convex-quadratic and can be written in the fo(m) = %XT Hx , where

H is the positive debnite Hessian matrix. For each function we rusxenparallel
version and aandomly orientedsersion. In the axis parallel version the Hessian is
diagonal, because we chod3e= | (see Tabl€l). For the randomly oriented version
each column o is uniformly distributed on the unit hypersphere’], bxed for
each run. The matri©® debnes the coordinate system where the Hessian is diago-
nal. Onf spnere, instead ofO, we setB ©) to an arbitrary orthogonal matrix in the
Orandomly oriented() version. Furthermore, the diagonal eleménf3 afre set to

di = 10533151 andC© = BODODPOBO T Thatis, the condition number
of CO equals tal®® andC has to become spherical (condition number one) during
the adaptation (see Fig). Further settings and initial values for the CMA-ES are
according to Fig7 and Table? in AppendixA.

By tracking eigenvalues and variances of the covariance matrix we can pursue,
whether the objective of the covariance matrix adaptation is achieved, to approxi-
mate the inverse Hessian matrix of the objective function up to a constant factor.
Eigenvalues of the Hessian correspond to the coefbcients in Tdblg. . ., 1} for
f sphere » {106% li =1,...,n} for fey, {1,10% 10%} for f cigan , and{ 1, 10°} for
ftwoalx )

The runs are shown in Fi§B6. The bottom bgures show the square root of the
eigenvalues of the covariance matrix, that is the lengths of the principal axes of the
distribution ellipsoid, corresponding to diagonal elemedfs, of D. After about
350Q 350Q 400Q and5000function evaluations, respectively, the adaptation has
taken place and the axes lengthsref3ect the square root of the inverse eigenvalues
of the Hessian, properly. Notice the striking connection between the matching of the
lengths of the axes and the slope of the function value graph. Apart from effects of

® For exhaustive investigations of the CMA-ES on larger test function set§ see[ 11, 17]
and for scale-up investigation up o= 320 see [L7].
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Fig. 3. Two runs onf spnere , Where the initial covariance matrixC© , is not spher-
ical Above function value thick line), (lower graph), cond(C) (upper graph).
Middle:  diag (C), index annotatedBelow square root of the eigenvalues ©f i.e.

diag (D) =[di1,...,dnn ], versus number of function evaluations

differentx© and different random seeds, the upper and lower Pgures are equivalent
for the axis paralleld) and the randomly oriented versiom) (

On axis parallel functions, the principal axes of the search distribution should
become axis parallel after the adaptation has taken place. The middle bgures show
the square root of the diagonal elements of the covariance matfrix, The elements

Cji align to the principal axes lengtldy in the left Pgures. That means, the search
ellipsoid becomes axis parallel oriented (apart from subspaces of equal eigenvalues,
where the Pnal orientation is irrelevant). The bnal ordering of thg refRects the
ordering of the coefbcients in the objective function. In contrast, the ordering of the
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