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Abstract. We associate a statistical vector to a trace and a geometndzedding to a Markov Decision Process,
based on a distance on words, and study basic MembershippivbEence problems. The Membership problem for a
tracew and a Markov Decision ProceSsdecides if there exists a strategy8nwvhich generates with high probability
traces close tav. We prove that Membership of a tracetestableand Equivalence of MDPs is polynomial time
approximable. For Probabilistic Automata, Membershipastastable, and approximate Equivalence is undecidable.
We give a class of properties, based on results concernengtthcture of the tait-field of a finite Markov chain,
which characterizes equivalent Markov Decision Proceississ context.

Keywords: Markov Decision Processes, Probabilistic Automata, SAateon frequency, Taib-Field, Property
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1. Introduction

We consider probabilistic systems with both non deterrtimand probabilistic transitions, as Markov Decision
Processes, and basic questions concerning their tracessBtatistical membershifor a given system angquiv-
alenceof two systems which are known to be hard in this contExEB, We study their approximation, based on
Property testing, with a natural distandist on words, and show th&tatistical membershipecomegestableand
Equivalencepolynomial time computable in the size of the system, butaierhard forProbabilistic Automata

Property testingmzl:h] is a classical method to approsendzcision problems, given a distance between two
inputs. Ane-testerfor a propertyP on words, is a randomized algorithshwhich takes a worab,, of sizen as input,
and distinguishes with high probability betweep satisfiesP andw,, e-far from P. A propertyP is testablef there
exists a randomized algorithm such that for every 0, A(e) is ane-tester forP whose time complexity only depends
ong, i.e. is independent of the size

Let S be an MDP (Markov Decision Process) of size A < 1 a threshold value and < ¢ < 1. Given an
inputw,, of sizen, the Statistical membershigecides if there exists a strategy which assigns decisions on each
non deterministic state, such th8tob,, [dist(r,,w,) < €] > A, i.e. the probability to observe a traeg which is
e-close tow,, is greater than\. If S is part of the input, we prove that an exact version of a proldkse to statistical
membership problem is PSPACE-hard. Given a fisedhe problem is testable, i.e. can be approximated in time
independent of the length of the word We present a method which generalizes the approach irgdealdin EZ]
for non deterministic systems and considers the statidiglaavior of a system. It associates a statistical vector



wy, and a convex sek((S) of vectors toS in such a way that the geometrical distance betweand?(S) is close
to the distance betwean, and the set of traces &f. We define a distance between two MDPsand S, as the
geometrical distance betweéh(S;) and H(S2) and show how to approximate it in polynomial time. A motigati
for this statistical analysis is to decide if there are ruiith wome statistic constraints, such as the proportiontidmc
a greater than ten percent in the run.

In [@], Tzeng studied the equivalence between two prolsticihutomata and proved that the exact equivalence is
in PTIME. This result was extended |n__[11], where the autlstugly labeled Markov chains in a context close to ours.
Tzeng defined thapproximate equivalende a natural way: two probabilistic automata arelose if for all wordsw,
the probabilities to be accepted arelose. The undecidability of this problem is provedin [1F this context, given
a wordw,,, themembershigimply decides ifProb 4 [w,, is accepted] > A. We show that this property is not testable.

There are many other approaches which associate distanpestiabilistic systems. IﬂIZEhO], distances gener-
alize the classical probabilistic bisimulation between states and irmEIZG] thegeneralizes the Trace Equivalence
between two Markov chains. The distance we introduce djatshes systems which have a different long term be-
havior, and is most relevant for systems which are not suggpbts stop. Our main results are: a generalization of
Derman’s theorem to higher order statist{@heorem 1). The Statistical membershipn MDPs is testabl€Theo-
rem 2), whereas it is not testab{@heorem 3)for Probabilistic Automata. Approximate Equivalence idypomial
time computable for MDP&Proposition 4) whereas it is undecidable for Probabilistic Automai#timate properties
characterize the MDPs and the Markov chains at distar({@aeorem 5,6,7).

In section 2, we review the main definitions for Testers, MRd State-Action Frequencies, Probabilistic Au-
tomata. In section 3, we generalize known results on MDPsstatistics to higher order statistics. In section 4 we
define theStatistical membershipnd Equivalenceproblems, and prove positive results for MDPs. In sectione5 w
prove negative results for Probabilistic Automata. In iec6 we present a class of properties (ultimate properties)
which characterizes exactly the equivalence and simulaétations between MDPs induced by the distance.

2. Preliminaries

2.1. Testers and Statistics on words

An elementary operatioan a wordw,, of sizen on an alphabet is an insertion, a deletion, a substitution of a sin-
gle letter, or thenoveof a whole subword ofv to another position. Thedit distance with movesist(w, w’') between
w andw’ is the minimal number of elementary operations performedda obtainw’, divided bymax{|w|, |w'|}
as we only consider relative distances. The distance betwesnd a languagé, noteddist(w, L) is the minimum
distancedist(w, w’) for w’ € L.

Definition 1 (Property Testel [24, 13])Lete > 0. Anc-testerfor a languagel is a randomized algorithrat such
that, for all wordsw,, as input:

(1) If w,, € L, then.A accepts with probability at leagt/3,

(2) If w, is e-far from L, then.A rejects with probability at leas2/3.

Applying a polynomial number of times the algorith#h on the same input, and using a majority vote, the
2/3 bound could be replaced by any real numpesr 1/2. A queryasks for the value ob[i] for somei. Thequery
complexityis the number of queries made to the word, andithe complexitys the usual definition, where we assume
that arithmetic operations, a uniformly random choice oiird@ger from any finite range not larger than the input size,
and a query to the input, take constant time. A languaggetestable if there exists a randomized algorithihsuch
that, for every reat > 0 as input,4(e) is ane-tester ofL, and the query and time complexities.4fdepend only on
E.

The ustaty, (w,,) vector ofw,,, of dimension/X|*, also called thé:-gram ofw,, is a vector whose component,
ustaty (wy, )[u] for v a word of sizek, is the number of different occurrenceswofn w,, divided byn — k + 1, the
number of blocks of siz& in w,,. Itis also the probability to find in a uniform random block. For instance, foe= 2
andX = {0, 1} there arel possible words of lengthk, which we take in lexicographic order. Fog = 101101 € ¥*
we getustats(wg) = (0,2/5,2/5,1/5). We will use the result of [12], which relateist to the L; distance between
ustat vectors:

Proposition 1. For large enough wordsy, w” € ¥* andk € N, ife ="1/k7andd > 0, then:



o if dist(w,w’) < 6, then|[ustaty(w) — ustaty,(w')||; < 7-V6

o if ||ustaty(w) — ustaty(w')||1 <6, thendist(w,w’) < 7-4

2.2. Markov Decision Processes and Probabilistic Automata

2.2.1. Definitions

All the MDPs and automata are on a finite alphabetf S is finite set, we writeA(S) for the set of distributions
ons.

Definition 2. A Markov Decision Process (MDP) is a tripfe = (.5, 2, P) whereS is a finite set of state§; is a set
of actionsandP : S x ¥ x S — [0;1] is the transition relation. The valuB(s, a,t), also writtenP(t|s, a), is the
probability to arrive int in one step when the current statesiand actiona € ¥ is chosen for the transition.

Our MDPs do not have rewards, as we only study propertiesaif ttaces. If actior is not allowed from state
s, P(t|s,a) = 0 forall ¢t € S. The initial state of the system is chosen randomly accgrthren initial probability
distributiona on its state space. Aistory, orrun, onS is a finite or infinite alternating sequence of states anaasti
which begins with a state and ends with a state when finite. Vite ®* for the set of finite runs{2 for the set of
infinite runs onS. If n € N andr € Q we writer,, for the sequence of the firgt— 1 state action couples inand the
n-th state in~. Thetrace Tr(r) of a runr is the sequence of actions.ife N, X,, andY,, are the random variables on
Q which associate to a runits n-th state and ita-th action. ApolicyonS, seel[_?iH]S], is a functiom : Q* — A(X).

A policy resolves the non determinism of the system by chrapai distribution on the set of available actions from
the last state of the given history. We writeR for the set of History dependent and Randomized policiesolicy

is deterministiowhen for all historyh = (s1, a1, ...,,a,-1, ;) onS, o(h) € . We write H D for the set of History
dependent Deterministic policies.

If & € N, a policyo is said to havenemoryk if for any historyh = (s1,a4,...,,a;—1, s;) of length at least
k we haveo((s1,a1,...,,ai-1,8i)) = 0((Si—k, @ik, .., ai—1,5;)). We write M R(k) for the set of Randomized
policies with Memory less thah. A policy is stationary or memorylessif it has memoryo, i.e. for any history
h=(s1,a1,...,,ai—1,s;) we haves (h) = o(s;). We write SR for the set of Stationary Randomized policies, and we
write S D for the set of Stationary Deterministic policies.

A policy o and an initial distributionv induce a probability distributiof?”“ on theos-field F of Q2 generated by
the cones’, = {r € Q| |, = p}, forp € QO (see |-30])). If the initial distribution: is concentrated on a state, that
is if there exists; € S such thatv(s) = 1, we may writeP”>® instead ofP?“.

LetS be an MDP and be a state of. The setLeave(s) C Q is the set of runs which do not crossfter a finite
number of steps. That is,

Leave(s) ={re Q| 3k e Ns.t.VI > k X,(r) # s}

Given a policys on S, the states is said to beransientundero if P7*[Leave(s)] = 1. Thatis,s is transient folr
if with probability one the system visits only a finite number of times, when the system is initiated end when
policy o is used.

As for Markov chains, the communication properties betwienstates of an MDP are important. An MDP is
weakly communicatingee[22], if the set of states can be partitioned into a sstatés that are accessible from each
other (i.e., for any two statesands’ in that set, there exists a policy under which there is a pesirobability to
reachs’ from s), and a set of states which are transient uradlgpolicies.

For a general MDP, there is a decomposition (Ebe [6] and stibeEB.ZP) into maximal disjoint end components
(MECs) Sy, ..., S; of the state space such that= Sy U Sy U ... U S;, whereS) is the set of states which are transient
for any policy onS (see sectioi3.2.2).

If T C S, Reach(T) is the event{r € Q|3k € N s.t. X;(r) € T}, which is a measurable eveht [5] 30]. The
maximal reachability problenﬂ[ﬂ 7] asks, given a’$etC S of destination statesand an initial distributiorx on S,
for:

MazxReachs(o, T) = Sup,c pps)P? (Reach(T))

The following proposition is proved inl[7].



Proposition 2 ([ﬁ]). The valueM axReachs(«, T') can be computed in polynomial time. Moreover, thag limit is
reached using an optimal polieywhich is deterministic, and we can compute polynomial time as well.

A probabilistic automaton (PA)[E], is an MDP with an extra set of final statésC S, usually given with a
probability threshold\ € [0; 1] for the acceptance condition, which reads an input We will study if approximate
algorithms for Membership and Equivalence problems gdizera

2.2.2. State-Action Frequencies

Statistics of runs on MDPs have been introduced_ih ﬂ@@?as random variables for the empirical state-
action frequency vectors. We consider a run on an MDP witte sipaceS as a sequence of couples§randX. The
statistics of a run will be taken on this alphabet.

Definition 3 (Expected state action frequency vectdrgto be a policy onS, k € NandT > 0. The vectoti} is the
random variable on the set of histori€s which associates to all € €2 the k-gram of its prefix of lengtli”. That is,
&}, = ustaty(rir). Given an initial distribution, theExpected state action frequency vectdr, ;. is E, .[#} ], i.e.
the expectation of | .

We may forget the: in the notations wheh = 1. The vector:? , ; isin[0; 1]5>*, with non-negative components
which sum to one. The valug! , ; (s, a) is the expected frequency, up to tirfie of taking state-actiofs, a), given

o,0,1

the initial distribution isce and the non determinism is resolveddylf o is a policy onS, thenz®, , is the empty
set if z7 , , does not converge & — +oo, and the limit point ifz]  , converges. IfK is a class of policies
(K =SD,HR..), let:

Hif () = Upe i 2% k

2.2.3. The polytopé/ for communicating MDPs
Fork = 1, let H(S) be the set of vectors € A(S x X) which satisfy for alls’ € S the linear equations:

SN P(sls,a) - a(s.a) = 3 a(s' ) (1)

sES a€X a’eEX
If H is the convex closure dff, the following proposition is an improvement by [18] B2, b4 first result of[[d].
Proposition 3. LetS be a weakly communicating MDP. Then for all distributioon S,

H = HHE () = (H5P (),

Example 1 (A lossy communication channel)
1 —esnd(0) €snd(0) rec(1)

rec(0) e,snd(1) 1 —esnd(1)

We will be interested in the actions appearing in the rungheraelphabet: = {snd(1), snd(0), rec(1),rec(0)}. In order to get
vectors of reasonable size, we take the statistics of thedrand do not consider the states. Non determinism is oebept on state
I, from which the system chooses betweni(0) andsnd(1). It induces two possible stationary and deterministicqgied. One
choosesnd(0) and leads to the limit statistic vector of order oneane; = (snd(0) : 5=, rec(0) : 3=, snd(1) : 0,7ec(1) : 0).

The other choosesnd(1) in I, and gives the symmetric point = (snd(0) : 0,rec(0) : 0, snd(1) : 52—, rec(1) : £=£). As the

system is weakly communicating, the projectior6fS) in R>" is the segment between andxs.



3. State-action frequencies and MDPs of higher order

3.1. k-statistic polytopes for MDPs

We first generalize the results EE,@ 22] to higher ordatistics. In this sectio is a natural number greater
than0. We fix an MDPS and« an initial distribution onS. The analogous of Derman’s theoreid ([9], chapter 7), is
not true any more when we consider statistics of higher ardek > 2, in generalH/#(«) is not the convex hull of

HIE(a). Still, we will see in the future that in that cagg % (a) = (H ") (a)).
Example 2. Consider the following MDP:

a,l
S:s 1 82 3 b,1 sq initial state.

C,
On S, consider the policy € H R such that the choice on state depends on the history: if the system wasdrbefore, thernr
chooses action with probability one. If the system was in and just arrives in2, o chooses actioh with probability one. Then,
zL 5 converges to a point € A((S x ¥)?), such thatr[s1as2b] = z[s2bsac] = z[s2cs1a] = 1/3, and all the other coordinates
are zero. Ifx € H5%(a), z[s1as2b] > 0 andz[szcsia] > 0 implies z[sias2c] > 0. This proves that: ¢ H5%(«), and in
fact we havedr, (=, H§T(a)) > 1/6, which proves that we do not havél'%(a) = H5R(a). We will prove that in that case,

Hi"(a) = H;'"?(a).

We describe now the construction of theh self product of an MDP. Our goal is the following: the staiction
frequency vectors on thieth self productS* of S should correspond to the ordestate-action frequency vectors on
S.

Definition 4. Thek self product of an MDRS = (S, ¥, P) is the MDPS* = (5', 33, P’) where:
S = (I S x %) x S,
Ift/ = (t1,b1...,bk—1,tx) @ands’ = (s1,a;1...,a-1, sx) are inS’ anda € %,

P(tk|sk,a) if (tl,bl...,bk_g,tk_l) =
P'(t')s,a) = (82,a2...,ak_1,8k) and a = by_1
0 if not.

Example 3. As an example for the last definition we present the seconéipaivthe lossy channel of example 1:

If Sis a communicating MDP, the$* is communicating as well. A run af* is a sequence of couples §i and
Y, which can be seen as a sequence of couplésandy;, i.e. a run onS. Also, given a policyr on S, there is a
naturally associated poliey onS*, which takes the same actions given the same histories. Voyseveral policies
on S may be associated to the same pobéyon S*. Indeed a policy or5* does not consider runs & of length



smaller thark. We can use the notion of state-action statistic vectorffeMIDPS”. If ¢’ is a policy onS*, T' > 1,
anda’ is an initial distribution onS*, thenzZ, ,, , (S¥) € RS = R(Sx)",

An initial distributiona and a policys on S induce a unique initial distribution’ (o, «) on S*, such that for all
StatE(Sl, a1..., Sk) in Sk,

al(aa a)((sl y A1y Sk)) = ]Pa7a(0817a1~~~75k)'

Lemma 1. LetS be an MDP« an initial distribution,k > 1, ando a policy onS. We writeo’ for the policy onS*
associated ter, anda’ = o/(o, «) for the initial distribution onS* associated ter and . Then for allT” > 1, we
have:

xTJrkfl(S) _ l‘T (Sk)

’ !
o,a,k o’ 1

Proof. Both vectors are inRR(S*®" . Write S¥ = (§/,%,P'). Recall & = (5§ x £)F1 x 5. If w =
(50,0, ax_2, sk—1) € S, we write Prec(w) for the set of states i§* of the form(s_1,a_1, s, ag, .., ax—3, Sk—2).
If b € %, we considefw, b) as a couple irt’ x ¥, or as a sequence éfcouples(so, ag), ..., (sx_1,b) in (S x D)*,
depending on the context. #f € N, X, : QO — S’ associates to a runthe subword with: states and: — 1 letters
which starts aften steps in-. (For instance, it = (s1, a1, s2, as, s3,as, s4), k = 2andn = 2, X}(r) = (s2, as, s3)).
If fact, X/, associates to a run & its n-th state inS’. If n € N, Y, : Q — ¥ associates to a rune Q its n-th action
when we consider as a run or*, henceY,/ (r) is then + k — 1 action onr (In the previous exampléy(r) = a3).
Letw = (so, ag..., ag—2,sx—1) € S’, andb € 3. By definition,

et S)w,b] = g 3o BT (XD = w, Y = b)

ook

ol 1 (M) [w, b] = 75 ST P (X = w,Y! =)

To prove the lemma, we prove by inductionoa N that for allw = (so, ap..., ax—2, sk—1) € S’ andb € X,
Vi > 0,P7 (X! = w, Y, =b) =P (X! =w, Y, =b).

e Supposé = 0, thenP? ' (X} = w, Y] = b) = o/ (w) - o’ (w)(b). By definition,o’ (w) = P7*(X} = w) and
o' (w) = o(w), henceP? ' (X} = w, Yy = b) = P7*(X} = w) - o(w)(b) = P7*(X} = w, Y] = b).

e Suppose the lemma true for> 0. By definition,

B (X =w Y =) = Y P (X = 0, Y = apa) x Pl(wh!,ar—2) - o’ (w)(b)

w’€Prec(w)

We writew’ = (s_1,a_1, ag, So, ..., ak—3, Sk—2) Whenw’ € Prec(w). Then, by the induction hypothesis and
the definition of P’ ando’,

P0/7a/(XtI+1 = w, }/tl-i-l = b) = Z(s,1va,1) €S XX PO',OC(Xé = (5—1) A1,y Sk_2)7 YVt’ = ak_2)
X P(sg—1|8k—2, ax—2) - o(w)(b)

Thatis,

fal ’ ’ , ’ /
P7* (X =w, Y, =b) = Z P X) = (5-1,.y Sk—2), Y] = ak—2, Xey1 = sk—1,Ye41 = b)
s_1€S,a_1€X

le.P7* (X =w, Y, =b) =P"(X{, =w, Y/, =0).

The following theorem and corollary generalize proposiffto the context of higher order statistics.

Theorem 1. Let S be a weakly communicating MDP aid> 1. ThenH{%(S*) = HHE(S), and for all initial
distributiona on S,



Userrraos) HSHS) (@ (0,0)) = HY T (S)(a)

Proof. e For the first statement, a§ is communicating,S* is communicating as well, and by propo-
sition @, H77(S*) and HAZ(S) do not depend on the initial distributions af or S*.  We have
HIR(S) = Uyenr 250 r(S). By lemmall,z°, ,(S) = 3, ,(S"), whereo’ is the policy onS*

associated te, ando’ is the initial distribution or* associated te: ando. This provesf 7 #(S) C HHE(S*).

For the other inclusion, let € HZR(S*). Letoy € MR(k)(S),  an initial distribution onS, anda’ =
o' (09, ) the initial distribution onS* associated ta ando. We have that{ ##(S*) does not depend on the
initial distribution, and in particulaff 7 #(S*) = H7E(S¥)(a/). Hence there exists’ € H R(S*) such that
r =z . ;. Leto be a policy onS such that on histories of length smaller thianr coincides withoo, and
o coincides witho’ on histories with greater length. By construction,is also the initial distribution o&*
which is associated ta ando . By lemmal.z°, , (S) = 37 . ; = . This provest "7 (5%) C H['R(S).

o,a,k

e For the second statement, the proof the}l' **) (S)(a) is a subset oo errriiy sy HZF(SF) (@ ((00,0)))
is analogous to the previous argument. We just have to pointhat if o € M R(k)(S), then the associated
o' € HR(S%) isin factinSR(S¥).

For the other inclusion, lety € M R(k)(S), leta’ be the initial distribution oi* associated ta andog, and
letz € HR(S*)(a/). Leto be the policy onS associated tey, o’ as before. Since’ € SR(S*), we have

o € M Ry(S). Moreover, by lemmBI1;2°, , (S) = 39 . ; = x. This proves: € H,iVIR(k) (S)(@)

o,a,k

O
Corollary 1. If S is weakly communicating,
H\(8%) = HTR(SY) = H{IR(S) = [HFR(SV)] = (1" (9).
Proof. e H;(S*) = HE(S*) comes from propositiod 3.

o HIR(Sk) = HI(S) comes from the last theorem¥ ' (S* (0y)) is independent of, since 17 (S*) (o)
is independent of the initial distributiamn’.)

o HHE(SK) = [H{R(S*)] comes from propositidd 3 applied to the communicating ME&P

o [HPE(SK)] = [H,iVIR(k) (S)] comes from the last theorem.
|

So far the polytope associated to an MDP lies in a vector swaose dimension depends on the state space of the
system. We eliminate this dependence, in order to be ablertgpare systems with very different state spaces. We
introduce the linear projection : R(S*®" — R=" such that ifz € RE*®" | on a component € ©* we have

m(z)[v] = > [u] (2)

ue(SxX)k s.t. Tr(u)=v

In the future, ifi, k € N, we write H; (S) for H,i\m(i) (S), andIL} (S) for w(H}(S)).

3.2. Distance between MDPs

3.2.1. The weakly communicating case
In this paragraph we compute the distance between a statésttor and a polytopH? (S), and define a distance
between MDPs naturally associated with their polytopes.



Definition 5 (Distancedy (z, S)). If S is a weakly communicating MDR,€ N, andz € R let
die(2,S) = Infycmrs)llz — ylh

The following proposition shows thd, (z, S) can be computed in time polynomial(ft|-|>|)*. The crucial point
is that we get non exponential bounds because the polyit}it&) is characterized by a number of linear equations
polynomial in|S| (see equation 1), even if it may have an exponential numbekwémal points (corresponding to
the exponential number of possible stationary and detestigpolicies).

Proposition 4. The distancely (z, S) can be computed in time polynomial(ifs| - |3|)*.

Proof. Let C' be the matrix of sizé&S|* x | x $|* corresponding to the projection: R(S*®)" — R™"_ (see equation
2). Using the linear characterization of the polytoﬁi@(&‘) (see equation 1), we know that we can fidda square
matrix of size(|S| - |2[)*, and B a column vector of siz€ S| - |~|)* such that:

A-X=B
H’;i(8> ={C- X]| (X >0 X e R(|S|~|E)’“)} (1)
Now,
InfllY —a[h
di(z,S) = Y=C-X

A-X=B, X>0
If Eis the column vector iR=" with only ones on its components, we get:

IanE]Rz:k-tZ'E
Z>C-X -z
dp(2,8) = Z2>-C - X +=x
A-X=B
X>0

This is a regular form of linear programming, with variaifec R(S*®)" andZ € RE", and with constraints of
size(|S| - |Z|)*. Hencedy (x, S) can be computed iRTIM E((|S| - |X|)*).
O

We define now thek-th order distance between two weakly communicating MDPthasHausdorff distance
between the associated ordepolytopes.

Definition 6 (The distancely(S1,S2)). If Sy and S, are two weakly communicating MDPs 1ét(S1, S2) be the
Hausdorff distance (with respect to the nofm) between their polytopes férstatistics:

Supgent (s, Infyentsy)llz — vl N Supgent sy Infyent sz — vl

dip(S1,82) = 5 5

For instance, with two lossy channefs, So with respective parametees andes, it is not difficult to see that
the distance between the order one polytopésis- €s|/2. (Itis |e; — 2| for the metric of ELb], for instance, and
we will see that in general our distance is far from the madfifl(]). This distance is difficult to compute and hard
to approximate to any fixed rati® > 0, but we give a>*|-approximation {.[__J.IS] proves that even tlig-diameter
of a polytope is not computable in PTIME, and that it is nothagproximable). We use the fact that the Hausdorff
distance with the normh ., is computable using a linear program of polynomial size pjoreximate thd.; Hausdorff
distance within a factgix|*.

Proposition 5. Suppose&S; and S, weakly communicating. Then we can compute the distdp@®,, S2) within a
factor |[S|F in PTIME(((|S1] + |S2]) - [Z)* - |3)).
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Proof. We compute

N S“pzenéj(snlnfyenéj(s?)Hz*yHm S“pmenﬁ(sg)I”fyenﬁ(sl)”I*y”w

d,?o (81, 32) P} 2
in time polynomialinX|*-|Sx X|*, and use the fact thadf® (S1, S2) < di(S1,S2) < |X|*-d2° (S, S2) to approximate
the L, Hausdorff distance. In order to Comptﬁ’ﬁpzeng(sl)fnfyeng(sz)||=’C — y||oo, We just have to compute the

components of the extremal points of the polytofi&$S; ) andII¥(S,) on all the coordinates € $*. If u € X, the
valuesM az, cyik (s, )@ [u] andMin, e (s, )z [u] can be computed using linear programs of $jzg| - LS

Maxzen’g(sl)x[u] = MaxxEH’,z(Sl)x < By,
Ming ek s, z[u] = —Maz ek s,)(—7 - Eu),

whereE, is the vector inR=" with valuel on coordinate:, and0 elsewhere. The linear constraintse 1% (S1)
are given by the equations ikl(1). The two equations are \&ifide all the coordinates of any € I1¥(S;) are
non-negative. For € X% andi € {1,2}, let

{ ti (u) = Maz,epp(s,)olu]

t; (u) = Mingcnr (s, z(u]

Then, by a simple comparison between the extremal cooesiniatl% (S;) andIlf (Sz),
Supyent(s,) Infyent s,)lwlu] —ylu]| = Maz[tf —t3,t5 —t7,0].
Finally, since
Supxen;g(sl)fnfyeng(&)Hx —Ylloo = Maz,exk Spren’,g(sl)I”fyenz(sz)|33[U] —ylull,
we can applyX|* times the previous algorithm to each coordinate >*, which proves the result. O

Instead of approximatindj. (S1, S2) by approximating thd.; norm by theL., norm, we could have discretized
the problem. For instance we could have discretized thefsetabors inR=" with positive components which sum
to one, with a grid of radius > 0. For each poiny of the grid we can compute thie, distancel between the affine
subspaces; *(y) andHF (S1) in PTIME(|(S; - ¥)|¥) with a linear program. Sincé is also the distance between
y andIIf(S;), we can compute the last distance¥' 1M E(|(S; - £)|*). The same holds for the distance between
75 1(y) and HE(S,)||. Thew, and, are the projection fronR(S1*2)" andR(S2*®)" to R=". Since there exists
(1/¢)I*I" vertices in the grid, we would get arapproximation ofly, (S, ) intime (1/¢)/ =" - P((|(S1 + S2) - $|¥)),
whereP is a polynomial.

3.2.2. The non weakly communicating case

In general, for a non weakly communicating MDP, the set oflifmi statistics is not a polytope, and it is not
characterized by a set of linear equations. Instead it isuttien of the polytopes associated to the maximal end
components of the MDP, that we present now. We need someppierdtions, presented id [6].

LetS = (S, %, P) be an MDP. Givers € S anda € 3, let Succ(s,a) = {t € S|P(t|s,a) > 0. A sub-MDPof S
is a pair(C, D) whereC' C S andD is a function that associates to each C a setD(s) C ¥ of actions. Given an
MDP (C, D) of S, the relatiorp ¢, p) is defined as:

pe,py = {(s,t) € C x S|3a € ¥ s.t. P(t|s,a) > 0}
Definition 7 (End component of an MDP|][6}))A sub-MDP(C, D) of S is anend componerif:
e Succ(s,a) C Cforall s € C'anda € D(s);

e The graph(C, p(c,p)) is strongly connected.
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We say that an end componét, D) of S is maximalif there is no other end compone(dt’, D’) of S different
from (C, D) and such tha€’ C ¢’ andpc,py C p(cr,p7)-

A states € S is transient for a policyr on S if with probability one on the set of runs, when started fromafter
a finite number of steps a run will leaveand never reach it again in the future. Th@damental theorem of end
componentsf [A] implies that the sef, of states inS which belong to no maximal end component is exactly the
set of states which are transient for all policies. Thus, e decompose the state sp#tef a given MDPS into
maximal disjoint end components (MECS), ..., S; of the state space such thfat= Sy U S; U ... U S;, wheresSy is
the set of states which are transient for any policySon

Given two general MDPS;, «; andSs, e, We partition their state spaces into MECs. Wiite= SJQ U S} U...u

Sjﬂ', for j = 1,2. A sub-MDP is in particular an MDP, hence for gl {1,2} and: € [1;[;] we can considaﬁ‘]’ﬁ, the
MDP associated to the MEC with state spate If = € R, § > 0andj € {1,2}, V;(«, ) is the union of the state
spaces of thé;i’s whose polytope ig-close tox. That is:

Vj(x,0) = U{5]|dk(z, S}) < 6}.

Now we have two parameters to differentiate two systems:tomeeasure the difference of the polytopes, and a
second one to measure the different probabilities to rdaepolytopes. This gives a notion of simulation.

Definition 8 ((e, d)-simulation) If €,§ € [0;1], S1,a1 will be said to be(e, §)-simulated byS,, s for order k
statistics, writtenSy, a1 <{, ;) Sa,as, if forall z € R,

MaxReachi (a1, Vi(z,0)) < MazReacha(az, Va(x,€)) + 6

Thatis,Sz2, as (€, 0)-simulatesSy, o4 if we can generate traces on the second system whichcdose to the traces
generated on the first, with probabilitiéxlose. This notion induces naturally two pseudo metricsckvbxtenddy,
on the set of general MDPs.

Definition 9 (Pseudometricg;, andd;). Letd; (S1,Sz2) = Inf{e > 0[S1, a1 <(c,e) S2, 2},
anddk (81, 82) = MZTL(d;: (81, 82), d]_: (82, Sl))

Notice thatd;, is symmetric, wheread; is not in general. In the case of weakly communicating MDRs,two
definitions fordy,(S1, S2) coincide. Bothd;{ (S1, S2) anddy (S, S2) can be approximated iRTIM E((|S1] - |2 +
|S1| - |2])F), within a factor|X|*.

Our distances between MDPs cannot be compared to the meégficed in |L_2b|__1|0]. These metrics are in fact
metrics between states of a given system, which may induteambetween systems, by taking their initial states. In
our approach, we do not rely on states, and the distance eetim® communicating systems does not depend on the
initial distributions.

4. Problems on MDPs

We consider two classes of problems concerning generafiamoims by MDPs. First "membership” type prob-
lems, where we want to know if a word or a statistic vector camgénerated by an MDP, and second “comparison”
type problems, where the input consists in two MDPs that wetw@compare. In the following, if > 0, n € N,

k € Nandz € RY", let
B,’“L(:c,e) ={re Q|Hustatk(r‘n) —z| <€}

As well, if w € X7, let
Bl (w,e) = {r € Q||(ustaty(r),) — ustaty(w)|| < €}

We may forget the in the notation whem = 0.
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4.1. The statisticah\-membership problem.

Many standard problems in the context of MDP optimizatim,e(lﬂ!llﬂl]), can be presented as follows. We are
given an MDPS, a lengthn € N, a probability threshold € [0; 1], and an objective:. The question is to find a
policy o on S such that the probability of the set of runs of lengthvhich satisfy the objective is greater than
Suppose that our objective is to generate words with a gitaistic. We prove that the associated decision problem
is PSPACE-hard, even when we consider order one statistics.

Problem 1 (Statistical\-membership problem)

A threshold\ € [0; 1] is fixed.

Input: An MDPS on¥ of sizen € N, w € ¥* of lengthO(n).
Question: 3o € HR(S) such thatP? (BL (w)) > A\?

We prove that the problel 1 is PSPACE hard. We reduce a \@riafiSSAT to this problem. We recall first the
definition of the SSAT problem.

Problem 2 (Stochastic satisfiability problem (SSAT))

Input: p1,q1,p2,q2, ..., Pm, ¢m DOOlean variablesp = Cy A...AC; a3-CNF formula, where thé’; are 3-disjunctions.
Question: Can we choose the valuepf in {0, 1} such that, ifg; is taken with uniform probability i{0, 1}, we can
choosep, € {0, 1} such that ifgz is chosen randomly, etc..., such that the probability taséab is at leastl/2. In

our notation: 3p; Rg13p2 Rqs...3pm Rgm P($ = true) > 1/2?

Recall from Eb] that problem SSAT is PSPACE-complete.
Proposition 6. The statisticalh\-membership problem is PSPACE hard.

Proof. The proof is in two steps: first we prove the PSPACE hardnefiseofame problem when we ask the policy
to be deterministic. In a second step, we present a geregializof the SSAT problem, where all the variables are
chosen randomly. We prove that this generalization is caatjmnally PTIME-equivalent to SSAT, which can be of
independent interest, and next reduce it to our problenis8tatl \-membership, which proves it PSPACE hardness.

First reduction.
We reduce SSAT to the following variation of problEin 1: GieanMDPS on X of sizen € N, andw € ¥* of length
O(n), does there exist@deterministigpolicy o € H D(S) such thatP? (B} (w)) > A\?

Let¢p = C1 A ... A Cp, where theC; are 3-disjunctions on variableg, g1, p2, g2, ..., Pm, ¢m, b€ an instance of
SSAT. We build an MDRS and a wordw, of sizes polynomial inn, [, such that the statisticakmembership problem
is satisfied on inputS, w) with deterministic policies iff SSAT is satisfied.

Let X be the union of thé + 3 different letterse, ey, es, ¢1, ¢o, ..., ¢;. The wordw will contain exactly once each
letterscy, ..., ¢;, plus a set of extra buffer letters. Intuitively, a policy 8mvill give a valuation for they;, and the letter
¢; wWill belong to the trace of a run if the valuation associatethe underlying policy satisfies the clausg Our MDP
S is built as a sequence of basic units, which are directediagy@aphs (DAGS), one associated with each variables
p; andg;. Each unit reflects whether the associated variable isemtiat or random, and whether it occurs positively
or negatively inC', ..., C;. Thus, the depth of each DAG is proportionaltdhe number of clauses. For all variable
v € {pi, q:}, consider the following DAG, that we cdll,:

e Theroot is labelled by. The root has two children, labelled, ¢2.

— If v € {p1,...,pm }, then fromw there exists a transition with labe| to stater}, and a transition with label
es to t%

— If v € {q1, ..., qm }, then fromv there exists a probabilistic transition with laketo states] andti, with
same probabilityl /2 for these two states.

o If v appears positively i@, then

— t1 has a unique chilé?, that he can reach with a transition with lalbeg] or with a transition with labet.
— t3 has a unique child, that he can reach with a transition with lakel
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e If v appears negatively i@¥; then

— t1 has a unique chilé, that he can reach with a transition with lakel
— t3 has a unique chilé, that he can reach with a transition with labgl and with a transition with label.

e If v does not appear i@, then

— t1 has a unique chilé?, that he can reach with a transition with lakel
— t1 has a unique chilé, that he can reach with a transition with lakel

e The same holds from statésandtZ, changing the clausé; by C5, and continues for all clauses.

e Finally, from statestlfrl andtl;r1 there exists transitions with labe] andes respectively, to a terminal state
v, Hence, any run on the top part of the unit contains exacéysdme number of lettees ande, as a run
on the low part.

The height of this DAG ig + 3.
For instance, suppoge= (p1 V —¢1 V p2) A (—p1 V ¢2 V p3). The DAG associated to variabje is:

Cc2

) Uz
ty —=13 £3
S~— 7
€

nd
P1 "
x €1 %
1 T 2 > 3
tl tl e tl
S~

Our MDP is a sequence of such DAGs. The root of our MDP, whidhbaiits initial state, is the variable . The
terminal statex{"? of the treel,, is identified to the first statg; of the treel/,,. Next, the last statg{" of U,, is
identified with the initial state, of U,,, and so on, until statg"®. The initial distribution onS is o = 4,,, the Dirac
distribution on statey;. Notice that onS, only probabilistic transitions are on the staigs..., ¢,,. A path from the
initial state ofS to the state;e"? has lengti2 - m - (I + 3).

Intuitively, an “accepting run” on the MDP will be a run whidlontains in its trace exactly one time each letter
¢i,i € [1;1]. The bridges from a staté where both transition labelsand¢; are authorized will allow not to take
labelc; when we have already seen it in the run.

Givenw € ¥*, we consider itd-gram as a multiset of letters i, such that the union of the letters in this multiset
are exactly the letters ab. Letw € 2™ (+3) be such that it contains exactly one time each lettgrse [1;1], m
times the lettee;, m times the lettees, 2 - m times the lettee, and2 - m - (I 4+ 3) — [ — 4 - m times the lettee. We
prove the following claim:

Claim:

3o € HD(S)|P?(B3.,,, (113 (w)) = 1/2
iff Ip1Rq1...I3pm R P(¢ = true) > 1/2.

Suppose first thallp; Rg1...3pm Ragm P(¢ = true) > 1/2. We define our policyy € HD(S) as follows. If
a finite historyh ends on a state of the type, there exists the possibility between a transition wittelal3, and a
transition with labek,. If b € {0, 1} is the choice op; oncepy, g1, ..., pi—1, ¢i—1 have been chosen as in the history
h on3p1 Rqy...3pm Rgm P(¢ = true) > 1/2, theno chooses the transition with labe). If a finite historyh ends on
a state of the typegi, then the choice of depends on the occurrencewfin h: if ¢; is already inh, theno chooses
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labele, whereas it; is notinh, o chooses label;. The goal is that on each run of lengthm - (I + 3) on the MDP,
thec;,i € [1;1] appear exactly once.

Then, if we resolve the nondeterminism &by o, the probability to get run of length- m - (I + 3) whose trace
contains exactly the letters af, is exactly the probability to satisfy.

Conversely, supposélo € HD(S) such thatP’(B;,, ;.4 (w)) > 1/2. The choices of thep; for
Ip1Rq1...3pm Ram P(¢ = true) > 1/2 are the same as the choices thahakes on states of typg. As before, the
two probabilities to satisfy and to get a tracé-close toustat; (w) coincide, hence the claim.

Second reduction: The problem SSSAT.

This second part of the proof introduces a generalizatioth®fSSAT problem, that we caBuper SSATSSSAT).
We prove that SSSAT is computationally PTIME equivalent 8A%, which can be of independent interest. The
reduction between SSSAT and SSAT does not imply any MDPs. &eprove that we can reduce SSSAT to problem
[, i.e. when we consideandomizedolicies on our MDP. In SSSAT, we allow random choices onithdnstead of
choosing the; in {0,1}, we give); € [0; 1] and generatg, randomly with probabilities given b¥;: p; is one with
probability \;, and zero with probability — A;. The SSSAT problem can be presented as: given variables and
formula¢ as for SSAT, does there exists € [0; 1] such that ifp; is chosen randomly according to threshaldand

if g1 is chosen randomly, there existg such that ifp, is chosen randomly according to threshald..., such that the
probability to satisfyp is at leastl /2. We use the notation:

I Rq1INeRqa... 3N R, P(¢ = true) > 1/2.

We prove that SSSAT and SSAT are equivalent, with the idefditreduction: On an inputy, ..., pm, G1; -, Gm, Gs
we have:

Ip1Rq1...3pm R P(¢ = true) > 1/2
iff 3N Rg1IN2Rq2...3M R, P(p = true) > 1/2.

The way=> is trivial, by taking the\; in {0,1}.
For <, suppose that

I Rq1INeRqo... 3N R, P(¢ = true) > 1/2.

We define a functiory which takes values i{0, 1} and which associates to all sequengesq, ..., pi, ¢, @ €
[1; m—1], a choice for the variablg 1, in order to satisfydp, Rq1 ... 3pm Rgm P(¢ = true) > 1/2 with probability at
leastl /2. Given a valuation fopy, ¢1, ..., pi, ¢, fori € [1; m], we writeP(¢ = 1|(p1, ¢1, ---, Pi, ¢:)) for the probability
that¢ is satisfied, given this valuation for the first variables.

We prove by induction on € [1; m] that we can defing such that for ali € [1;m] we have:

P(¢ = truelpy = f(.),p2 = f(p1, 1), ., pi = f(P1,q1s - Pi1,Gi-1)) > 1/2.

e Suppose first = 1. ThenP(¢ = true) = P(¢ = true|p; = 1) -P(p; = 1) + P(¢ = truelp; = 0)-P(p; =0).
Thatis,P(¢ = true) = P(¢ = truelpy = 1) - Ay +P(¢ = truelpy = 0) - (1 — A\1). SinceP(¢ = true) > 1/2,
this proves that eithé?(¢ = true|p; = 1) > 1/2, in which case we defing(.) = 1, orP(¢ = true|p; = 0) >
1/2, in which case we defing(.) =

e Leti € [1;m]. Suppose the claim true for We use the simple result from probability theory that, gitleree
eventsA, B, C, we have:

P(A|B) = P(A|(B A C)) -P(C|B) +P(A|(B A C)) -P(C|B))
WhereC is the negation of’.
We apply the previous result with the following associasion

— Arepresents the formula= 1,

- Bis(p1 = f(.),p2 = f(p1,q1): s i = f(P1,G1, s Die1,Gi—1))s
- Cispiy1 =1,
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- anda iSpiJrl =0

Write )\i+1 for )\i+1(p1, qi, .-y Di, QZ) Notice thaﬂP(C|B) = )\iJrl, and]P)(6|B) =1- )\i+1- Then,

P(¢ = truel(pr = f(.),p2 = f(p1,q1), -, pi = f(P1,q1, s Di-1,Gi-1)) =

P(A|B) =

P(A|(BAC))-P(C|B) + P(A|(BAC)) -P(C|B)) =

P(A[(BAC)) - A1 +P(A[(BAC)) - (1 = Xit1).

Now, since by induction hypothes®(A|B) > 1/2, eitherP(A|(B A C)) > 1/2, in which case we define
fp1,q1, ..., piyq;) = 1, or P(A|(B A C)) > 1/2, in which case we definé(p1, q1, ..., pi, ¢;) = 0.

Finally, fori = m, we get a choice procedure for thg given by f, such thatp is satisfied with probability at
leastl/2. Thatis,3p1 Rq1...3pm Ram P(¢ = true) > 1/2.

Once we have proved this result, it is easy to see that ouiqueveduction works for randomized policies as
before, and that with the same construction for the MDP weshav

30 € HR(S)[P7(B}.,,. s (w)) = 1/2

2-m-

iff IX1 Rq1...3Am Ram P(p = true) > 1/2.
This proves that the Statistical membership problem is E&PhAard. O

4.2. The approximate membership problem
Givenw € ¥™ and\,d > 0, let

By (w,0) = {r € Qldist(w, Tr(r,)) <}

The (), §)-membership problers: given an MDPS and a wordw, is there a policyy € HR(S) such that
P (B, (w,d)) > A?
We define the associated language as:

LY ={we X" |w|=n¢eN|3o e HR(S) s.t. P°(B,(w,5)) > \}

Using propositiofll which links the distandest between words and the statistics, deciding if a word belomgs
L3 can be done approximately by deciding if a word belongs tdahguageﬁ§’k, wherek = r? and
LyF ={we X", jw|=neN|Fo € HR(S) s.t. P*(BF(w,8)) > A}

Thatis,£;"" is the set of finite worda for which there exists a policy a8 such that the:-order statistics of the
generated words of lengthy| ared-close tow with probability at leash.

We know that givenS, A, ¢, it is intractable to decide if a word: belongs toﬂ?’l. For the following we fix

_rin
k=rin,

Definition 10. If € € [0; 1], we say that a wordy € %" is e-close to£;"" if there existav’ € %" such that

A(1—e),k

d(w,w") <€, andw’ € L5 1ve

We prove tha’r[:(?”C is constant time testable (SQ[@, 13] for a definition). tThiathere exists an algorith,
which depends on a parametet [0; 1], such that for alk €]0; 1], for long enough inpuv € ~* we have:

e If we £)", thenT, answers YES with probability at least3.

o If wis e-far from £°*, 7. answers NO with probability at lea2y3.

e The time complexity o/, does not depend on the lengthwof
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Fix e > 0. The construction of, is simple: LetS = SyuU.S; U...US; be the decomposition & into MECs. For all
i € [1;1], compute the set of linear equations which dilfg(S;). As before, ifr € R™", V(z,d) = U{Sildk(x,S;) <
5}

Algorithm 1 (The testef7.(w)). Fix an MDP S with initial distribution cv.
Input: w € ¥*.

e Samplew, to obtaini an approximation ofistaty, (w), in constant time.
e Computeyp = MazReach(a, V(&,8 - (1 + €))).
e If p> X\ (1—¢/2),thenZ. answers YES, if nof. answers NO.

This algorithm decides approximately the §)-membership problem in time independent®f. The following
lemma, proved |rm|2] and based on a Chernoff bound, prinasite can sample efficiently.

Lemma 2. There exists a probabilistic algorithm which works in camttime on inputs € %* and which produces
avectori € R=" such thatP(||lustaty(w) — || < 0 -€/14) > 2/3.

To prove the correctness of the tester, we use the resuE]rahd EB]. Theorem 2 0@7], and theorem 5.1. of
[|E], generalized to general MDPs, give the following prsigion:

Proposition 7. LetS = So U S1 U...U S be the decomposition of a general MI3HNto MECs. Then for all € [1;1]
we can find two constants!, C%, such that for allr € R, neN,o € A(S;), ande > 0 we have:

o Ifd(2,8;) <6-(1+¢/2),thendo; € HR(S;) s.t. P72 (By,(2,6 - (1 +¢€))) > 1 — Ci - e~ Canee”
o If di(z,8;) > 6 (1+¢), thenVo; € HR(S;), P7 (B (x,6 - (1 +¢/2))) < Ci - e~ Comee

As before, givemm € N, X, is the random variable which associates to a rumith state. By definition of
So, we know that we can find two constart§, C such that for any policy on S, all « € A(S) and alln € N,
P7 (X, € Sy) < CV-e~C_ Inthe following,q, N € N are such that

e 1q<_ZCﬂ. ~Ch(N-q)1 o A€

Lemma 3. Letz € R=",n > 2. N.

1. If MazReach(a, V(2,6 - (1+¢€))) < A-(1—¢€/2),thenVo € HR(S), P>*(B,(z,6 - (1 +€/2))) <\
2. If MazReach(a, V(z,d-(14€))) > A-(1—¢/2),thendo € HR(S) s.t. P>%(By(z,5-(1+¢€))) > A-(1—e).

Proof. Suppose firsiM azReach(a, V(z,6 - (1 +¢€))) < A- (1 —¢/2), and letc € HR(S). We use the following
decomposition:

By(z,0-(1+¢€/2)) C{X, € So}U{X,, e V(z,d-(1+¢€)}U{X,, € (S\V(x,0-(14¢€)))}NB,(x,6-(1+€/2))
We prove that the terms in the right hand side have small itti@s. By the choice ofN andn, and by

propositiory,
Poe({X, € So}) < \-¢/4

andP7*({X,, € (S\V(z,6- (14 ¢€)))} N Bp(z,d- (1 +¢€/2))) < X-e/4. Moreover, by hypothesi&”~({X,, €
V(z,d-(1+€)}) <A (1—¢/2). Finally,

P> (Bn(z,6- (1+€/2))) <2-X-€e/d+A-(1—¢€/2) <A

Which proves the first point.
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For the second point, using propositldn 2, there exista deterministic policy o such that
P *(Reach(V(x,A- (14¢€))) > A (1 —¢€/2)

We defines as follows: until a state i), (; ; S; has been reached follows 0. Suppose one of th§; has been
entered, for € [1;1]. If di(z,S;) > 0 - (1 + €/2), defines to be anything. Supposg. (=, S;) < 6 - (1 + €/2). Let
z; € I¥(S;) such that|z — 2;|| < §- (1 + ¢/2). Then, by propositioll7, there exists a poligyon S; such that for
all m > 0 and all initial distributionw; on S; we havePo-®i (B,, (2,6 - (1+¢€))) > 1 — Ci - e=%™< Now, for all
m € N, we have:

P7(B,(z,6 - (1 +€)) > P7*(Bp(x,0 - (1 +€)|{Xm € Si}) - P7*({ X, € V(2,0 (1+¢€/2))})
If m > N, sinces behaves as, until a state il J{S;|i € [1;1]} is reached, and since
P *(Reach(V(x,0 - (14+¢€))) > A- (1 —¢€/2)

we get that
P{Xm e V(z,0-(1+€/2)}H) =N (1 —¢€/2) — Xe/d= X (1 —3¢/4)
Now, if n > m + N, we haveP”*(B,,(x,0 - (1 4+ €))|[{ X € S;}) > 1 —e€-\/4. Takingm = N andn =2- N

we get the result, sindd —e-A/4) - A- (1 —3e/4) > X - (1 —€) if X\, e € [0;1].
O

Theorem 2(Correctness of;). For all € €]0; 1], 7. is ane-tester forL3.

Proof. e Supposev € £}, |w| = n. Letx = ustaty(w). Then,3o0 € HR(S) such thatP”*(B,,(w,§)) > A.
By lemmal2, with probability at leagt/3, |z — || < § - €/2, so with probability at leas?/3, 30 € HR(S)
such tha”*(B,,(z,d - (1 +¢/2))) > A. Using point 1 of lemmfl3, with probability at leaxt3,

MaxReach(o, V(z,0-(1+€))) > A-(1—¢€/2)

l.e., 7. answers YES with probability at lea&t3

e Conversely, suppos@(w,ﬁgf((f:))) > e. Letw’ € ¥", andy = ustati(w’). By contraposition, suppose

MazReach(a,V(y,5 - (1 +¢€)) > X (1 —¢/2). Then, by the point 2 of lemmld 3lc € HR(S) such that
P*(By(y, 8- (1+€))) > A~ (1 —¢). Thisimpliesw’ € £;{; 5], and by hypothesislist(w, w') > ¢. Using
propositiorfl, this implie§x — y|| > €/7. Since with probability at leagt/3, ||z — || < ¢/14, with probability
atleast2/3 we haveM axReach(a, V(2,6 - (1+€))) < A- (1 —€/2). HenceZ. answers NO with probability

atleast2/3.
O

Using propositiofils and the results bf [7], works in time polynomial inS|2 - (| - |S|)¥, which is independent
of |w].

4.3. Comparison problems

Two MDPs should be close if they can generate close words elitbe probabilities. An MDRS; should be
simulated by an MDRS;, if S, can generate words close to the words generatef] byith higher probability. Given
w € X" ande > 0, let

)\1 (w7 6) = Sup01€HR($1)Pal (BTL(w7 6))1
)\2 (U}, 6) = SupUQGHR(SQ)PU2 (Bn(w7 6))

The following problem asks wether an MDP can generate wolaiedow with higher probability than a second
MDP, for all w large enough.
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Problem 3 (MDP e-simulation)
Input: &1, Ss with initial distributionsa; andas. Question: Yw € X* large enough; (w) < Ao(w)?

The distancel,j can be seen as a distance of simulation. We prove thatadind\, are close, thed,j (81,82) Is
small, and reciprocally.

Given two MDPsS; andS, with respective initial distributiona; andas, let N1, N, be as for lemmBl3, fof;
andsS, respectively. Ifi € {1,2}, w € X" ande > 0, let \;(w, €) = Sup,,crrs)P; " (Bn(w, €)). The following
proposition is the analogous of the tegller 1 for comparind¥dDt gives an approximate additive solution for problem

a
Proposition 8. Letn > Max (N7, Na).
o If d;f(81,82) <¢/2,thenforallw € %, A (w,0) < Xa(w, €) +e.
e Conversely, supposg' (S;,S2) > 3-¢/2. Then we can find € ¥* such that\; (w, €/2) > A (w, €) + €/4

Proof. We write oy, as for the respective initial distributions a8y andS..

Suppose firstd; (S1,S2) < ¢/2. recall that ifz € R andd > 0, V(z,8) = U{Sildk(x,S;) < d}.
let z € R™. Let\ = MaxzReachy (a1, Vi(z,0)).  Using the definition ofd; we know that
A < MaxReachs(az, Va(z,€/2)) 4+ €/2. Sincen > Max(Ny, N2), there exists a policy, on S, such that
P5***(B,(z,€)) > A, and for all policyo; on Sy, P71V (B, (z,0)) < A+ e. Finally, forallo; € HR(S;) and
oy € HR(S,), we haveP]""“* (B,,(x,0)) < PS*(B,(z,€)) + €.

For the second point. Supposg(S;,S2) > 3 - ¢/2. Letyi(z) = MazReachi (o, Vi(x,0)) andyz(z) =
MaxReachs(az, Va(x,3 - €/2)). Then, there exists, € R*" such thaty, (zo) > 2(z0) + 3 - €/2. Sincen >
N, there exists a policy; on S; such thatP{"“* (B,,(zo,€/2)) > v1(xo) - (1 — €), whereas for alby on Sy,
sz,az (Bn(Z(),G)) < ’)/2(1'()) . (]. —+ 6). Since'yl(xo) and’}/Q(l'()) are |n[0, 1] and'yl(xo) > "}/2(1'()) +3- 6/2, we
havey;(xg) - (1 —€) > ya(zo) - (1 + €) + €/4if € < 1/2, which proves the result, by taking € >* such that
ustaty(w) = xp.

|

Corollary 2. We can decide approximately problEln 3 in PTIME.

5. Problems related to Probabilistic Automata

In this section we study some problems related to Probé&bifsitomata. They are the analogous of the problems
studied in the previous section concerning MDPs. We will et these are much more difficult to solve, even
approximately. We will deal with three problems concernitfg: the language emptiness problem, the membership
problem of a given word to the language of a PA, and the corspaiproblem between two PAs.

5.1. Then-emptiness Problem for PAs

If Ais a probabilistic automaton and € ¥*, P 4(w) is the probability to arrive to an accepting state whers
read onA. Recall first the undecidability of themptiness promise problem for a FBiven a PA, giveri /2 > ¢ > 0,
even if we know that we are in one of the two cases, it is unddxdélto decide if there exists € ¥* such that
P(w) > 1 — ¢, of forallw € £*, P(w) < e (Corollary 3.4 of [1F7]). If the length of the word is fixed, thssociated
promise problem is NP-complete:

Problem 4 (n-Emptyness)
Input: A, e €]0;1/2[, n € N.
Question: Decide if there is a wordy € X" such thatP 4(w) > 1 — ¢, or if for all word w € X", P4 (w) < e.

Proposition 9. For anye €]0; 1/2[, then-Emptiness Problem is NP complete.
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Proof. The fact thatn-emptiness is is NP is clear: given a word and an automatonawecompute in PTIME the
probability that the automaton accepts the word. We give BMETreduction from 3-SAT to this problem when
e = 1/4. We can prove the result for amyc]0; 1/2[ in an analogous way.

Let I be an instance of 3-SAT.is a conjunctiorC; A Cs A ... A C; of 3-clauses, on the boolean variablgs..., p,,.
We build a probabilistic automata# from this instance. We will prove the following:

There exists a word) € ¥ such thaf? 4 (0w0) > 1 —1/(2-1) iff I is satisfiable.

The structure of4 is layered:

e The alphabet of the automatonds= {0,1}. A has3 + (2 1) x (m + 1) states:s, t,u, X; ; fori € [1,1],5 €
[1,m+ 1], andX; ; fori € [1,1],j € [1,m]. States is the initial state, andis the only terminal state.

e There are two vertical layers for ead¥clauses, and as many horizontal steps as there are maabpleati

e From stateX; ;,i € [1,1],j € [1,m], the transitions depend on the quantification of variabléen the clause
Ci:

— If p; appears positively id;, thenA in stateX; ; can read and move deterministally to staﬁét-,jﬂ, and
read0 and move deterministally to stafs; ;.

— If p; appears negatively i@’;, then A in stateX; ; can read) and move deterministally to stat?éiﬁl,
and read and move deterministally to staf&; ;.

— If p; does not appear i@0;, then A in stateX; ; can read) or 1 and move deterministally to stafg; ;.

e From states, A can read) or 1 and move probabilistically to one of the stat€g;, X5 1, ..., X;1 with uniform
probability% between these states. This is the only probabilistic ttiamsi

e FromstateX, ;,i € [1,1],5 € [1,m], A can read) or 1 and move deterministically to stafé; ; ;.
e From statef(,-,mﬂ,z’ € [1,1], A can read) or 1 and move deterministically to state

e From stateX; ,,,11,7 € [1,1], A can read) or 1 and move deterministically to state

Intuitively, being on one of the state$; ;,i € [1,1], € [1,m] means that the valuation satisfies the clatiseWe
give an example in the case whére 2, m =4 andl = (p1 VvV —p2 V p3) A (p2 V —ps V py):

0,1 le) 0,1 ; o
/ / / wes [
0,1:.5 Xza 2 X25 . Co
X2,1L> = u Co

p1 P2 b3 P4
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Then, there exists a word € ™ such thal? 4 (0w0) > 1 —1/(2-1) iff I is satisfiable. The first remark is that if
avaluation(py = a1, p2 = ag,...,pm = am), a; € {0, 1}, satisfies a claus€;, i € [1;!], then, after having read the
word0aias...a,,, We are on staté(m with probability at least /i.

Now, suppose that there is a valuatign = a1,p2 = ag,...,pm = am), a; € {0,1} which satisfies. Then,
after having read the wor@h, ay...a,,,, we are with probability one in one of the stat¥s,,,,i € [1;]. Hence, with
probability one, after having red; as...a,,,0, we are in state, that isOa;as...a,,,0 is accepted with probability one.

Conversely, suppose that after having read a viard...a,, we are in one of the states, ,,,, ¢ € [1;!], with
positive probability. Then we are in this state with prolibat leastl /I, by the construction afi. This proves that
if after having read a wor@la; as...a,,0 we are on state with positive probability, then we are in fact on statevith
probability at leasfl /I, andOa;as...a,,0 is not accepted with probability at leakt!. We get that if there exists a
wordOa; as...a,,0 which is accepted with probability greater thar 1/1, the valuationps = a1,p2 = aa, ..., pm =
am), a; € {0,1} satisfies all the clause&s;, i € [1;(], and! is satisfiable.

In order to get a larger gap, we consider a sequence of thedirecconstruction: The probabilistic automaton
associated td is now a sequence of a numheof the probabilistic automata we just built with € N such that
(1 —-1/1)* < ¢, forinstancen > —I - In(¢). Hence the reduction is still polynomial. We show the camston for
the last example. In the sequence, the accepting statkthe k-th copy of A plays the role of the initial state of the
k + 1-th copy, whereas; is a dead non accepting state:

0774

51 -Al 0,1:.5

0,1 0,1
U7 0,1 — Ugq

0,1:.5
0,1

Finally on the new automatad’ we have:
e There exists a word € ™ such thafP(0w0) > 1 — €iff I is satisfiable

e [ is not satisfiable iff for all words € ¥, P(0w0) < e

5.2. Membership problems for PAs
We consider now membership problems. An automatoand a threshold €]0; 1], are fixed.

Problem 5 (Membership problem)
Input: w € ¥*.
Question: Do we haveP 4(w) > A?
The associated language is:
LY = {w e T |Pg(w) > A}

Problenf® is clearly computable in tind&|.A| - |w|). In this section we prove that the languageis not constant
time testable, which contrasts with the resultslof [12] and results in the context of MDPs. IﬂlZ], the authors
consider the membership problem of a wardo the language of a non-deterministic automata. Using angéic
construction, they prove that this problem is testablermetindependent af.

Lemma 4. Let T be a randomized(1)-algorithm with inputs inE* which works in timeV € N and samples
subwords of length at moste N. Letw, w’ € ¥* be such thafjustaty(w) — ustaty(w')|| < ERRSI Then

[P (Y ES|w) — Pr(YES|w')| + [Pr(NOJw) — Pr(NOJw')| < e
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Proof. Since7 samples the subwords of the input with uniform probabilitg,can suppose thdt samples once and
for all, with uniform probability, a numbeN of subwords of the input, each one of lengthThis gives a sequence
(u1,...,un) € (Z*¥)V. Now, a wordw € ¥* induces the distributionstat (w) on X*: if p € $F, ustaty,(w)[p] is
the probability to samplg onw in one step. A sequencey, ...,vy) € (3F)V is sampled inV steps with probability

N
Py ((v1, ..., o)) = H ustaty(w)|vi] 3)

Forv = (v1,..,on) € (0N, let Pr(YES|(v1,...,vn)) and Pz (NO|(v1, ...,vn)) be the probabilities thad
answers YES or NO onaehas been sampled. Then,

Pr(YES|w) =3, wmesny Pu((vr,..;on)) - Pr(YES|(vi, ..., vn))

Pr(YES|w') = Z( un)E(SF)N Pu((v1,...,vn)) - Pr(YES|(v1, ..., vn))

But [lustaty (w) — ustaty(w')|| = 3= cxn |Bw(p) — Bur(p)]. Since||ustaty(w) — ustaty(w')|| < TNISNE by
hypothesis, and since thig, (p), 8. (p) are in[0; 1], we get:

.....

V14

N N
E\N €
For all (vy, ..., un) € (ZF)V, |i1;[16w(vi)—H6w/(U,-)| < PRPEE]

=1
Using equation 3, we get:

€
For a”(’l)l, ...,'UN) € (Ek>N, ]P)w((’Ul, ...,'UN)) —Pw/((vl, ,UN))| S W

This provegP7 (Y ES|w) — P (Y ES|w')| < /2. The same holds for the answer NO. O

Thus, a constant time tester gives close results on inptitsolase statisticsndependently of the size of the input
It implies that if a property can be tested in constant tirhghould be testable by considering inputs of bounded size.
In order to try to test the language', as we did in the context of MDPs, we may allow a relaxationtenthreshold:
if ¢ > 0, awordw € X" is e-close toL” if there existsw’ € X" such thatd(w,w’) < ¢, andw’ € LN(179), As
a consequence of the last lemma, we prove that there exisis BAs for which we cannot construct a constant time
tester for the associated membership problem, even witrethgation on the threshold.

Theorem 3. The membership problem for PAs is not constant time testable

Proof. We have to show that we can find some PAs for which we cannot @@enstant time tester. Consider the
promise problent): given a PAA and¢é > 0, decide if there exista) € ¥* such thaf? 4(w) > 1 — 4, or if for all
w € ¥* we haveP 4 (w) < ¢.

Consider a PA4 ando €]0; 1/4[ for which emptiness problei® is undecidable. Suppose now that there exists a
constant time-testerZ for the1/2-membership problem, with< 1/8. Namelly, on inputw € X*, 7 satisfies:

o If d(w, E%) =0, (i.e. if w € £2), then7 answers YES with probability at lea3t4.
o If d(w, £2(179)) > ¢, (i.e. if wis far from£z), thenT answers NO with probability at leasf4.

We reduce probler on.4 andJ to the existence of such a tester, and conclude that no ssieh tan exist. Let
A be the set of-statistic vectors ilR™", A is a convex subset @&*. LetT’ = x1, T2, ..., x; be the vertices of a grid
on A such that any points itk is at most /2-far from a pointinI". Clearly, we can také= |I'| < (1/¢)*. Now, let
n € N be large enough such that for alle T' there exists a word: € ™ with |lustat,(w) — z|| < ¢/2.
Our decision procedure works as follows: foralk T', chosew,. € ¥™ such thaf|ustaty(w,) — x| < €/2. For each
one of theseu,, run10 - [ times the teste? on this input. Letr, = 1 if a majority of thei runs have given answer
YES, and letr, = 0 if not. Finally, letr = 1 if one of ther, is one, and" = 0 if not. We prove that:

o If there existaw € ¥* of length greater than such that? 4 (w) > 1 — ¢, thenr = 1 with probability at least
3/4.
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o Ifforall w € ¥* of length greater than we haveP 4(w) < ¢, thenr = 0 with probability at leas8/4.

Suppose first that there existse ¥* with length greater than such thai? 4(w) > 1 — 4. Letx € T be such that
|z — ustaty(w)|| < €/2. Then|ustaty(w) — ustaty(wy)| < e. ButP(w) > 1—46 > 1/2, so oninputw, 7 answers
YES with probability at leas8/4. This proves that on input,., 7 answers YES with probability at lea3f4 — e,
that is at least/8. Now, by a simple majority lemma, it is easy to see that if we ¥0 - [ times an algorithm which
answers YES with probability greater thapi8 and we check if we have a majority of YES, we will get a positive
answer with probability at least/4. Hencer,, is one with probability at least/4, and by construction = 1 with
probability at leas8/4.

Conversely, suppose that no word € X* of length greater tham is accepted with probability greater than
Then for anyz € T', there is naw € ¥* such thatl(w, w,) < eandP 4(w) > 1/2. Hence for alk: € T', on inputw,,,

the testef7 will answer NO with probability at least/4. Now, again by a majority lemma, we can see that if we run
10 - [ times such an algorithm on the same inpytand we check if we get a majority of YES, we will have a positive
answer with probability at most/(4 - [). Thus,r, is 1 with probability at mostl /(4 - I). Now, by construction and
using a union bound; = 1 with probability at most - 1/(4 - 1), that is with probability at most/4. Finally, = 0
with probability at leas8/4.

We have proved that i exists, then we can find® € N and an algorithniZ’ which works in time7T" on
input.A and which gives answers YES or NO such that:

o Ifthere existaw € X* of length greater than such thaf® 4 (w) > 1 — 4, then7’ answers YES with probability

atleast3/4.
e If for all w € ¥* of length greater than we haveP 4(w) < §, then7’ answers NO with probability at least
3/4.
This contradicts the undecidability of the emptiness ps@mroblem for PAs. O

5.3. Comparison problems

In [@], the author proves that we can decide whether two B&sfat the same words with the same probabilities in
PTIME. However, the following problem, which can be seengdaxation of the equivalence problem, is undecidable.

Problem 6 (Approximate equivalence)
Input: Two PAsA; and.As, € € [0;1].
Question: for all w € ¥*, |P; (w) — Pa(w)| < €?

Even if we introduce a relaxation on the input, adid [12],pheblem is still undecidable.

Problem 7 (Approximate simulation on close inputs)
Input: Two PAsA; and As, € € [0;1].
Question: for all w € ¥*, there exists a word)’ € 3¥* such thatd(w, w") < e and|P; (w) — Pa(w’)| < €?

The undecidability of problef 6 is proved In__[l7], we give tieeluction for sake of completeness. We reduce the
undecidable emptiness problem for a PA to each one of thed#gegms. LetAy be a probabilistic automaton with
no accepting state. Hencé; accepts no word with probability greater than zero, and argautomatord will be
e-close toAy (for problemdD) iff.A does not accept any word with probability greater tha@onsidering problefd 7,
the automato is e-simulated byA iff A does not accept any word with probability greatee.t&ince by the first
remark of this paragraph it is undecidable to decide if alfihite words are accepted by with probability at most
€, problent® anfll7 are undecidable.
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6. Ultimate properties
In this section, we present a class of properties on infinded&/which satisfy two conditions:

e The properties araltimate that is ifw is a trace andy’ is obtained by changing only a finite number of letters
in w, thenw andw’ should satisfy the same properties.

e They are not sensitive to time translation. That i,'ifs a suffix ofw, themw andw’ satisfy the same properties.

Two purely probabilistic processes will hdtimately equivalenif they satisfy the same ultimate properties with
the same probabilities. Two MDPs will be ultimately eques if for any policy on one of the MDPs there exists a
policy on the second MDP such that the induced purely praiséibiprocesses are ultimately equivalent.

First we will prove that two probabilistic processes arémgitely equivalent iff they artrace equivalentiff they
have the same statistic (TheorEhib, 6). Second, we will ptlosietwo weakly communicating MDPs are ultimately
equivalent iff their statistic polytopes coincide, thaifishey are distanc® (TheorentT).

In order to compare different MDPs, we consider the tracetheif runs as before. L&, F,P7%) be the
probability space wher& is theco-field generated ok by the cone€’,, ., ..., Of infinite words starting with letters
ay,as, ..., a;. We writeP7¢ indifferently for the probability distribution o2, as in the previous section, and for the
probability distribution induced by'r on X If T' € F, P7*(T") isP7*(Tr—1(T')). We still write X, for the random
variable onQ2 which associates to a run its state at timel'he random variabl&,,, defined orf2 or X, associates to
arun or a trace its action label at time

A propertyis a sefl” € F. LetT : £¥ — X¢ be defined ag’(wow; ...) = (wyws...). An ultimate propertyis a
propertyl’ such that"—(I") = I". We writeg for the class of ultimate propertie§.is ac-field, sometimes called the
invariant o-field ([]). Clearly,G satisfies the two requirements formulated above. A largesaséénatural properties
belong to our class of ultimate properties, we give some @@sn

Example 4 (Some ultimate and non-ultimate properties)

If AC X, then{Ai.o.} =,y Upnsn{Ym € A} isinG. Herei.o. denotesnfinitely often

o If AC Y, then{Ault.} =, cn( {Y,, € A} isinG. Hereult. denotesultimately.

m>n

If ACX, then{J,cxMN {Yo.m, € A} isin F. However itis not irg: indeed, it is sensitive to translation.

m>n

ZT'L() IY7 =a . . . .

Leta € 3, and S = ==—"—_ Then{lim, S exists}, i.e. the set of runs for which the sequence
n

S¢(r) converges as goes to infinity, is irg.

e Letk € Nandz € R, Then{wl|ustat(w) = 2} € G.

Forn > 0, let 7, = B(Y,,Y,41...) be the smallest-field on X¢ with respect to which all th&;,i > n are
measurable. LeF, = [, oy Fn, called thetail o-field of Y;,,n > 0. Intuitively, an event is in F iff changing a
finite number of letters of an outcome € 3“ does not affect the occurrence of the evert I". Notice thatG and
F+, aso-fields, are closed under union and intersection. The fotigwesult of [1] shows that ultimate properties
form a particular class of properties of the taifield.

Proposition 10. " mapsF., one-to-one onto itself, and = {I" € F|T-T' =T'}.

Let (2, F,P) be a probability space, and [Bte F. We say thal is alP-atomicset of F if P(I") > 0, and for
all T” € F such that” C T" we haveP(I") = 0 or P(I'V) = P("). If F can be decomposed as a finite union of
P-atomic sets fotF and aP-negligible set, we shall say tht is finite. The following theorem is a generalization of
the classical Kolmogorov8 — 1 law to the context of Markov chains.

Theorem 4. If o has finite memory € N, then the tailo-field ofY,,, n > 0, is finite, and the number &”>*-atomic
sets of the invariant-field G does not exceeld|’.
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Theorem. If o has finite memory € N, then the taib-field of Y,,, n > 0, is finite, and the number &-~-atomic
sets of the invariant-field G does not exceed|.

Proof. We use our construction of the power MDP, and the results atiBlell et al |ﬂZ].

First we prove the result whes is memoryless. In this casé€X,,Y,),>o is a Markov chain. Suppose first that
(X0, Yo)n>o is irreducible, and has periafl > 1. We write P for the probability distribution on runs induced by
the chain. We prove that in that cagss trivial: it can be decomposed as the unionooeP-atomic set and a set
of P-measure zero. Lefl.,c € [0;d — 1]} be a partition of the state space of the chain into its cylyicaoving
subclasses.That i%; is the set of states ifi x & accessible from the initial distribution ¢X,,, Y,),,>0 in [ -d steps for

I € N,andifc € [0;d—1], I.. is the set of states accessiblé i+ ¢ steps, for ai € N. In this context,[[2] proves that
the tailo-field of the chain is equivalent to thefield generated by the seféX, Yy) € 1.} for ¢ € [0; d—1], hence is
finite. LetI be inGy, the invariant-field of (X,,, Y}, )n>0, such thai’(I") > 0. Then, there exists € [0; d — 1] such
that{(Xo, Yy) € I.} C I'. But sincel satisfies by definition~!(T") = T', we have tha{ (X, Yy) € I._1} C T,
wherec—1 = d—1 in the case = 0. Since by proposition10 we hae I = T', we get thaf (X, Yy) € I.41} C T,
wherec + 1 = 0 in the case: = d — 1. This proves that anl € G, with positive measure contains all the generators
of F. This proves thag is trivial. The invariantr-field G of Y,,,n € N is a projection ofG,: the probability of
I € GisP(Tr~1(I)). This proves thag is trivial.

Suppose now thgtX,,, Y, )»>0 is notirreducible. LetS x ¥ = Uy U U; U ... U U; be the decomposition of the
state space afX,,, Y, ).>o into its irreducible componentg] is the set of transient states, and thefor i € [1;1],
are the state space of the irreducible components. Notaté # |S|. Indeed, ifs € S anda,d’ € X, if a andd’
are in the support of (s), then(s, a) and(s, a’) are in the same irreducible component of the chain. By theiqus
result, once the chain has entered one ofthe < [1;1], it behaves as an irreducible Markov chain and the assaciate
invariant fieldg is trivial. This proves thag, is equivalent to the tait-field generated by the invariantfields G
associated to thé,,i € [1;1]. Since eacl§} is trivial, this proves that the number of atomic setggfis at most
|S|.As before, this implies that the number of atomic set§ &f at most.S|.

Suppose finally that has finite memory € N*. Theno induces a Markov chain of?, that we writeS*?. We
write S for the probabilistic process induced éhby . Then, the tail-fields onS? and S%° coincide, and the
invarianto-fields onS” andS*“ coincide, and we can use the past results to prove that theenwhatomic subsets
of the invariantr-field G of S does not exceeb|*. O

Theorenf¥ is a generalization of resultslof [2]. Notice thathas infinite memoryf. is not finite in general, and
can beP?*-completely non-atomic, that is it may contain no atomicsaib. The proof of theorelh 4 gives directly
the following corollary.

Corollary 3 (G is always trivial for an irreducible chain)Let S be an irreducible LTMC. Then for all' € g,
P*(T) € {0, 1}, andP>(T") is independent af.

6.1. Markov chains with labelled transitions

In this subsection we present results concerning ultimatpgrties associated to homogeneous Markov chains. A
memoryless policy on an MDPS = (S, X, P) induces on the state spafex X a Labelled Transition Markov Chain
S7 (written LTMC). This chain X,,, Y;,)nen, With (X,,,Y;,) € S x X for all n € N, has transition probabilities:

P[(XnJrlv YnJrl) = (xlvyl)|(Xn7 Yn) = (x,y)] = P($,|,CC, y) ! U(xl)(yl)
LetS = (X, Y»)nen be anirreducible LTMC, with initial distribution. Letk € N. Since the chain is supposed
irreducible, there exists a vector B(S*™" | which we callustaty(S), or thek-gram of the chain, such that with
probability one the:-gram of the trace of a run afi converges taustat, (S). Moreoverustaty(S) is independent of

the initial distributiona ([@], chapterl). In the followingS:, a; andSs, as are two LTMCs. We writéP* andP5?
for the associated probability distributions Bfi.

Definition 11 (Ultimate equivalence)S;, a1 andSs, as are said to beultimately equivalentwritten
81, Q] ~y 82, Qo, ifforall T € g, P?l (F) = IP’;“?(F)
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If S1,01 ~y Sa, a0, then for anyl’ € G, T' is Py-atomic iff ' is Po-atomic. IfS is an irreducible LTMC with
initial distribution o, then for alll’ € G, P*(I") € {0,1}, andP*(T") € {0,1} is independent of. (by corollary[3B).
As a consequence, given two irreducible LTMEsandS,, we can use the notatia$y ~, S to say that they are
ultimately equivalent.

Definition 12 (Trace equivalence for LTMCs)S; and S, are trace equivalenif there exists two initial distributions
a1 andasg, onS; andS; respectively, such that:

Forall w € ¥*, P (Cy) = P52(Cy).

The following theorem shows that it is enough to know khgrams of an irreducible chain for a bounded number
of k’s, to characterize completely the ultimate propertiehefchain.

Theorem 5. LetS; andS, be two irreducible LTMCs. Then the following are equivalent

1. Vk € [1;(|S1| + |S2])?], ustaty(S1) = ustaty(Sz)
2. Forall k € N, ustat(S1) = ustaty(Ss)

3.8 ~u Sy

4. §; andS, are trace equivalent.

Proof. 1 < 2 is the analogous of lemnfih 6.

We prove thaR = 4 = 3 = 2.

Suppose. §; andS; are irreducible Markov chains, so there exists uniquecstatyy distributiongy; andas onS;
andS, respectively. 1, ao are distributions onS; x | and|S; x X|). Letw € ¥*. Then

PTH(Cw) = Xie sy xmy 1 (t) - Pr(w|(Xo, Yo) = 1)
= ustat,,,|(S1)(w) by definition.

= ustat|,|(S2)(w) by 2

=D te(saxyx) Q2(t) - Pr(w](Xo, Yo) = 1)

= ]P)(Qm (Cw)

Henced.

Supposet. Using corollaniB, we know that givelh € G anda;, a initial distributions onS; andS, respectively,
Py (T) andP5? (T") are independent af; andas. Suppose that we chosg andas to be the initial distributions on
S1 andS; respectively such thal;, a; andSs, as are trace equivalent. Clearly, two trace equivalent Markioains

associate the same probabilities to any property, and ticphar to any ultimate property. This provas

3 = 2 is simple, since we have seen in exaniple 4 that givenR>", the property thatistat,(w) = x is a property
ing. O

GivenS a general LTMC on state spacgsvith initial distributionc, let S = SyUS1U...U S be its decomposition
into irreducible componentss), is the set of transient states, and #ei € [1;!] are the irreducible components of
the chain. Eacly; gives anirreducible LTMG;. Giveni € [1;1], let Reach(S;) be the set of infinite runs af which
enterS; eventually (and then never leave it), and= P*(Reach(S;)). Thep;, sum to one. Lehs, : G — {0,1}
be such that fof® € G, g, (T') is the probability that a run executed Spis in I". By corollary[3, the\g, are well
defined and take values {0, 1}.

Lemma 5. LetS,a bean LTMC and" € G. Then
l
P(T) =Y P*(Reach(S:)) - As, (T)
1=1
Proof. Foralln € N we haveP*(T") = Zé:o P*(I' A X, € S;), hence
PYT) =S PUT|X, € 8;) - PYX, € S)).

=0
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Butforalli € [1;1], P*(X,, € S;) goestdP*(Reach(S;)) asn goes to infinity, and corollaiyl 3 proves tit(I'| X, €
Si) = Ag,(T'). Since by definitionP*(X,, € Sy) goes to zero as goes to infinity, this implies thaP*(I") =
Sicy PO (Reach(S)) - (D). O

Let Si, o andS,, a; be two LTMCs on state spaces and So. Write S; = S§ U St U ... U S} and S,
SguUStU...U S} for the decompositions into irreducible components, Badch,;(S] ) for the set of infinite runs on
S; which enterS; eventually. Lep! = P;(Reach;(S})). The irreducible components can be seen as irreducible
LTMC &/, and~, is an equivalence relation df&;,j € {0,1},i € [1;1,]}. Write {T1,...,T;} for the equivalence
classes ofv,,. If i € [1;1], T; is a union ofS} andSJ%. The next theorem summarizes our results on LTMCs.

Theorem 6. LetS;, a3 andSs, as be two LTMCs. Then the following are equivalent:

1. 81,01 ~u S, 0
2. Vi € [1;1) P{* (Reachy (T3)) = P5? (Reachs(T5))

Proof. Fori € [1;1], let A1, be identified with one of the functioks,, with S; € T; (By definition of~,,, all the A,
coincide, forS; € T).

e Suppose2. LetI' € G. Using lemmalb, we havé@'(I') = Z,l;:l P (Reach(S;)) - g, (T).
But 311, P (Reach(S:)) - Ak, (T) = SO0, P (Reach(T;)) - Ar,(T). By 2, this impliesP{*(I') =
251:1 sz (Reach(Tl)) . )\Ti (F), i.e. ]P)(lll (F) = sz (F), SOSl, Q] 82, Q9.

e Conversely, suppose that there exigtse [1;!] such thatPy! (Reachy(T;,)) # P5?(Reachs(T;,)). Given
i # jin [1;1], we know that the irreducible componentsZinare not ultimately equivalent to the irreducible
components irf;. Hence, sincg is closed under complementation, fiogt j in [1;!], there existd’; ; € G
such tha’rATi (Fi’j) =1 andATj (Fiyj) =0.
Now, letI" = ﬂgzl Ty ;- Then, A, (T') = 1if i = 4y, and zero elsewhere. using lemfa 5, we have that
P (D) = YL P9 (Reachy (T))) - Ar, (T), henceP (T') = P (Reach(T},)). In the same wayP3?(I') =

i=1

P32 (Reacha(T;,)). By hypothesis, we géit? (') # P (T), thusSy, aq 74y, Sz, ae.
O

6.2. Ultimate simulation and equivalence for MDPs

In this section we compare the long term behaviors of MDPgdigparing the Markovian processes induced on
their state spaces by policies. Given a memoryless pelicy an MDPS = (S, X, P), itinduces an LTMGCS? on S.
If o has memory € N, we can see as a memoryless policy a$f, and we write als&? for the LTMC it induces on
St.

The class of weakly communicating MDPs will play the rolela# trreducible Markov chains of the last subsection.
If we consider onlyi-memory policies, the ultimate simulation relation betwé&o weakly communicating MDPs
would depend on the initial distributions of the MDPs. Todachis problem, ifi € N we define the clasE R(i)(S)
of the ultimately memory policieson S, introduced in[[16] in the case= 0. A policy & is in UR(i)(S) if there
exists a policyw™ € M R(i)(S), called thetail of o, and a random stopping timeon €2, called theswitching timeof
o, such that:

o If r € Q,if n > 7(r) theno(r),) = o> (r),).
o P7({r|r(r) < oco}) =1.

In other wordsg is in UR(:)(S) if with probability one, after a finite number of stepspbehaves as a policy of
memory at most. We prove a generalization of theorEin 1 for policie#/iR(:): if S is weakly communicating, then

for all k,i € N and all initial distributionn: onS, HY ™ (0)(8) = HYFD ().

Proposition 11. Suppose tha$ is weakly communicating. Then for &li € N and all initial distribution« on S,
we haveH! " (a)(S) = HY D (a)(S)).

27



Proof. Let o be an initial distribution orb.
First, given an initial distributiorax on S, the mclusmrlHMR(’)( )(S)) C HUR( )(a)(S) is direct. Then, by a direct

generalization of the results df [9], we know thatif € A(S), thenH ( 1)(S5)) = Uaea(s) HMR(Z (@)(S)).

By propositionCTR, we know that(. "’(a)(S) is independent ofv. This implies thatH " (a()(S)) C
UR(i)

Hy, " (@0)(S).

Conversely, letr € HUR(’)( 0)(8), ando € UR(i)(S) such thatr = =3¢, . Let o> be the tail ofo.

Let S; be an irreducible component & such thatP”“(Reach(S;)) > 0. Leta; € A(S) with its sup-
port on S;. Then we havewxy’, That is,z € HMR(’) (a1)(S)). This proves the result, since

H " (00)(8)) = Unencsy M " (@)(S)) O

We writeS? for the probabilistic process with labelled transition&i@h is not any more a Markov chain), induced
by o onS. If ais an initial distribution onS, P>« is the associated probability distribution on the set ofstuAs
in definition[I1, two processeS;*, a1 andS5?, a» are said to belltimately equivalenif for all I' € G we have
Poto1(T) = P72-22(T).

The analogous of theorefd 6 holdsS{*, a; ~, 852,y iff for all i € [1;1], P{"*" (Reachi(T;)) =
P5>*2(Reachs(T;)). Here theT; are equivalence classes on the set of irreducible compsnéﬁffo andsg?

— oo
= Too a1,k

Definition 13 (Simulation between MDPS)S;, «; is said to bei-memory ultimately simulatedy S, as, written
S1,01 =i Sy, g, ifforall oy € UR(i)(S1), there existers € UR(i)(S2) such thatS{*, iy ~,, 852, aa.

81,01 andS,, ap are said to bé-memory ultimately equivalentritten Sy, aq ~i Sa, g, if S1, a1 <% Sa, an
andS;, az <%, S1, 1. As for irreducible LTMC, the simulation relation betweeeakly communicating MDPs does
not depend on the initial distributions.

Proposition 12. Supposes; andS, weakly communicating. Let;, o) andas, of, be initial distributions onS; and
Ss. ThenSl, (o751 <L 82, Qo iff Sl, Oéll KL SQ, 0/2.

Proof. This proposition is a consequence of the fact that if an MDIB weakly communicating and, o/ are initial
distributions onS, then for allo € UR(i)(S), there exists’ € UR(i)(S) such thatS?, « ~,, §°', . To prove this,
letS be a weakly communicating MDR, o’ two initial distributions onS, ando € UR(i)(S). Leto™ € M R(i)(S)
be the tail ofs, and letS = Sy U S; U ... U S; be the decomposition ¢ into the maximal irreducible components of
the Markov chair5®” induced byr> onS. The setS; is the set of transient states of this chains, andsthe € [1;1]
are the classes of recurrent states. ar [1;1], let \; = P7%*(Reach(S;)). SinceS is weakly communicating,
using the results of [7], for all € [1;1] there existsr; € SR(S) such thatP?"® (Reach(S;)) = 1. The idea for the
construction of our’ is, for alli € [1;1], to takes’ to behave liker; with probability \;, until we have reach a state
in S;, and then to behave like>. Then the invariant-fields of the two processes will be equivalent, using cargll
B. The switching time o#” is finite with probability one, since with probability onesing policyos;, we reachs; in
finite time. O

This allows the notatio$; <!, Ss if S; andS, are weakly communicating.
The foIIowmg lemma is reminiscent of the algorithm of Tzef&fi]. If S, a is an MDP andr € HR(S), if there

existsz € RE" such that with probability one thiegram of the trace of the prefix of a run on the process induged b
o anda converges ta:, then we writeustaty,(S7, o) = x.

Lemma 6. LetS; be an irreducible LTMC, an&,, o be an MDP. Suppose
VEk € [1;(|S1] 4 |S2])?], Jok € SR(S2) | ustat(S1) = ustaty(S9*, ).
Then
Jo € SR(S) | Vk € N, ustaty(S1) = ustaty(Sy, a).

28



Proof. The proof of this lemma is reminiscent of TzeEI[ZS].
LetSi{s1,...,sn, } @NdSy = {s1, ..., s}, } be the state spaces &f andSs.

If a € ¥ ando € SR(S:), we define the matriced/; = [P1(s;]si,a)l; jej1in,) @A M2 = [P(s]s},a) -
o(s7)(a)]ijeiim,]- Remark thatP(sg|s;, a) - 0(s;)(a) is the probability to go from state to states; on S, if we
use the policy. If w = ajas...q; € X%, M}, = Hﬁzl Mj%. If w e ¥* ands € Sp, P1(wls) is the probability on
S, to read the wordw in |w| steps when the system is initiated on statéf o € SR(S), Pg(w|s) is the analogous
on S; whereo resolves the non determinism. LBt € R™ andE? € R"™2 be the column vectors with only ones
on their component. 1§ € S; let I} € R™ be the line vector with zeros on its components, except orpcoent
corresponding to statewhere there is a one, aidg € R"2 is the analogous with' € Ss. If w € £* ando € SR(S»),
we have:

Py(w|s) = I} - M} - E*
Pi(uls) = - 2l

Letu; € A(Sy) be the limit distribution on the states of the irreduciblerdav chainS; (If Sy is periodic, take the
average of the limit distributions). i € SR(S,) andustat (S, «) is well defined, lef:$ be the limit distribution
on the states of the cha®#§ . In that case, ifv € ¥*, we have:

ustati(S)[w] = X,es, w(s) - Pr(uwls)
ustati (S5, 0)w] = 3. s, n3(5) - BF (w]s).

2
Using the previous equations fBi (w|s) andPg (w|s), ustaty(S1)[w] = ustat, (ST, «)[w] can be rewritten:
ML, 0 By
(:ula,UQ) : 0 M2 : —Eg =0

1
M‘“O) has sizg.51| + |S2|. Hence the dimension of the vector space generated by

Now, fora € ¥, the matnx(o, M2

1
the (é‘%g) aw € X*, is at most(|S1| + |S2|)?. This proves that if we can find a memoryless policgn S such that

forall k € [1;(|S1| + |S2|)?] we haveustaty,(S1) = ustat,(Sg), then this is true for alk € N.
|

The following theorem summarizes the different notionsspreeed in this paper: polytopes, distance, ultimate
properties.

Theorem 7. LetS; andS, be two weakly communicating MDPs. Then the following arevedent:
o S <Z S
e Forall k € N, I} (S;) C T (Sy).
e Forall k € [1; (|S1] +[S2])%], L (S1) C L (So).
o dasllﬂsw(sh&) =0.

Proof. We prove these equivalences in the case 0. Fori > 0 we just have to consider theth powers of the
considered systems.

Supposel. Letk € Nandy € I19(S;). Thendo; € SR(S) and an initial distributiony; on Sy, such thatr(z)
converges tgy as7 goes to infinity[P71-*t a.s.. Now, let

I' = {r € Qlimr_ustaty,(Tr(rir)) =y}
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Thenl € G, andP?+21(T") = 1. SinceS; <% S», we can findr, € UR(0)(S2) and an initial distributionvy on S,
such thatS?!, . ~,, 872, ap. HenceP?2:2(T") = 1. This proves thaP?*2 a.s.,r(&1 ) converges tg, asT goes to
infinity. Thus,y € 7(HY1(®) (a3)(Sz)). By propositiofly € m(HMR(0)(ay)(Sy)), i.e.y € IY(S,). Sol = 2.

Conversely, supposk for all k € N, I19(S;) C II9(S,). Leta; andas be initial distributions onS; andS,,
ando; € UR(0)(S1). We have to prove that there exists € UR(0)(Sz2) such thatS7", oy ~,, S92, aa. Leto$® be
the tail of oy, ans writeS; = S5 U S{ U ... U S}, for the decomposition into irreducible components of the'hda
chain induced by$° onS;. The MDPS; is weakly communicating, and for all € N we havell{(S;) C II)(S,).
By propositiorTlL, we know thal?(S,) C m(H ™ (a)(S,)). Thus, for allj € [1;1;] andk € N, there exists
ob7 € UR(0)(S,) such thatustaty (S]) = ustatk(Sgé'J ,a2). By lemmd®, for allj € [1;1,], there exists a policy
o} € UR(0)(S:) such that for alk € N, ustat;(S}) = ustaty(S2, ). If j € [1;11], letad™ be the tail ofod. Let
S be an irreducible component of the chain induce@b§ onS,, such tha?2:%2 (Reach(S3)) > 0. Then, for all
j € [1;11] andk € N, ustaty,(S;) = ustat(S5). Using theorerfll5, we have that for gl [1;1,], S} ~,, S5. So far,
we have built policies o, which are ultimately memoryless, and which induce ultimdggkov chains which are
equivalent to the Markov chains induced&nby o;. All we have to do now is to build a poliay, on S, which takes
the behaviors of the policies) with the good probabilities. For afl € [1;11], letp; = P71*1 (Reach(S})). Theno,
is as follows: at the first step, chose with probability disttion p;,j € [1;11], the policy among the? that it will
mimic. Once this choice has been made, continue with to ming@icsame policy forever. The§;", oy ~,, S92, ca.
So we geR = 1.

2 & 3 follows from lemmd®.

4 & 3 is the definition of the distancé O

Two weakly communicating MDPs are equivalent accordindnéorelation~?, induced by<?, iff their polytopes
coincide. The study of the ultimate properties of a genefaP\vtan be done by studying the ultimate properties of its
maximal end components, and the probabilities to reactetard components. The maximal end components play
the role for MDPs that the irreducible components play foMds.

7. Conclusion

We introduced Property and Equivalence Testing to appratérolassical hard problems on the long term behavior
of MDPs, and characterized Equivalent systems with thesa&sltimate properties. These methods do not generalize
to Probabilistic Automata. Potential applications aredpproximate verification of quantitative properties ofylar
probabilistic systems and future work will study how thesstmods may work with compact representations and with
partially observed MDPs.
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