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Abstract. We associate a statistical vector to a trace and a geometrical embedding to a Markov Decision Process,
based on a distance on words, and study basic Membership and Equivalence problems. The Membership problem for a
tracew and a Markov Decision ProcessS decides if there exists a strategy onS which generates with high probability
traces close tow. We prove that Membership of a trace istestableand Equivalence of MDPs is polynomial time
approximable. For Probabilistic Automata, Membership is not testable, and approximate Equivalence is undecidable.
We give a class of properties, based on results concerning the structure of the tailσ-field of a finite Markov chain,
which characterizes equivalent Markov Decision Processesin this context.

Keywords: Markov Decision Processes, Probabilistic Automata, StateAction frequency, Tailσ-Field, Property
Testing, Approximation, Approximate Verification.
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1. Introduction

We consider probabilistic systems with both non deterministic and probabilistic transitions, as Markov Decision
Processes, and basic questions concerning their traces such asStatistical membershipfor a given system andEquiv-
alenceof two systems which are known to be hard in this context [3, 17]. We study their approximation, based on
Property testing, with a natural distancedist on words, and show thatStatistical membershipbecomestestableand
Equivalencepolynomial time computable in the size of the system, but remain hard forProbabilistic Automata.

Property testing [24, 13] is a classical method to approximate decision problems, given a distance between two
inputs. Anε-testerfor a propertyP on words, is a randomized algorithmA which takes a wordwn of sizen as input,
and distinguishes with high probability betweenwn satisfiesP andwn ε-far fromP . A propertyP is testableif there
exists a randomized algorithm such that for everyε > 0,A(ε) is anε-tester forP whose time complexity only depends
onε, i.e. is independent of the sizen.

Let S be an MDP (Markov Decision Process) of sizem, λ ≤ 1 a threshold value and0 ≤ ε ≤ 1. Given an
input wn of sizen, theStatistical membershipdecides if there exists a strategyσ, which assigns decisions on each
non deterministic state, such thatProbσ[dist(rn, wn) ≤ ε] ≥ λ, i.e. the probability to observe a tracern which is
ε-close town is greater thanλ. If S is part of the input, we prove that an exact version of a problem close to statistical
membership problem is PSPACE-hard. Given a fixedS, the problem is testable, i.e. can be approximated in time
independent of the length of the wordn. We present a method which generalizes the approach introduced in [12]
for non deterministic systems and considers the statistical behavior of a system. It associates a statistical vectorx to
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wn and a convex setH(S) of vectors toS in such a way that the geometrical distance betweenx andH(S) is close
to the distance betweenwn and the set of traces ofS. We define a distance between two MDPsS1 andS2 as the
geometrical distance betweenH(S1) andH(S2) and show how to approximate it in polynomial time. A motivation
for this statistical analysis is to decide if there are runs with some statistic constraints, such as the proportion of action
a greater than ten percent in the run.

In [28], Tzeng studied the equivalence between two probabilistic automata and proved that the exact equivalence is
in PTIME. This result was extended in [11], where the authorsstudy labeled Markov chains in a context close to ours.
Tzeng defined theapproximate equivalencein a natural way: two probabilistic automata areε-close if for all wordsw,
the probabilities to be accepted areε-close. The undecidability of this problem is proved in [17]. In this context, given
a wordwn, themembershipsimply decides ifProbA[wn is accepted] ≥ λ. We show that this property is not testable.

There are many other approaches which associate distances to probabilistic systems. In [29, 10], distances gener-
alize the classical probabilistic bisimulation between two states and in [19, 26] thēd generalizes the Trace Equivalence
between two Markov chains. The distance we introduce distinguishes systems which have a different long term be-
havior, and is most relevant for systems which are not supposed to stop. Our main results are: a generalization of
Derman’s theorem to higher order statistics(Theorem 1). TheStatistical membershipon MDPs is testable(Theo-
rem 2), whereas it is not testable(Theorem 3) for Probabilistic Automata. Approximate Equivalence is polynomial
time computable for MDPs(Proposition 4)whereas it is undecidable for Probabilistic Automata.Ultimate properties
characterize the MDPs and the Markov chains at distance0 (Theorem 5,6,7).

In section 2, we review the main definitions for Testers, MDPsand State-Action Frequencies, Probabilistic Au-
tomata. In section 3, we generalize known results on MDPs andstatistics to higher order statistics. In section 4 we
define theStatistical membershipandEquivalenceproblems, and prove positive results for MDPs. In section 5 we
prove negative results for Probabilistic Automata. In section 6 we present a class of properties (ultimate properties),
which characterizes exactly the equivalence and simulation relations between MDPs induced by the distance.

2. Preliminaries

2.1. Testers and Statistics on words

An elementary operationon a wordwn of sizen on an alphabetΣ is an insertion, a deletion, a substitution of a sin-
gle letter, or themoveof a whole subword ofw to another position. Theedit distance with movesdist(w, w′) between
w andw′ is the minimal number of elementary operations performed onw to obtainw′, divided bymax{|w|, |w′|}
as we only consider relative distances. The distance between w and a languageL, noteddist(w, L) is the minimum
distancedist(w, w′) for w′ ∈ L.

Definition 1 (Property Tester [24, 13]). Let ε > 0. An ε-testerfor a languageL is a randomized algorithmA such
that, for all wordswn as input:
(1) If wn ∈ L, thenA accepts with probability at least2/3,
(2) If wn is ε-far fromL, thenA rejects with probability at least2/3.

Applying a polynomial number of times the algorithmA on the same inputw, and using a majority vote, the
2/3 bound could be replaced by any real numberρ > 1/2. A queryasks for the value ofw[i] for somei. Thequery
complexityis the number of queries made to the word, and thetime complexityis the usual definition, where we assume
that arithmetic operations, a uniformly random choice of aninteger from any finite range not larger than the input size,
and a query to the input, take constant time. A languageL is testable, if there exists a randomized algorithmA such
that, for every realε > 0 as input,A(ε) is anε-tester ofL, and the query and time complexities ofA depend only on
ε.

Theustatk(wn) vector ofwn, of dimension|Σ|k, also called thek-gram ofwn is a vector whoseu component,
ustatk(wn)[u] for u a word of sizek, is the number of different occurrences ofu in wn divided byn − k + 1, the
number of blocks of sizek in wn. It is also the probability to findu in a uniform random block. For instance, fork = 2
andΣ = {0, 1} there are4 possible wordsu of lengthk, which we take in lexicographic order. Forw6 = 101101 ∈ Σ∗

we getustat2(w6) = (0, 2/5, 2/5, 1/5). We will use the result of [12], which relatesdist to theL1 distance between
ustat vectors:

Proposition 1. For large enough wordsw, w′ ∈ Σ∗ andk ∈ N, if ǫ = p1/kq andδ > 0, then:
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• if dist(w, w′) ≤ δ, then||ustatk(w) − ustatk(w′)||1 ≤ 7 ·
√

δ

• if ||ustatk(w) − ustatk(w′)||1 ≤ δ, thendist(w, w′) ≤ 7 · δ

2.2. Markov Decision Processes and Probabilistic Automata

2.2.1. Definitions
All the MDPs and automata are on a finite alphabetΣ. If S is finite set, we write∆(S) for the set of distributions

onS.

Definition 2. A Markov Decision Process (MDP) is a tripleS = (S, Σ, P ) whereS is a finite set of states,Σ is a set
of actions, andP : S × Σ × S → [0; 1] is the transition relation. The valueP (s, a, t), also writtenP (t|s, a), is the
probability to arrive int in one step when the current state iss and actiona ∈ Σ is chosen for the transition.

Our MDPs do not have rewards, as we only study properties of their traces. If actiona is not allowed from state
s, P (t|s, a) = 0 for all t ∈ S. The initial state of the system is chosen randomly according to an initial probability
distributionα on its state space. Ahistory, or run, onS is a finite or infinite alternating sequence of states and actions,
which begins with a state and ends with a state when finite. We write Ω∗ for the set of finite runs,Ω for the set of
infinite runs onS. If n ∈ N andr ∈ Ω we writer|n for the sequence of the firstn− 1 state action couples inr and the
n-th state inr. Thetrace Tr(r) of a runr is the sequence of actions. Ifn ∈ N, Xn andYn are the random variables on
Ω which associate to a runr its n-th state and itsn-th action. ApolicyonS, see [30, 25], is a functionσ : Ω∗ → ∆(Σ).
A policy resolves the non determinism of the system by choosing a distribution on the set of available actions from
the last state of the given history. We writeHR for the set of History dependent and Randomized policies. A policy
is deterministicwhen for all historyh = (s1, a1, ..., , ai−1, si) onS, σ(h) ∈ Σ. We writeHD for the set of History
dependent Deterministic policies.

If k ∈ N, a policyσ is said to havememoryk if for any historyh = (s1, a1, ..., , ai−1, si) of length at least
k we haveσ((s1, a1, ..., , ai−1, si)) = σ((si−k, ai−k, ..., , ai−1, si)). We writeMR(k) for the set of Randomized
policies with Memory less thank. A policy is stationary, or memoryless, if it has memory0, i.e. for any history
h = (s1, a1, ..., , ai−1, si) we haveσ(h) = σ(si). We writeSR for the set of Stationary Randomized policies, and we
write SD for the set of Stationary Deterministic policies.

A policy σ and an initial distributionα induce a probability distributionPσ,α on theσ-field F of Ω generated by
the conesCρ = {r ∈ Ω | r|ρ| = ρ}, for ρ ∈ Ω∗ (see [5, 30]). If the initial distributionα is concentrated on a state, that
is if there existss ∈ S such thatα(s) = 1, we may writePσ,s instead ofPσ,α.

Let S be an MDP ands be a state ofS. The setLeave(s) ⊆ Ω is the set of runs which do not crosss after a finite
number of steps. That is,

Leave(s) = {r ∈ Ω | ∃k ∈ N s.t. ∀l ≥ k Xl(r) 6= s}
Given a policyσ onS, the states is said to betransientunderσ if P

σ,s[Leave(s)] = 1. That is,s is transient forσ
if with probability one the system visitss only a finite number of times, when the system is initiated ins and when
policy σ is used.

As for Markov chains, the communication properties betweenthe states of an MDP are important. An MDP is
weakly communicating, see [22], if the set of states can be partitioned into a set ofstates that are accessible from each
other (i.e., for any two statess ands′ in that set, there exists a policy under which there is a positive probability to
reachs′ from s), and a set of states which are transient underall policies.

For a general MDP, there is a decomposition (see [6] and subsection 3.2.2) into maximal disjoint end components
(MECs)S1, ..., Sl of the state space such thatS = S0 ∪ S1 ∪ ... ∪ Sl, whereS0 is the set of states which are transient
for any policy onS (see section 3.2.2).

If T ⊆ S, Reach(T ) is the event:{r ∈ Ω|∃k ∈ N s.t. Xk(r) ∈ T }, which is a measurable event [5, 30]. The
maximal reachability problem [5, 7] asks, given a setT ⊂ S of destination states, and an initial distributionα on S,
for:

MaxReachS(α, T ) = Supσ∈HR(S)P
α,σ(Reach(T ))

The following proposition is proved in [7].
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Proposition 2 ([7]). The valueMaxReachS(α, T ) can be computed in polynomial time. Moreover, thesup limit is
reached using an optimal policyσ which is deterministic, and we can computeσ in polynomial time as well.

A probabilistic automaton (PA), [23], is an MDP with an extra set of final statesF ⊆ S, usually given with a
probability thresholdλ ∈ [0; 1] for the acceptance condition, which reads an inputwn. We will study if approximate
algorithms for Membership and Equivalence problems generalize.

2.2.2. State-Action Frequencies
Statistics of runs on MDPs have been introduced in [18, 9, 22,26] as random variables for the empirical state-

action frequency vectors. We consider a run on an MDP with state spaceS as a sequence of couples inS andΣ. The
statistics of a run will be taken on this alphabet.

Definition 3 (Expected state action frequency vector). Letσ be a policy onS, k ∈ N andT ≥ 0. The vector̂xT
k is the

random variable on the set of historiesΩ, which associates to allr ∈ Ω thek-gram of its prefix of lengthT . That is,
x̂T

k = ustatk(r|T ). Given an initial distributionα, theExpected state action frequency vectorxT
σ,α,k is Eσ,α[x̂T

k ], i.e.
the expectation of̂xT

k .

We may forget thek in the notations whenk = 1. The vectorxT
σ,α,1 is in [0; 1]S×Σ, with non-negative components

which sum to one. The valuexT
σ,α,1(s, a) is the expected frequency, up to timeT , of taking state-action(s, a), given

the initial distribution isα and the non determinism is resolved byσ. If σ is a policy onS, thenx∞
σ,α,k is the empty

set if xT
σ,α,k does not converge asT → +∞, and the limit point ifxT

σ,α,k converges. IfK is a class of policies
(K = SD, HR...), let:

HK
k (α) =

⋃

σ∈K x∞
σ,α,k

2.2.3. The polytopeH for communicating MDPs
Fork = 1, letH(S) be the set of vectorsx ∈ ∆(S × Σ) which satisfy for alls′ ∈ S the linear equations:

∑

s∈S

∑

a∈Σ

P (s′|s, a) · x(s, a) =
∑

a′∈Σ

x(s′, a′) (1)

If H is the convex closure ofH , the following proposition is an improvement by [18, 22, 14]of a first result of [9].

Proposition 3. LetS be a weakly communicating MDP. Then for all distributionα onS,

H = HHR(α) = (HSD(α)),

Example 1(A lossy communication channel).

0 I 1

ǫ,snd(0)

rec(0)

1 − ǫ,snd(0) rec(1)

ǫ,snd(1) 1 − ǫ,snd(1)

We will be interested in the actions appearing in the runs, onthe alphabetΣ = {snd(1), snd(0), rec(1), rec(0)}. In order to get
vectors of reasonable size, we take the statistics of the traces and do not consider the states. Non determinism is only present on state
I , from which the system chooses betwensnd(0) andsnd(1). It induces two possible stationary and deterministic policies. One
choosessnd(0) and leads to the limit statistic vector of order one onΣ: x1 = (snd(0) : 1

2−ǫ
, rec(0) : 1−ǫ

2−ǫ
, snd(1) : 0, rec(1) : 0).

The other choosessnd(1) in I , and gives the symmetric pointx2 = (snd(0) : 0, rec(0) : 0, snd(1) : 1
2−ǫ

, rec(1) : 1−ǫ

2−ǫ
). As the

system is weakly communicating, the projection ofH(S) in R
Σk

is the segment betweenx1 andx2.
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3. State-action frequencies and MDPs of higher order

3.1. k-statistic polytopes for MDPs

We first generalize the results of [18, 9, 22] to higher order statistics. In this sectionk is a natural number greater
than0. We fix an MDPS andα an initial distribution onS. The analogous of Derman’s theorem ([9], chapter 7), is
not true any more when we consider statistics of higher orders: if k ≥ 2, in generalHHR

k (α) is not the convex hull of

HSR
k (α). Still, we will see in the future that in that caseHHR

k (α) = (HMR(k)
k (α)).

Example 2. Consider the following MDP:

S : s1

a,1
)) s2

c,1
ll b,1

ww
s1 initial state.

OnS , consider the policyσ ∈ HR such that the choice on states2 depends on the history: if the system was ins2 before, thenσ
chooses actionc with probability one. If the system was ins1 and just arrives ins2, σ chooses actionb with probability one. Then,
xT

σ,α,2 converges to a pointx ∈ ∆((S ×Σ)2), such thatx[s1as2b] = x[s2bs2c] = x[s2cs1a] = 1/3, and all the other coordinates
are zero. Ifx ∈ HSR

2 (α), x[s1as2b] > 0 andx[s2cs1a] > 0 implies x[s1as2c] > 0. This proves thatx 6∈ HSR
2 (α), and in

fact we havedL1(x, HSR
2 (α)) ≥ 1/6, which proves that we do not haveHHR

2 (α) = HSR
2 (α). We will prove that in that case,

HHR
2 (α) = H

MR(2)
2 (α).

We describe now the construction of thek-th self product of an MDP. Our goal is the following: the state-action
frequency vectors on thek-th self productSk of S should correspond to the orderk state-action frequency vectors on
S.

Definition 4. Thek self product of an MDPS = (S, Σ, P ) is the MDPSk = (S′, Σ, P ′) where:
S′ = (

∏k−1
i=1 S × Σ) × S,

If t′ = (t1, b1..., bk−1, tk) ands′ = (s1, a1..., ak−1, sk) are inS′ anda ∈ Σ,

P ′(t′|s′, a) =







P (tk|sk, a) if (t1, b1..., bk−2, tk−1) =
(s2, a2..., ak−1, sk) and a = bk−1

0 if not.

Example 3. As an example for the last definition we present the second power of the lossy channel of example 1:

I snd(0) 0 I snd(1) I I snd(1) 1

0 rec(0) I I snd(0) I 1 rec(1) I

snd(0)
1 − ǫ

rec(0)
1

snd(1)
1 − ǫ

rec(1)
1

snd(1)
1 − ǫ

snd(0)
1 − ǫ

snd(1)
ǫ

snd(0)
ǫ

snd(1)
ǫ

snd(0)
ǫ

If S is a communicating MDP, thenSk is communicating as well. A run onSk is a sequence of couples inS′ and
Σ, which can be seen as a sequence of couples inS andΣ, i.e. a run onS. Also, given a policyσ on S, there is a
naturally associated policyσ′ onSk, which takes the same actions given the same histories. However, several policies
on S may be associated to the same policyσ′ on Sk. Indeed a policy onSk does not consider runs onS of length
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smaller thank. We can use the notion of state-action statistic vector for the MDPSk. If σ′ is a policy onSk, T ≥ 1,
andα′ is an initial distribution onSk, thenxT

σ′,α′,1(Sk) ∈ R
(S′×Σ) = R

(S×Σ)k

.
An initial distributionα and a policyσ onS induce a unique initial distributionα′(σ, α) onSk, such that for all

state(s1, a1..., sk) in Sk,

α′(σ, α)((s1 , a1..., sk)) = P
σ,α(Cs1,a1...,sk

).

Lemma 1. LetS be an MDP,α an initial distribution,k ≥ 1, andσ a policy onS. We writeσ′ for the policy onSk

associated toσ, andα′ = α′(σ, α) for the initial distribution onSk associated toσ andα. Then for allT ≥ 1, we
have:

xT+k−1
σ,α,k (S) = xT

σ′,α′,1(Sk).

Proof. Both vectors are inR(S×Σ)k

. Write Sk = (S′, Σ, P ′). Recall S′ = (S × Σ)k−1 × S. If w =
(s0, a0..., ak−2, sk−1) ∈ S′, we writePrec(w) for the set of states inSk of the form(s−1, a−1, s0, a0, ..., ak−3, sk−2).
If b ∈ Σ, we consider(w, b) as a couple inS′ × Σ, or as a sequence ofk couples(s0, a0), ..., (sk−1, b) in (S × Σ)k,
depending on the context. Ifn ∈ N, X ′

n : Ω → S′ associates to a runr the subword withk states andk − 1 letters
which starts aftern steps inr. (For instance, ifr = (s1, a1, s2, a2, s3, a3, s4), k = 2 andn = 2, X ′

2(r) = (s2, a2, s3)).
If fact, X ′

n associates to a run onSk its n-th state inS′. If n ∈ N, Y ′
n : Ω → Σ associates to a runr ∈ Ω its n-th action

when we considerr as a run onSk, henceY ′
n(r) is then + k − 1 action onr (In the previous example,Y2(r) = a3).

Let w = (s0, a0..., ak−2, sk−1) ∈ S′, andb ∈ Σ. By definition,

xT+k−1
σ,α,k (S)[w, b] = 1

T+1

PT

t=0 P
σ,α(X ′

t = w, Y ′

t = b)

xT
σ′,α′,1(S

k)[w, b] = 1
T+1

PT

t=0 P
σ′,α′

(X ′

t = w, Y ′

t = b)

To prove the lemma, we prove by induction ont ∈ N that for allw = (s0, a0..., ak−2, sk−1) ∈ S′ andb ∈ Σ,

∀t ≥ 0, P
σ,α(X ′

t = w, Y ′
t = b) = P

σ′,α′

(X ′
t = w, Y ′

t = b).

• Supposet = 0, thenP
σ′,α′

(X ′
0 = w, Y ′

0 = b) = α′(w) · σ′(w)(b). By definition,α′(w) = P
σ,α(X ′

0 = w) and
σ′(w) = σ(w), hencePσ′,α′

(X ′
0 = w, Y ′

0 = b) = P
σ,α(X ′

0 = w) · σ(w)(b) = P
σ,α(X ′

0 = w, Y ′
0 = b).

• Suppose the lemma true fort ≥ 0. By definition,

P
σ′,α′

(X ′
t+1 = w, Y ′

t+1 = b) =
∑

w′∈Prec(w)

P
σ′,α′

(X ′
t = w′, Y ′

t = ak−2) × P ′(w|w′, ak−2) · σ′(w)(b)

We writew′ = (s−1, a−1, a0, s0, ..., ak−3, sk−2) whenw′ ∈ Prec(w). Then, by the induction hypothesis and
the definition ofP ′ andσ′,

P
σ′,α′

(X ′
t+1 = w, Y ′

t+1 = b) =
∑

(s−1, a−1) ∈ S × Σ P
σ,α(X ′

t = (s−1, a−1, .., sk−2), Y
′
t = ak−2)

×P (sk−1|sk−2, ak−2) · σ(w)(b)

That is,

P
σ′,α′

(X ′
t+1 = w, Y ′

t+1 = b) =
∑

s−1∈S,a−1∈Σ

P
σ,α(X ′

t = (s−1, ..., sk−2), Y
′
t = ak−2, Xt+1 = sk−1, Yt+1 = b)

I.e. P
σ′,α′

(X ′
t+1 = w, Y ′

t+1 = b) = P
σ,α(X ′

t+1 = w, Y ′
t+1 = b).

The following theorem and corollary generalize proposition 3 to the context of higher order statistics.

Theorem 1. Let S be a weakly communicating MDP andk ≥ 1. ThenHHR
1 (Sk) = HHR

k (S), and for all initial
distributionα onS,
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⋃

σ∈MR(k)(S) HSR(Sk)(α′(σ, α)) = H
MR(k)
k (S)(α)

Proof. • For the first statement, asS is communicating,Sk is communicating as well, and by propo-
sition 3, HHR(Sk) and HHR

k (S) do not depend on the initial distributions onS or Sk. We have
HHR

k (S) =
⋃

σ∈HR x∞
σ,α,k(S). By lemma 1,x∞

σ,α,k(S) = x∞
σ′,α′,1(Sk), whereσ′ is the policy onSk

associated toσ, andα′ is the initial distribution onSk associated toα andσ. This provesHHR
k (S) ⊆ HHR(Sk).

For the other inclusion, letx ∈ HHR(Sk). Let σ0 ∈ MR(k)(S), α an initial distribution onS, andα′ =
α′(σ0, α) the initial distribution onSk associated toα andσ0. We have thatHHR(Sk) does not depend on the
initial distribution, and in particularHHR(Sk) = HHR(Sk)(α′). Hence there existsσ′ ∈ HR(Sk) such that
x = x∞

σ′,α′,1. Let σ be a policy onS such that on histories of length smaller thank, σ coincides withσ0, and
σ coincides withσ′ on histories with greater length. By construction,α′ is also the initial distribution onSk

which is associated toα andσ . By lemma 1,x∞
σ,α,k(S) = x∞

σ′,α′,1 = x. This provesHHR(Sk) ⊆ HHR
k (S).

• For the second statement, the proof thatH
MR(k)
k (S)(α) is a subset of

⋃

σ0∈MR(k)(S) HSR(Sk)(α′((σ0, α)))

is analogous to the previous argument. We just have to point out that if σ ∈ MR(k)(S), then the associated
σ′ ∈ HR(Sk) is in fact inSR(Sk).

For the other inclusion, letσ0 ∈ MR(k)(S), let α′ be the initial distribution onSk associated toα andσ0, and
let x ∈ HSR(Sk)(α′). Let σ be the policy onS associated toσ0, σ

′ as before. Sinceσ′ ∈ SR(Sk), we have

σ ∈ MRk(S). Moreover, by lemma 1,x∞
σ,α,k(S) = x∞

σ′,α′,1 = x. This provesx ∈ H
MR(k)
k (S)(α)

Corollary 1. If S is weakly communicating,

H1(Sk) = HHR
1 (Sk) = HHR

k (S) = [HSR
1 (Sk)] = [H

MR(k)
k (S)].

Proof. • H1(Sk) = HHR
1 (Sk) comes from proposition 3.

• HHR
1 (Sk) = HHR

k (S) comes from the last theorem. (HHR
1 (Sk(σ0)) is independent ofσ, sinceHHR

1 (Sk)(α′)
is independent of the initial distributionα′.)

• HHR
1 (Sk) = [HSR

1 (Sk)] comes from proposition 3 applied to the communicating MDPSk.

• [HSR
1 (Sk)] = [H

MR(k)
k (S)] comes from the last theorem.

So far the polytope associated to an MDP lies in a vector spacewhose dimension depends on the state space of the
system. We eliminate this dependence, in order to be able to compare systems with very different state spaces. We
introduce the linear projectionπ : R

(S×Σ)k → R
Σk

such that ifx ∈ R
(S×Σ)k

, on a componentv ∈ Σk we have

π(x)[v] =
∑

u∈(S×Σ)k s.t. Tr(u)=v

x[u] (2)

In the future, ifi, k ∈ N, we writeH i
k(S) for H

MR(i)
k (S), andΠi

k(S) for π(Hi
k(S)).

3.2. Distance between MDPs

3.2.1. The weakly communicating case
In this paragraph we compute the distance between a statistic vector and a polytopeΠk

k(S), and define a distance
between MDPs naturally associated with their polytopes.
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Definition 5 (Distancedk(x,S)). If S is a weakly communicating MDP,k ∈ N, andx ∈ R
Σk

, let

dk(x,S) = Infy∈Πk
k
(S)||x − y||1

The following proposition shows thatdk(x,S) can be computed in time polynomial in(|S|·|Σ|)k. The crucial point
is that we get non exponential bounds because the polytopeHk

k (S) is characterized by a number of linear equations
polynomial in|S| (see equation 1), even if it may have an exponential number ofextremal points (corresponding to
the exponential number of possible stationary and deterministic policies).

Proposition 4. The distancedk(x,S) can be computed in time polynomial in(|S| · |Σ|)k.

Proof. LetC be the matrix of size|Σ|k×|S×Σ|k corresponding to the projectionπ : R
(S×Σ)k → R

Σk

. (see equation
2). Using the linear characterization of the polytopeHk

k (S) (see equation 1), we know that we can findA, a square
matrix of size(|S| · |Σ|)k, andB a column vector of size(|S| · |Σ|)k such that:

Πk
k(S) = {C · X |

(

A · X = B

X ≥ 0, X ∈ R
(|S|·|Σ|)k

)

} (1)

Now,

dk(x,S) =





Inf ||Y − x||1
Y = C · X

A · X = B, X ≥ 0





If E is the column vector inRΣk

with only ones on its components, we get:

dk(x,S) =













Inf
Z∈RΣk .tZ · E

Z ≥ C · X − x
Z ≥ −C · X + x

A · X = B
X ≥ 0













This is a regular form of linear programming, with variableX ∈ R
(S×Σ)k

andZ ∈ R
Σk

, and with constraints of
size(|S| · |Σ|)k. Hencedk(x,S) can be computed inPTIME((|S| · |Σ|)k).

We define now thek-th order distance between two weakly communicating MDPs asthe Hausdorff distance
between the associated orderk polytopes.

Definition 6 (The distancedk(S1,S2)). If S1 andS2 are two weakly communicating MDPs letdk(S1,S2) be the
Hausdorff distance (with respect to the normL1) between their polytopes fork statistics:

dk(S1,S2) =
Supx∈Πk

k
(S1)Infy∈Πk

k
(S2)||x − y||1

2
+

Supx∈Πk
k
(S2)Infy∈Πk

k
(S1)||x − y||1

2

For instance, with two lossy channelsS1,S2 with respective parametersǫ1 andǫ2, it is not difficult to see that
the distance between the order one polytopes is|ǫ1 − ǫ2|/2. (It is |ǫ1 − ǫ2| for the metric of [10], for instance, and
we will see that in general our distance is far from the metricof [10]). This distance is difficult to compute and hard
to approximate to any fixed ratioβ > 0, but we give a|Σk|-approximation ([15] proves that even theL1-diameter
of a polytope is not computable in PTIME, and that it is not well approximable). We use the fact that the Hausdorff
distance with the normL∞ is computable using a linear program of polynomial size, to approximate theL1 Hausdorff
distance within a factor|Σ|k.

Proposition 5. SupposeS1 andS2 weakly communicating. Then we can compute the distancedk(S1,S2) within a
factor |Σ|k in PTIME(((|S1| + |S2|) · |Σ|)k · |Σ|).
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Proof. We compute

d∞k (S1,S2) =
Sup

x∈Πk
k
(S1)

Inf
y∈Πk

k
(S2)

||x−y||∞

2 +
Sup

x∈Πk
k
(S2)

Inf
y∈Πk

k
(S1)

||x−y||∞

2

in time polynomial in|Σ|k·|S×Σ|k, and use the fact thatd∞k (S1,S2) ≤ dk(S1,S2) ≤ |Σ|k·d∞k (S1,S2) to approximate
the L1 Hausdorff distance. In order to computeSupx∈Πk

k
(S1)Infy∈Πk

k
(S2)||x − y||∞, we just have to compute the

components of the extremal points of the polytopesΠk
k(S1) andΠk

k(S2) on all the coordinatesu ∈ Σk. If u ∈ Σk, the
valuesMaxx∈Πk

k
(S1)x[u] andMinx∈Πk

k
(S1)x[u] can be computed using linear programs of size(|S1| · |Σ|)k:

Maxx∈Πk
k
(S1)x[u] = Maxx∈Πk

k
(S1)x · Eu,

Minx∈Πk
k
(S1)x[u] = −Maxx∈Πk

k
(S1)(−x · Eu),

whereEu is the vector inRΣk

with value1 on coordinateu, and0 elsewhere. The linear constraintsx ∈ Πk
k(S1)

are given by the equations in (1). The two equations are validsince all the coordinates of anyx ∈ Πk
k(S1) are

non-negative. Foru ∈ Σk andi ∈ {1, 2}, let
{

t+i (u) = Maxx∈Πk
k
(Si)x[u]

t−i (u) = Minx∈Πk
k
(Si)x[u]

Then, by a simple comparison between the extremal coordinates inΠk
k(S1) andΠk

k(S2),

Supx∈Πk
k
(S1)Infy∈Πk

k
(S2)|x[u] − y[u]| = Max[t+1 − t+2 , t−2 − t−1 , 0].

Finally, since

Supx∈Πk
k
(S1)Infy∈Πk

k
(S2)‖x − y‖∞ = Maxu∈ΣkSupx∈Πk

k
(S1)Infy∈Πk

k
(S2)|x[u] − y[u]|,

we can apply|Σ|k times the previous algorithm to each coordinateu ∈ Σk, which proves the result.

Instead of approximatingdk(S1,S2) by approximating theL1 norm by theL∞ norm, we could have discretized
the problem. For instance we could have discretized the set of vectors inR

Σk

with positive components which sum
to one, with a grid of radiusǫ > 0. For each pointy of the grid we can compute theL1 distanced between the affine
subspacesπ−1

1 (y) andHk
k (S1) in PTIME(|(S1 · Σ)|k) with a linear program. Sinced is also the distance between

y andΠk
k(S1), we can compute the last distance inPTIME(|(S1 · Σ)|k). The same holds for the distance between

π−1
2 (y) andHk

k (S2)‖. Theπ1 andπ2 are the projection fromR(S1×Σ)k

andR
(S2×Σ)k

to R
Σk

. Since there exists

(1/ǫ)|Σ|k vertices in the grid, we would get anǫ-approximation ofdk(S1,S2) in time(1/ǫ)|Σ|k ·P ((|(S1 +S2) ·Σ|k)),
whereP is a polynomial.

3.2.2. The non weakly communicating case
In general, for a non weakly communicating MDP, the set of thelimit statistics is not a polytope, and it is not

characterized by a set of linear equations. Instead it is theunion of the polytopes associated to the maximal end
components of the MDP, that we present now. We need some previous notions, presented in [6].

Let S = (S, Σ, P ) be an MDP. Givens ∈ S anda ∈ Σ, let Succ(s, a) = {t ∈ S|P (t|s, a) > 0. A sub-MDPof S
is a pair(C, D) whereC ⊂ S andD is a function that associates to eachs ∈ C a setD(s) ⊆ Σ of actions. Given an
MDP (C, D) of S, the relationρ(C,D) is defined as:

ρ(C,D) = {(s, t) ∈ C × S|∃a ∈ Σ s.t. P (t|s, a) > 0}

Definition 7 (End component of an MDP ([6])). A sub-MDP(C, D) of S is anend componentif:

• Succ(s, a) ⊆ C for all s ∈ C anda ∈ D(s);

• The graph(C, ρ(C,D)) is strongly connected.
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We say that an end component(C, D) of S is maximalif there is no other end component(C′, D′) of S different
from (C, D) and such thatC ⊆ C′ andρ(C,D) ⊆ ρ(C′,D′).

A states ∈ S is transient for a policyσ onS if with probability one on the set of runs, when started froms, after
a finite number of steps a run will leaves and never reach it again in the future. Thefundamental theorem of end
componentsof [6] implies that the setS0 of states inS which belong to no maximal end component is exactly the
set of states which are transient for all policies. Thus, we can decompose the state spaceS of a given MDPS into
maximal disjoint end components (MECs)S1, ..., Sl of the state space such thatS = S0 ∪ S1 ∪ ... ∪ Sl, whereS0 is
the set of states which are transient for any policy onS.

Given two general MDPsS1, α1 andS2, α2, we partition their state spaces into MECs. WriteSj = S0
j ∪S1

j ∪ ...∪
S

lj
j , for j = 1, 2. A sub-MDP is in particular an MDP, hence for allj ∈ {1, 2} andi ∈ [1; lj ] we can considerSi

j , the

MDP associated to the MEC with state spaceSi
j . If x ∈ R

Σk

, δ ≥ 0 andj ∈ {1, 2}, Vj(x, δ) is the union of the state
spaces of theSi

j ’s whose polytope isδ-close tox. That is:

Vj(x, δ) =
⋃{Sj

i |dk(x,Si
j) ≤ δ}.

Now we have two parameters to differentiate two systems: oneto measure the difference of the polytopes, and a
second one to measure the different probabilities to reach the polytopes. This gives a notion of simulation.

Definition 8 ((ǫ, δ)-simulation). If ǫ, δ ∈ [0; 1], S1, α1 will be said to be(ǫ, δ)-simulated byS2, α2 for order k

statistics, writtenS1, α1 ≺k
(ǫ,δ) S2, α2, if for all x ∈ R

Σk

,

MaxReach1(α1, V1(x, 0)) ≤ MaxReach2(α2, V2(x, ǫ)) + δ

That is,S2, α2 (ǫ, δ)-simulatesS1, α1 if we can generate traces on the second system which areǫ close to the traces
generated on the first, with probabilitiesδ close. This notion induces naturally two pseudo metrics, which extenddk

on the set of general MDPs.

Definition 9 (Pseudometricsdk andd≺k ). Letd≺k (S1,S2) = Inf{ǫ > 0|S1, α1 ≺(ǫ,ǫ) S2, α2},
anddk(S1,S2) = Min(d≺k (S1,S2), d

≺
k (S2,S1)).

Notice thatdk is symmetric, whereasd≺k is not in general. In the case of weakly communicating MDPs, the two
definitions fordk(S1,S2) coincide. Bothd≺k (S1,S2) anddk(S1,S2) can be approximated inPTIME((|S1| · |Σ| +
|S1| · |Σ|)k), within a factor|Σ|k.

Our distances between MDPs cannot be compared to the metricsdefined in [29, 10]. These metrics are in fact
metrics between states of a given system, which may induce metrics between systems, by taking their initial states. In
our approach, we do not rely on states, and the distance between two communicating systems does not depend on the
initial distributions.

4. Problems on MDPs

We consider two classes of problems concerning generation of words by MDPs. First ”membership” type prob-
lems, where we want to know if a word or a statistic vector can be generated by an MDP, and second “comparison”
type problems, where the input consists in two MDPs that we want to compare. In the following, ifǫ ≥ 0, n ∈ N,
k ∈ N andx ∈ R

Σk

, let
Bk

n(x, ǫ) = {r ∈ Ω|‖ustatk(r|n) − x‖ ≤ ǫ}
As well, if w ∈ Σn, let

Bk
n(w, ǫ) = {r ∈ Ω|‖(ustatk(r|n) − ustatk(w)‖ ≤ ǫ}

We may forget theǫ in the notation whenǫ = 0.
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4.1. The statisticalλ-membership problem.

Many standard problems in the context of MDP optimization, (see [4, 21]), can be presented as follows. We are
given an MDPS, a lengthn ∈ N, a probability thresholdλ ∈ [0; 1], and an objectivex. The question is to find a
policy σ on S such that the probability of the set of runs of lengthn which satisfy the objective is greater thanλ.
Suppose that our objective is to generate words with a given statistic. We prove that the associated decision problem
is PSPACE-hard, even when we consider order one statistics.

Problem 1 (Statisticalλ-membership problem).
A thresholdλ ∈ [0; 1] is fixed.
Input: An MDPS onΣ of sizen ∈ N, w ∈ Σ∗ of lengthO(n).
Question: ∃σ ∈ HR(S) such thatPσ(B1

n(w)) ≥ λ?

We prove that the problem 1 is PSPACE hard. We reduce a variation of SSAT to this problem. We recall first the
definition of the SSAT problem.

Problem 2 (Stochastic satisfiability problem (SSAT)).
Input: p1, q1, p2, q2, ..., pm, qm boolean variables,φ = C1∧...∧Cl a3-CNF formula, where theCi are3-disjunctions.
Question: Can we choose the value ofp1 in {0, 1} such that, ifq1 is taken with uniform probability in{0, 1}, we can
choosep2 ∈ {0, 1} such that ifq2 is chosen randomly, etc..., such that the probability to satisfy φ is at least1/2. In
our notation:∃p1Rq1∃p2Rq2...∃pmRqm P(φ = true) ≥ 1/2?

Recall from [20] that problem SSAT is PSPACE-complete.

Proposition 6. The statisticalλ-membership problem is PSPACE hard.

Proof. The proof is in two steps: first we prove the PSPACE hardness ofthe same problem when we ask the policy
to be deterministic. In a second step, we present a generalization of the SSAT problem, where all the variables are
chosen randomly. We prove that this generalization is computationally PTIME-equivalent to SSAT, which can be of
independent interest, and next reduce it to our problem Statisticalλ-membership, which proves it PSPACE hardness.

First reduction.
We reduce SSAT to the following variation of problem 1: Givenan MDPS onΣ of sizen ∈ N, andw ∈ Σ∗ of length
O(n), does there exist adeterministicpolicy σ ∈ HD(S) such thatPσ(B1

n(w)) ≥ λ?
Let φ = C1 ∧ ... ∧ Cl, where theCi are3-disjunctions on variablesp1, q1, p2, q2, ..., pm, qm, be an instance of

SSAT. We build an MDPS and a wordw, of sizes polynomial inm, l, such that the statisticalλ-membership problem
is satisfied on input(S, w) with deterministic policies iff SSAT is satisfied.

Let Σ be the union of thel + 3 different letterse, e1, e2, c1, c2, ..., cl. The wordw will contain exactly once each
lettersc1, ..., cl, plus a set of extra buffer letters. Intuitively, a policy onS will give a valuation for thepi, and the letter
ci will belong to the trace of a run if the valuation associated to the underlying policy satisfies the clauseCi. Our MDP
S is built as a sequence of basic units, which are directed acyclic graphs (DAGs), one associated with each variables
pi andqi. Each unit reflects whether the associated variable is existential or random, and whether it occurs positively
or negatively inC1, ..., Cl. Thus, the depth of each DAG is proportional tol, the number of clauses. For all variable
v ∈ {pi, qi}, consider the following DAG, that we callUv:

• The root is labelled byv. The root has two children, labelledt11, t
1
2.

– If v ∈ {p1, ..., pm}, then fromv there exists a transition with labele1 to statet11, and a transition with label
e2 to t12.

– If v ∈ {q1, ..., qm}, then fromv there exists a probabilistic transition with labele to statest11 andt12, with
same probability1/2 for these two states.

• If v appears positively inC1 then

– t11 has a unique childt21, that he can reach with a transition with labelc1, or with a transition with labele.

– t12 has a unique childt22, that he can reach with a transition with labele.
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• If v appears negatively inC1 then

– t11 has a unique childt21, that he can reach with a transition with labele.

– t12 has a unique childt22, that he can reach with a transition with labelc1, and with a transition with labele.

• If v does not appear inC1 then

– t11 has a unique childt21, that he can reach with a transition with labele.

– t12 has a unique childt22, that he can reach with a transition with labele.

• The same holds from statest21 andt22, changing the clauseC1 by C2, and continues for all clauses.

• Finally, from statestl+1
1 andtl+1

2 there exists transitions with labele1 ande2 respectively, to a terminal state
vend. Hence, any run on the top part of the unit contains exactly the same number of letterse1 ande2 as a run
on the low part.

The height of this DAG isl + 3.
For instance, supposeφ = (p1 ∨ ¬q1 ∨ p2) ∧ (¬p1 ∨ q2 ∨ p3). The DAG associated to variablep1 is:

t12
e // t22

c2

""

e

<<
t32

e1

  A
AA

AA
AA

A

p1

e2

@@��������

e1

��=
==

==
==

= pend
1

t11

c1

""

e

<<
t21 e

// t31

e2

>>}}}}}}}}

Our MDP is a sequence of such DAGs. The root of our MDP, which will be its initial state, is the variablep1. The
terminal statepend

1 of the treeUp1 is identified to the first stateq1 of the treeUq1 . Next, the last stateqend
1 of Uq1 is

identified with the initial statep2 of Up2 , and so on, until stateqend
m . The initial distribution onS is α = δp1 , the Dirac

distribution on statep1. Notice that onS, only probabilistic transitions are on the statesq1, ..., qm. A path from the
initial state ofS to the stateqend

m has length2 · m · (l + 3).
Intuitively, an “accepting run” on the MDP will be a run whichcontains in its trace exactly one time each letter

ci, i ∈ [1; l]. The bridges from a statetj1 where both transition labelse andci are authorized will allow not to take
labelci when we have already seen it in the run.

Givenw ∈ Σ∗, we consider its1-gram as a multiset of letters inΣ, such that the union of the letters in this multiset
are exactly the letters ofw. Let w ∈ Σ2·m·(l+3) be such that it contains exactly one time each lettersci, i ∈ [1; l], m
times the lettere1, m times the lettere2, 2 · m times the lettere, and2 · m · (l + 3) − l − 4 · m times the lettere. We
prove the following claim:
Claim:

{ ∃σ ∈ HD(S)|Pσ(B1
2·m·(l+3)(w)) ≥ 1/2

iff ∃p1Rq1...∃pmRqm P(φ = true) ≥ 1/2.

Suppose first that∃p1Rq1...∃pmRqm P(φ = true) ≥ 1/2. We define our policyσ ∈ HD(S) as follows. If
a finite historyh ends on a state of the typepi, there exists the possibility between a transition with label e1, and a
transition with labele2. If b ∈ {0, 1} is the choice ofpi oncep1, q1, ..., pi−1, qi−1 have been chosen as in the history
h on∃p1Rq1...∃pmRqm P(φ = true) ≥ 1/2, thenσ chooses the transition with labeleb. If a finite historyh ends on
a state of the typetij , then the choice ofσ depends on the occurrence ofcj in h: if cj is already inh, thenσ chooses
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labele, whereas ifcj is not inh, σ chooses labelcj . The goal is that on each run of length2 ·m · (l + 3) on the MDP,
theci, i ∈ [1; l] appear exactly once.

Then, if we resolve the nondeterminism onS by σ, the probability to get run of length2 · m · (l + 3) whose trace
contains exactly the letters ofw, is exactly the probability to satisfyφ.

Conversely, suppose∃σ ∈ HD(S) such thatPσ(B1
2·m·(l+3)(w)) ≥ 1/2. The choices of thepi for

∃p1Rq1...∃pmRqm P(φ = true) ≥ 1/2 are the same as the choices thatσ makes on states of typepi. As before, the
two probabilities to satisfyφ and to get a traceδ-close toustat1(w) coincide, hence the claim.

Second reduction: The problem SSSAT.
This second part of the proof introduces a generalization ofthe SSAT problem, that we callSuper SSAT(SSSAT).
We prove that SSSAT is computationally PTIME equivalent to SSAT, which can be of independent interest. The
reduction between SSSAT and SSAT does not imply any MDPs. We next prove that we can reduce SSSAT to problem
1, i.e. when we considerrandomizedpolicies on our MDP. In SSSAT, we allow random choices on thepi. Instead of
choosing thepi in {0, 1}, we giveλi ∈ [0; 1] and generatepi randomly with probabilities given byλi: pi is one with
probabilityλi, and zero with probability1 − λi. The SSSAT problem can be presented as: given variablespi, qj and
formulaφ as for SSAT, does there existsλ1 ∈ [0; 1] such that ifp1 is chosen randomly according to thresholdλ1 and
if q1 is chosen randomly, there existsλ2 such that ifp2 is chosen randomly according to thresholdλ2,..., such that the
probability to satisfyφ is at least1/2. We use the notation:

∃λ1Rq1∃λ2Rq2...∃λmRqm P(φ = true) ≥ 1/2.

We prove that SSSAT and SSAT are equivalent, with the identity for reduction: On an inputp1, ..., pm, q1, ..., qm, φ,
we have:

∃p1Rq1...∃pmRqm P(φ = true) ≥ 1/2
iff ∃λ1Rq1∃λ2Rq2...∃λmRqm P(φ = true) ≥ 1/2.

The way⇒ is trivial, by taking theλi in {0, 1}.
For⇐, suppose that

∃λ1Rq1∃λ2Rq2...∃λmRqm P(φ = true) ≥ 1/2.

We define a functionf which takes values in{0, 1} and which associates to all sequencesp1, q1, ..., pi, qi, i ∈
[1; m−1], a choice for the variablepi+1, in order to satisfy∃p1Rq1...∃pmRqm P(φ = true) ≥ 1/2 with probability at
least1/2. Given a valuation forp1, q1, ..., pi, qi, for i ∈ [1; m], we writeP(φ = 1|(p1, q1, ..., pi, qi)) for the probability
thatφ is satisfied, given this valuation for the first variables.

We prove by induction oni ∈ [1; m] that we can definef such that for alli ∈ [1; m] we have:

P(φ = true|p1 = f(.), p2 = f(p1, q1), ..., pi = f(p1, q1, ..., pi−1, qi−1)) ≥ 1/2.

• Suppose firsti = 1. ThenP(φ = true) = P(φ = true|p1 = 1) ·P(p1 = 1) + P(φ = true|p1 = 0) ·P(p1 = 0).
That is,P(φ = true) = P(φ = true|p1 = 1) · λ1 + P(φ = true|p1 = 0) · (1−λ1). SinceP(φ = true) ≥ 1/2,
this proves that eitherP(φ = true|p1 = 1) ≥ 1/2, in which case we definef(.) = 1, or P(φ = true|p1 = 0) ≥
1/2, in which case we definef(.) = 0.

• Let i ∈ [1; m]. Suppose the claim true fori. We use the simple result from probability theory that, given three
eventsA, B, C, we have:

P(A|B) = P(A|(B ∧ C)) · P(C|B) + P(A|(B ∧ C)) · P(C|B))

WhereC is the negation ofC.

We apply the previous result with the following associations:

– A represents the formulaφ = 1,

– B is (p1 = f(.), p2 = f(p1, q1), ..., pi = f(p1, q1, ..., pi−1, qi−1)),

– C is pi+1 = 1,
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– andC is pi+1 = 0

Write λi+1 for λi+1(p1, q1, ..., pi, qi). Notice thatP(C|B) = λi+1, andP(C|B) = 1 − λi+1. Then,
P(φ = true|(p1 = f(.), p2 = f(p1, q1), ..., pi = f(p1, q1, ..., pi−1, qi−1)) =

P(A|B) =

P(A|(B ∧ C)) · P(C|B) + P(A|(B ∧ C)) · P(C|B)) =

P(A|(B ∧ C)) · λi+1 + P(A|(B ∧ C)) · (1 − λi+1).
Now, since by induction hypothesisP(A|B) ≥ 1/2, eitherP(A|(B ∧ C)) ≥ 1/2, in which case we define
f(p1, q1, ..., pi, qi) = 1, or P(A|(B ∧ C)) ≥ 1/2, in which case we definef(p1, q1, ..., pi, qi) = 0.

Finally, for i = m, we get a choice procedure for thepi, given byf , such thatφ is satisfied with probability at
least1/2. That is,∃p1Rq1...∃pmRqm P(φ = true) ≥ 1/2.

Once we have proved this result, it is easy to see that our previous reduction works for randomized policies as
before, and that with the same construction for the MDP we have:

∃σ ∈ HR(S)|Pσ(B1
2·m·(l+3)(w)) ≥ 1/2

iff ∃λ1Rq1...∃λmRqm P(φ = true) ≥ 1/2.

This proves that the Statistical membership problem is PSPACE hard.

4.2. The approximate membership problem

Givenw ∈ Σn andλ, δ ≥ 0, let

Bn(w, δ) = {r ∈ Ω|dist(w, T r(r|n)) ≤ δ}

The (λ, δ)-membership problemis: given an MDPS and a wordw, is there a policyσ ∈ HR(S) such that
P

σ(Bn(w, δ)) ≥ λ?
We define the associated language as:

Lλ
δ = {w ∈ Σ∗, |w| = n ∈ N|∃σ ∈ HR(S) s.t. P

σ(Bn(w, δ)) ≥ λ}

Using proposition 1 which links the distancedist between words and the statistics, deciding if a word belongsto
Lλ

δ can be done approximately by deciding if a word belongs to thelanguageLλ,k
δ , wherek = p

1
ǫ
q and

Lλ,k
δ = {w ∈ Σ∗, |w| = n ∈ N|∃σ ∈ HR(S) s.t. P

σ(Bk
n(w, δ)) ≥ λ}

That is,Lλ,k
δ is the set of finite wordsw for which there exists a policy onS such that thek-order statistics of the

generated words of length|w| areδ-close tow with probability at leastλ.
We know that givenS, λ, δ, it is intractable to decide if a wordw belongs toLλ,1

δ . For the following we fix
k = p

1
ǫ
q.

Definition 10. If ǫ ∈ [0; 1], we say that a wordw ∈ Σn is ǫ-close toLλ,k
δ if there existsw′ ∈ Σn such that

d(w, w′) ≤ ǫ, andw′ ∈ Lλ·(1−ǫ),k
δ·(1+ǫ)

We prove thatLλ,k
δ is constant time testable (see [24, 13] for a definition). That is, there exists an algorithmTǫ,

which depends on a parameterǫ ∈ [0; 1], such that for allǫ ∈]0; 1], for long enough inputw ∈ Σ∗ we have:

• If w ∈ Lλ,k
δ , thenTǫ answers YES with probability at least2/3.

• If w is ǫ-far fromLλ,k
δ , Tǫ answers NO with probability at least2/3.

• The time complexity ofTǫ does not depend on the length ofw.
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Fix ǫ > 0. The construction ofTǫ is simple: LetS = S0∪S1∪...∪Sl be the decomposition ofS into MECs. For all
i ∈ [1; l], compute the set of linear equations which giveΠk

k(Si). As before, ifx ∈ R
Σk

, V (x, δ) =
⋃{Si|dk(x,Si) ≤

δ}.

Algorithm 1 (The testerTǫ(w)). Fix an MDPS with initial distributionα.
Input: w ∈ Σ∗.

• Samplew, to obtainx̂ an approximation ofustatk(w), in constant time.

• Computep = MaxReach(α, V (x̂, δ · (1 + ǫ))).

• If p ≥ λ · (1 − ǫ/2), thenTǫ answers YES, if not,Tǫ answers NO.

This algorithm decides approximately the(λ, δ)-membership problem in time independent of|w|. The following
lemma, proved in [12], and based on a Chernoff bound, proves that we can samplêx efficiently.

Lemma 2. There exists a probabilistic algorithm which works in constant time on inputsw ∈ Σ∗ and which produces
a vectorx̂ ∈ R

Σk

such thatP(‖ustatk(w) − x̂‖ < δ · ǫ/14) ≥ 2/3.

To prove the correctness of the tester, we use the results in [27] and [18]. Theorem 2 of [27], and theorem 5.1. of
[18], generalized to general MDPs, give the following proposition:

Proposition 7. LetS = S0 ∪S1∪ ...∪Sl be the decomposition of a general MDPS into MECs. Then for alli ∈ [1; l]

we can find two constantsCi
1, C

i
2, such that for allx ∈ R

Σk

, n ∈ N, αi ∈ ∆(Si), andǫ > 0 we have:

• If dk(x,Si) ≤ δ · (1 + ǫ/2), then∃σi ∈ HR(Si) s.t. Pσi,αi(Bn(x, δ · (1 + ǫ))) ≥ 1 − Ci
1 · e−Ci

2·n·ǫ
2

• If dk(x,Si) > δ · (1 + ǫ), then∀σi ∈ HR(Si), P
σi,αi(Bn(x, δ · (1 + ǫ/2))) ≤ Ci

1 · e−Ci
2·n·ǫ

2

As before, givenn ∈ N, Xn is the random variable which associates to a run itsn-th state. By definition of
S0, we know that we can find two constantsC0

1 , C0
2 such that for any policyσ on S, all α ∈ ∆(S) and alln ∈ N,

P
σ,α(Xn ∈ S0) ≤ C0

1 · e−C0
1 ·n. In the following,q, N ∈ N are such that

C0
1 · e−C0

1 ·q <
λ · ǫ
4

;
l

∑

i=1

Ci
1 · e−Ci

2·(N−q)ǫ21 <
λ · ǫ
4

Lemma 3. Letx ∈ R
Σk

, n ≥ 2 · N .

1. If MaxReach(α, V (x, δ · (1 + ǫ))) ≤ λ · (1 − ǫ/2), then∀σ ∈ HR(S), P
σ,α(Bn(x, δ · (1 + ǫ/2))) ≤ λ.

2. If MaxReach(α, V (x, δ ·(1+ǫ))) ≥ λ ·(1−ǫ/2), then∃σ ∈ HR(S) s.t. P
σ,α(Bn(x, δ ·(1+ǫ))) ≥ λ ·(1−ǫ).

Proof. Suppose firstMaxReach(α, V (x, δ · (1 + ǫ))) ≤ λ · (1 − ǫ/2), and letσ ∈ HR(S). We use the following
decomposition:

Bn(x, δ · (1+ ǫ/2)) ⊆ {Xn ∈ S0}∪{Xn ∈ V (x, δ · (1+ ǫ))}∪{Xn ∈ (S\V (x, δ · (1+ ǫ)))}∩Bn(x, δ · (1+ ǫ/2))

We prove that the terms in the right hand side have small probabilities. By the choice ofN and n, and by
proposition 7,

P
σ,α({Xn ∈ S0}) ≤ λ · ǫ/4

andP
σ,α({Xn ∈ (S\V (x, δ · (1 + ǫ)))} ∩ Bn(x, δ · (1 + ǫ/2))) ≤ λ · ǫ/4. Moreover, by hypothesis,Pσ,α({Xn ∈

V (x, δ · (1 + ǫ))}) ≤ λ · (1 − ǫ/2). Finally,

P
σ,α(Bn(x, δ · (1 + ǫ/2))) ≤ 2 · λ · ǫ/4 + λ · (1 − ǫ/2) ≤ λ

Which proves the first point.
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For the second point, using proposition 2, there existsσ0 a deterministic policy onS such that

P
σ0,α(Reach(V (x, λ · (1 + ǫ))) ≥ λ · (1 − ǫ/2)

We defineσ as follows: until a state in
⋃

i∈[1;l] Si has been reached,σ follows σ0. Suppose one of theSi has been
entered, fori ∈ [1; l]. If dk(x,Si) > δ · (1 + ǫ/2), defineσ to be anything. Supposedk(x,Si) ≤ δ · (1 + ǫ/2). Let
xi ∈ Πk

k(Si) such that‖x − xi‖ ≤ δ · (1 + ǫ/2). Then, by proposition 7, there exists a policyσi onSi such that for
all m ≥ 0 and all initial distributionαi onSi we havePσi,αi(Bm(x, δ · (1 + ǫ))) ≥ 1 − Ci

1 · e−Ci
2·m·ǫ2. Now, for all

m ∈ N, we have:

P
σ,α(Bn(x, δ · (1 + ǫ)) ≥ P

σ,α(Bn(x, δ · (1 + ǫ))|{Xm ∈ Si}) · P
σ,α({Xm ∈ V (x, δ · (1 + ǫ/2))})

If m ≥ N , sinceσ behaves asσ0 until a state in
⋃

{Si|i ∈ [1; l]} is reached, and since

P
σ0,α(Reach(V (x, δ · (1 + ǫ))) ≥ λ · (1 − ǫ/2)

we get that
P

σ,α({Xm ∈ V (x, δ · (1 + ǫ/2))}) ≥ λ · (1 − ǫ/2)− λǫ/4 = λ · (1 − 3ǫ/4)

Now, if n ≥ m + N , we havePσ,α(Bn(x, δ · (1 + ǫ))|{Xm ∈ Si}) ≥ 1 − ǫ · λ/4. Takingm = N andn = 2 · N
we get the result, since(1 − ǫ · λ/4) · λ · (1 − 3ǫ/4) ≥ λ · (1 − ǫ) if λ, ǫ ∈ [0; 1].

Theorem 2(Correctness ofTǫ). For all ǫ ∈]0; 1[, Tǫ is anǫ-tester forLλ
δ .

Proof. • Supposew ∈ Lλ
δ , |w| = n. Let x = ustatk(w). Then,∃σ ∈ HR(S) such thatPσ,α(Bn(w, δ)) ≥ λ.

By lemma 2, with probability at least2/3, ‖x − x̂‖ ≤ δ · ǫ/2, so with probability at least2/3, ∃σ ∈ HR(S)
such thatPσ,α(Bn(x̂, δ · (1 + ǫ/2))) > λ. Using point 1 of lemma 3, with probability at least2/3,

MaxReach(α, V (x̂, δ · (1 + ǫ))) ≥ λ · (1 − ǫ/2)

I.e.,Tǫ answers YES with probability at least2/3

• Conversely, supposed(w,Lλ·(1−ǫ)
δ·(1+ǫ) ) > ǫ. Let w′ ∈ Σn, andy = ustatk(w′). By contraposition, suppose

MaxReach(α,V (y, δ · (1 + ǫ))) ≥ λ · (1 − ǫ/2). Then, by the point 2 of lemma 3,∃σ ∈ HR(S) such that

P
σ,α(Bn(y, δ · (1 + ǫ))) ≥ λ · (1 − ǫ). This impliesw′ ∈ Lλ·(1−ǫ)

δ·(1+ǫ) , and by hypothesis,dist(w, w′) ≥ ǫ. Using
proposition 1, this implies‖x− y‖ ≥ ǫ/7. Since with probability at least2/3, ‖x− x̂‖ ≤ ǫ/14, with probability
at least2/3 we haveMaxReach(α, V (x̂, δ · (1 + ǫ))) < λ · (1− ǫ/2). Hence,Tǫ answers NO with probability
at least2/3.

Using proposition 5 and the results of [7],Tǫ works in time polynomial in|S|2 · (|Σ| · |S|)k, which is independent
of |w|.

4.3. Comparison problems

Two MDPs should be close if they can generate close words withclose probabilities. An MDPS1 should be
simulated by an MDPS2 if S2 can generate words close to the words generated byS1, with higher probability. Given
w ∈ Σn andǫ ≥ 0, let

λ1(w, ǫ) = Supσ1∈HR(S1)P
σ1(Bn(w, ǫ)),

λ2(w, ǫ) = Supσ2∈HR(S2)P
σ2(Bn(w, ǫ)).

The following problem asks wether an MDP can generate words close tow with higher probability than a second
MDP, for all w large enough.
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Problem 3 (MDP ǫ-simulation).
Input: S1,S2 with initial distributionsα1 andα2. Question: ∀w ∈ Σ∗ large enough,λ1(w) ≤ λ2(w)?

The distanced≺k can be seen as a distance of simulation. We prove that ifλ1 andλ2 are close, thend≺k (S1,S2) is
small, and reciprocally.

Given two MDPsS1 andS2 with respective initial distributionsα1 andα2, let N1, N2 be as for lemma 3, forS1

andS2 respectively. Ifi ∈ {1, 2}, w ∈ Σn andǫ > 0, let λi(w, ǫ) = Supσi∈HR(Si)P
σi,αi

i (Bn(w, ǫ)). The following
proposition is the analogous of the tester 1 for comparing MDPs. It gives an approximate additive solution for problem
3.

Proposition 8. Letn ≥ Max(N1, N2).

• If d≺k (S1,S2) ≤ ǫ/2, then for allw ∈ Σ∗, λ1(w, 0) ≤ λ2(w, ǫ) + ǫ.

• Conversely, supposed≺k (S1,S2) > 3 · ǫ/2. Then we can findw ∈ Σ∗ such thatλ1(w, ǫ/2) > λ2(w, ǫ) + ǫ/4

Proof. We writeα1, α2 for the respective initial distributions onS1 andS2.
Suppose firstd≺k (S1,S2) ≤ ǫ/2. recall that if x ∈ R

Σk

and δ ≥ 0, V (x, δ) =
⋃{Si|dk(x,Si) ≤ δ}.

Let x ∈ R
Σk

. Let λ = MaxReach1(α1, V1(x, 0)). Using the definition of d≺k we know that
λ ≤ MaxReach2(α2, V2(x, ǫ/2)) + ǫ/2. Sincen ≥ Max(N1, N2), there exists a policyσ2 on S2 such that
P

σ2,α2

2 (Bn(x, ǫ)) ≥ λ, and for all policyσ1 on S1, P
σ1,α1

1 (Bn(x, 0)) ≤ λ + ǫ. Finally, for all σ1 ∈ HR(S1) and
σ2 ∈ HR(S2), we havePσ1,α1

1 (Bn(x, 0)) ≤ P
σ2
2 (Bn(x, ǫ)) + ǫ.

For the second point. Supposed≺k (S1,S2) > 3 · ǫ/2. Let γ1(x) = MaxReach1(α1, V1(x, 0)) andγ2(x) =

MaxReach2(α2, V2(x, 3 · ǫ/2)). Then, there existsx0 ∈ R
Σk

such thatγ1(x0) > γ2(x0) + 3 · ǫ/2. Sincen ≥
N , there exists a policyσ1 on S1 such thatPσ1,α1

1 (Bn(x0, ǫ/2)) > γ1(x0) · (1 − ǫ), whereas for allσ2 on S2,
P

σ2,α2

2 (Bn(x0, ǫ)) ≤ γ2(x0) · (1 + ǫ). Sinceγ1(x0) andγ2(x0) are in [0; 1] andγ1(x0) > γ2(x0) + 3 · ǫ/2, we
haveγ1(x0) · (1 − ǫ) ≥ γ2(x0) · (1 + ǫ) + ǫ/4 if ǫ ≤ 1/2, which proves the result, by takingw ∈ Σ∗ such that
ustatk(w) = x0.

Corollary 2. We can decide approximately problem 3 in PTIME.

5. Problems related to Probabilistic Automata

In this section we study some problems related to Probabilistic Automata. They are the analogous of the problems
studied in the previous section concerning MDPs. We will seethat these are much more difficult to solve, even
approximately. We will deal with three problems concerningPAs: the language emptiness problem, the membership
problem of a given word to the language of a PA, and the comparison problem between two PAs.

5.1. Then-emptiness Problem for PAs

If A is a probabilistic automaton andw ∈ Σ∗, PA(w) is the probability to arrive to an accepting state whenw is
read onA. Recall first the undecidability of theemptiness promise problem for a PA: Given a PA, given1/2 > ǫ > 0,
even if we know that we are in one of the two cases, it is undecidable to decide if there existsw ∈ Σ∗ such that
P(w) > 1 − ǫ, or for all w ∈ Σ∗, P(w) < ǫ (Corollary 3.4 of [17]). If the length of the word is fixed, theassociated
promise problem is NP-complete:

Problem 4 (n-Emptyness).
Input: A, ǫ ∈]0; 1/2[, n ∈ N.
Question: Decide if there is a wordw ∈ Σn such thatPA(w) ≥ 1 − ǫ, or if for all word w ∈ Σn, PA(w) ≤ ǫ.

Proposition 9. For anyǫ ∈]0; 1/2[, then-Emptiness Problem is NP complete.
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Proof. The fact thatn-emptiness is is NP is clear: given a word and an automaton we can compute in PTIME the
probability that the automaton accepts the word. We give a PTIME reduction from 3-SAT to this problem when
ǫ = 1/4. We can prove the result for anyǫ ∈]0; 1/2[ in an analogous way.
Let I be an instance of 3-SAT.I is a conjunctionC1 ∧ C2 ∧ ... ∧ Cl of 3-clauses, on the boolean variablesp1, ..., pm.
We build a probabilistic automatonA from this instance. We will prove the following:

There exists a wordw ∈ Σm such thatPA(0w0) > 1 − 1/(2 · l) iff I is satisfiable.

The structure ofA is layered:

• The alphabet of the automaton isΣ = {0, 1}. A has3 + (2 ∗ l) ∗ (m + 1) states:s, t, u, Xi,j for i ∈ [1, l], j ∈
[1, m + 1], andX̃i,j for i ∈ [1, l], j ∈ [1, m]. States is the initial state, andt is the only terminal state.

• There are two vertical layers for each3-clauses, and as many horizontal steps as there are many variables.

• From stateXi,j , i ∈ [1, l], j ∈ [1, m], the transitions depend on the quantification of variablepj in the clause
Ci:

– If pi appears positively inCi, thenA in stateXi,j can read1 and move deterministally to statẽXi,j+1, and
read0 and move deterministally to stateXi,j+1.

– If pi appears negatively inCi, thenA in stateXi,j can read0 and move deterministally to statẽXi,j+1,
and read1 and move deterministally to stateXi,j+1.

– If pi does not appear inCi, thenA in stateXi,j can read0 or 1 and move deterministally to stateXi,j+1.

• From states, A can read0 or 1 and move probabilistically to one of the statesX1,1, X2,1, ..., Xl,1 with uniform
probability 1

l
between these states. This is the only probabilistic transition.

• From stateX̃i,j , i ∈ [1, l], j ∈ [1, m], A can read0 or 1 and move deterministically to statẽXi,j+1.

• From stateX̃i,m+1, i ∈ [1, l], A can read0 or 1 and move deterministically to statet.

• From stateXi,m+1, i ∈ [1, l], A can read0 or 1 and move deterministically to stateu.

Intuitively, being on one of the states̃Xi,j , i ∈ [1, l], j ∈ [1, m] means that the valuation satisfies the clauseCi. We
give an example in the case wherel = 2, m = 4 andI = (p1 ∨ ¬p2 ∨ p3) ∧ (p2 ∨ ¬p3 ∨ p4):

X̃1,2

0,1 // X̃1,3

0,1 // X̃1,4

0,1 // X̃1,5

0,1 // t C1

s

0,1:.5

��
//

//
//

//
//

//
//

//
0,1:.5

// X1,1
0 //

1
<<zzzzzzzz
X1,2

1 //

0
<<zzzzzzzz
X1,3

0 //

1
<<zzzzzzzz
X1,4

0,1
// X1,5

0,1

��;
;;

;;
;;

;;
;;

;;
;;

;;
;;

C1

X̃2,3

0,1 // X̃2,4

0,1 // X̃2,5

0,1

AA������������������

C2

X2,1
0,1 // X2,2

0 //

1
<<zzzzzzzz
X2,3

1 //

0
<<zzzzzzzz
X2,4

0 //

1
<<zzzzzzzz
X2,5

0,1 // u C2

p1 p2 p3 p4
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Then, there exists a wordw ∈ Σm such thatPA(0w0) > 1− 1/(2 · l) iff I is satisfiable. The first remark is that if
a valuation(p1 = a1, p2 = a2, ..., pm = am), ai ∈ {0, 1}, satisfies a clauseCi, i ∈ [1; l], then, after having read the
word0a1a2...am, we are on statẽXi,m with probability at least1/l.

Now, suppose that there is a valuation(p1 = a1, p2 = a2, ..., pm = am), ai ∈ {0, 1} which satisfiesI. Then,
after having read the word0a1a2...am, we are with probability one in one of the statesX̃i,m, i ∈ [1; l]. Hence, with
probability one, after having read0a1a2...am0, we are in statet, that is0a1a2...am0 is accepted with probability one.

Conversely, suppose that after having read a word0a1a2...am we are in one of the statesXi,m, i ∈ [1; l], with
positive probability. Then we are in this state with probability at least1/l, by the construction ofA. This proves that
if after having read a word0a1a2...am0 we are on stateu with positive probability, then we are in fact on stateu with
probability at least1/l, and0a1a2...am0 is not accepted with probability at least1/l. We get that if there exists a
word0a1a2...am0 which is accepted with probability greater than1 − 1/l, the valuation(p1 = a1, p2 = a2, ..., pm =
am), ai ∈ {0, 1} satisfies all the clausesCi, i ∈ [1; l], andI is satisfiable.

In order to get a larger gap, we consider a sequence of the preceding construction: The probabilistic automaton
associated toI is now a sequence of a numbera of the probabilistic automata we just built witha ∈ N such that
(1 − 1/l)a ≤ ǫ, for instancea ≥ −l · ln(ǫ). Hence the reduction is still polynomial. We show the construction for
the last example. In the sequence, the accepting statetk of thek-th copy ofA plays the role of the initial state of the
k + 1-th copy, whereasui is a dead non accepting state:

... 0,1 // u1 0,1
ww

... 0,1 // ua

s1

0,1:.5

>>|||||||||

0,1:.5
  A

AA
AA

AA
AA

A1
...

... 0,1 // t1 = s2
0,1:.5

//

0,1:.5

DD
















... 0,1 // ta

Finally on the new automatonA′ we have:

• There exists a wordw ∈ Σm such thatP(0w0) ≥ 1 − ǫ iff I is satisfiable

• I is not satisfiable iff for all wordsw ∈ Σm, P(0w0) ≤ ǫ

5.2. Membership problems for PAs
We consider now membership problems. An automatonA, and a thresholdλ ∈]0; 1[, are fixed.

Problem 5 (Membership problem).
Input: w ∈ Σ∗.
Question: Do we havePA(w) ≥ λ?

The associated language is:
Lλ = {w ∈ Σ∗|PA(w) ≥ λ}.

Problem 5 is clearly computable in timeO(|A| · |w|). In this section we prove that the languageLλ is not constant
time testable, which contrasts with the results of [12] and our results in the context of MDPs. In [12], the authors
consider the membership problem of a wordw to the language of a non-deterministic automata. Using a geometric
construction, they prove that this problem is testable in time independent ofw.

Lemma 4. Let T be a randomizedO(1)-algorithm with inputs inΣ∗ which works in timeN ∈ N and samples
subwords of length at mostk ∈ N. Letw, w′ ∈ Σ∗ be such that‖ustatk(w) − ustatk(w′)‖ ≤ ǫ

2·N ·|Σ|k·N . Then

|PT (Y ES|w) − PT (Y ES|w′)| + |PT (NO|w) − PT (NO|w′)| ≤ ǫ
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Proof. SinceT samples the subwords of the input with uniform probability,we can suppose thatT samples once and
for all, with uniform probability, a numberN of subwords of the input, each one of lengthk. This gives a sequence
(u1, ..., uN ) ∈ (Σk)N . Now, a wordw ∈ Σ∗ induces the distributionustatk(w) on Σk: if ρ ∈ Σk, ustatk(w)[ρ] is
the probability to sampleρ onw in one step. A sequence(v1, ..., vN ) ∈ (Σk)N is sampled inN steps with probability

Pw((v1, ..., vN )) =
N
∏

i=1

ustatk(w)[vi] (3)

For v = (v1, ..., vN ) ∈ (Σk)N , let PT (Y ES|(v1, ..., vN )) and PT (NO|(v1, ..., vN )) be the probabilities thatT
answers YES or NO oncev has been sampled. Then,

PT (Y ES|w) =
∑

(v1,...,vN)∈(Σk)N Pw((v1, ..., vN )) · PT (Y ES|(v1, ..., vN ))

PT (Y ES|w′) =
∑

(v1,...,vN)∈(Σk)N Pw′((v1, ..., vN )) · PT (Y ES|(v1, ..., vN ))

But ‖ustatk(w) − ustatk(w′)‖ =
∑

ρ∈Σk |βw(ρ) − βw′(ρ)|. Since‖ustatk(w) − ustatk(w′)‖ ≤ ǫ
2·N ·|Σ|N·k by

hypothesis, and since theβw(ρ), βw′(ρ) are in[0; 1], we get:

For all (v1, ..., vN ) ∈ (Σk)N , |
N
∏

i=1

δw(vi) −
N
∏

i=1

δw′(vi)| ≤
ǫ

2 · |Σ|N ·k

Using equation 3, we get:

For all (v1, ..., vN ) ∈ (Σk)N , Pw((v1, ..., vN )) − Pw′((v1, ..., vN ))| ≤ ǫ

2 · |Σ|N ·k

This proves|PT (Y ES|w) − PT (Y ES|w′)| ≤ ǫ/2. The same holds for the answer NO.

Thus, a constant time tester gives close results on inputs with close statistics,independently of the size of the input.
It implies that if a property can be tested in constant time, it should be testable by considering inputs of bounded size.
In order to try to test the languageLλ, as we did in the context of MDPs, we may allow a relaxation on the threshold:
if ǫ ≥ 0, a wordw ∈ Σn is ǫ-close toLλ if there existsw′ ∈ Σn such thatd(w, w′) ≤ ǫ, andw′ ∈ Lλ·(1−ǫ). As
a consequence of the last lemma, we prove that there exists some PAs for which we cannot construct a constant time
tester for the associated membership problem, even with therelaxation on the threshold.

Theorem 3. The membership problem for PAs is not constant time testable.

Proof. We have to show that we can find some PAs for which we cannot havea constant time tester. Consider the
promise problemQ: given a PAA andδ > 0, decide if there existsw ∈ Σ∗ such thatPA(w) ≥ 1 − δ, or if for all
w ∈ Σ∗ we havePA(w) ≤ δ.

Consider a PAA andδ ∈]0; 1/4[ for which emptiness problemQ is undecidable. Suppose now that there exists a
constant timeǫ-testerT for the1/2-membership problem, withǫ < 1/8. Namelly, on inputw ∈ Σ∗, T satisfies:

• If d(w,L 1
2 ) = 0, (i.e. if w ∈ L 1

2 ), thenT answers YES with probability at least3/4.

• If d(w,L 1
2 ·(1−ǫ)) ≥ ǫ, (i.e. if w is far fromL 1

2 ), thenT answers NO with probability at least3/4.

We reduce problemQ onA andδ to the existence of such a tester, and conclude that no such tester can exist. Let
∆ be the set ofk-statistic vectors inRΣk

, ∆ is a convex subset ofRk. Let Γ = x1, x2, ..., xl be the vertices of a grid
on∆ such that any points in∆ is at mostǫ/2-far from a point inΓ. Clearly, we can takel = |Γ| ≤ (1/ǫ)k. Now, let
n ∈ N be large enough such that for allx ∈ Γ there exists a wordw ∈ Σn with ‖ustatk(w) − x‖ ≤ ǫ/2.
Our decision procedure works as follows: for allx ∈ Γ, chosewx ∈ Σn such that‖ustatk(wx)− x‖ ≤ ǫ/2. For each
one of thesewx, run10 · l times the testerT on this input. Letrx = 1 if a majority of thei runs have given answer
YES, and letrx = 0 if not. Finally, letr = 1 if one of therx is one, andr = 0 if not. We prove that:

• If there existsw ∈ Σ∗ of length greater thann such thatPA(w) ≥ 1 − δ, thenr = 1 with probability at least
3/4.
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• If for all w ∈ Σ∗ of length greater thann we havePA(w) ≤ δ, thenr = 0 with probability at least3/4.

Suppose first that there existsw ∈ Σ∗ with length greater thann such thatPA(w) ≥ 1− δ. Let x ∈ Γ be such that
‖x − ustatk(w)‖ ≤ ǫ/2. Then|ustatk(w) − ustatk(wx)| ≤ ǫ. But P(w) ≥ 1 − δ > 1/2, so on inputw, T answers
YES with probability at least3/4. This proves that on inputwx, T answers YES with probability at least3/4 − ǫ,
that is at least5/8. Now, by a simple majority lemma, it is easy to see that if we run 10 · l times an algorithm which
answers YES with probability greater than5/8 and we check if we have a majority of YES, we will get a positive
answer with probability at least3/4. Hencerx is one with probability at least3/4, and by constructionr = 1 with
probability at least3/4.

Conversely, suppose that no wordw ∈ Σ∗ of length greater thann is accepted with probability greater thanδ.
Then for anyx ∈ Γ, there is now ∈ Σ∗ such thatd(w, wx) ≤ ǫ andPA(w) > 1/2. Hence for allx ∈ Γ, on inputwx,
the testerT will answer NO with probability at least3/4. Now, again by a majority lemma, we can see that if we run
10 · l times such an algorithm on the same inputwx and we check if we get a majority of YES, we will have a positive
answer with probability at most1/(4 · l). Thus,rx is 1 with probability at most1/(4 · l). Now, by construction and
using a union bound,r = 1 with probability at mostl · 1/(4 · l), that is with probability at most1/4. Finally, r = 0
with probability at least3/4.

We have proved that ifT exists, then we can findT ∈ N and an algorithmT ′ which works in timeT on
inputA and which gives answers YES or NO such that:

• If there existsw ∈ Σ∗ of length greater thann such thatPA(w) ≥ 1− δ, thenT ′ answers YES with probability
at least3/4.

• If for all w ∈ Σ∗ of length greater thann we havePA(w) ≤ δ, thenT ′ answers NO with probability at least
3/4.

This contradicts the undecidability of the emptiness promise problem for PAs.

5.3. Comparison problems

In [28], the author proves that we can decide whether two PAs accept the same words with the same probabilities in
PTIME. However, the following problem, which can be seen as arelaxation of the equivalence problem, is undecidable.

Problem 6 (Approximate equivalence).
Input: Two PAsA1 andA2, ǫ ∈ [0; 1].
Question: for all w ∈ Σ∗, |P1(w) − P2(w)| ≤ ǫ?

Even if we introduce a relaxation on the input, as in [12], theproblem is still undecidable.

Problem 7 (Approximate simulation on close inputs).
Input: Two PAsA1 andA2, ǫ ∈ [0; 1].
Question: for all w ∈ Σ∗, there exists a wordw′ ∈ Σ∗ such thatd(w, w′) ≤ ǫ and|P1(w) − P2(w

′)| ≤ ǫ?

The undecidability of problem 6 is proved in [17], we give thereduction for sake of completeness. We reduce the
undecidable emptiness problem for a PA to each one of these problems. LetA∅ be a probabilistic automaton with
no accepting state. HenceA∅ accepts no word with probability greater than zero, and a given automatonA will be
ǫ-close toA∅ (for problems 6) iffA does not accept any word with probability greater thanǫ. Considering problem 7,
the automatonA is ǫ-simulated byA∅ iff A does not accept any word with probability greater toǫ. Since by the first
remark of this paragraph it is undecidable to decide if all the finite words are accepted byA with probability at most
ǫ, problem 6 and 7 are undecidable.
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6. Ultimate properties

In this section, we present a class of properties on infinite words which satisfy two conditions:

• The properties areultimate, that is ifw is a trace andw′ is obtained by changing only a finite number of letters
in w, thenw andw′ should satisfy the same properties.

• They are not sensitive to time translation. That is, ifw′ is a suffix ofw, thenw andw′ satisfy the same properties.

Two purely probabilistic processes will beultimately equivalentif they satisfy the same ultimate properties with
the same probabilities. Two MDPs will be ultimately equivalent if for any policy on one of the MDPs there exists a
policy on the second MDP such that the induced purely probabilistic processes are ultimately equivalent.

First we will prove that two probabilistic processes are ultimately equivalent iff they aretrace equivalent, iff they
have the same statistic (Theorem 5, 6). Second, we will provethat two weakly communicating MDPs are ultimately
equivalent iff their statistic polytopes coincide, that isiff they are distance0 (Theorem 7).

In order to compare different MDPs, we consider the traces oftheir runs as before. Let(Σω ,F , Pσ,α) be the
probability space whereF is theσ-field generated onΣω by the conesCa1a2...al

of infinite words starting with letters
a1, a2, ..., al. We writeP

σ,α indifferently for the probability distribution onΩ, as in the previous section, and for the
probability distribution induced byTr onΣω: If Γ ∈ F , P

σ,α(Γ) is P
σ,α(Tr−1(Γ)). We still writeXn for the random

variable onΩ which associates to a run its state at timen. The random variableYn, defined onΩ or Σω, associates to
a run or a trace its action label at timen.

A propertyis a setΓ ∈ F . Let T : Σω −→ Σω be defined asT (w0w1...) = (w1w2...). An ultimate propertyis a
propertyΓ such thatT−1(Γ) = Γ. We writeG for the class of ultimate properties.G is aσ-field, sometimes called the
invariantσ-field ([1]). Clearly,G satisfies the two requirements formulated above. A large class of natural properties
belong to our class of ultimate properties, we give some examples.

Example 4(Some ultimate and non-ultimate properties).

• If A ⊆ Σ, then{A i.o.} =
⋂

n∈N

⋃

m≥n{Ym ∈ A} is in G. Herei.o. denotesinfinitely often.

• If A ⊆ Σ, then{A ult.} =
⋃

n∈N

⋂

m≥n{Ym ∈ A} is in G. Hereult. denotesultimately.

• If A ⊆ Σ, then
⋃

n∈N

⋂

m≥n{Y2·m ∈ A} is inF∞. However it is not inG: indeed, it is sensitive to translation.

• Let a ∈ Σ, andSa
n =

∑n
i=0 IYi=a

n
. Then{limn→∞Sa

n exists}, i.e. the set of runsr for which the sequence

Sa
n(r) converges asn goes to infinity, is inG.

• Letk ∈ N andx ∈ R
Σk

. Then{w|ustatk(w) = x} ∈ G.

For n ≥ 0, let Fn = B(Yn, Yn+1...) be the smallestσ-field onΣω with respect to which all theYi, i ≥ n are
measurable. LetF∞ =

⋂

n∈N
Fn, called thetail σ-field of Yn, n ≥ 0. Intuitively, an eventΓ is in F∞ iff changing a

finite number of letters of an outcomew ∈ Σω does not affect the occurrence of the eventr ∈ Γ. Notice thatG and
F∞, asσ-fields, are closed under union and intersection. The following result of [1] shows that ultimate properties
form a particular class of properties of the tailσ-field.

Proposition 10. T mapsF∞ one-to-one onto itself, andG = {Γ ∈ F∞|T · Γ = Γ}.

Let (Ω,F , P) be a probability space, and letΓ ∈ F . We say thatΓ is aP-atomicset ofF if P(Γ) > 0, and for
all Γ′ ∈ F such thatΓ′ ⊆ Γ we haveP(Γ′) = 0 or P(Γ′) = P(Γ). If F can be decomposed as a finite union of
P-atomic sets forF and aP-negligible set, we shall say thatF is finite. The following theorem is a generalization of
the classical Kolmogorov’s0 − 1 law to the context of Markov chains.

Theorem 4. If σ has finite memoryi ∈ N, then the tailσ-field ofYn, n ≥ 0, is finite, and the number ofPσ,α-atomic
sets of the invariantσ-fieldG does not exceed|S|i.

24



Theorem. If σ has finite memoryi ∈ N, then the tailσ-field of Yn, n ≥ 0, is finite, and the number ofPσ,α-atomic
sets of the invariantσ-field G does not exceed|S|i.

Proof. We use our construction of the power MDP, and the results of Blackwell et al [2].
First we prove the result whenσ is memoryless. In this case,(Xn, Yn)n≥0 is a Markov chain. Suppose first that
(Xn, Yn)n≥0 is irreducible, and has periodd ≥ 1. We writeP for the probability distribution on runs induced by
the chain. We prove that in that caseG is trivial: it can be decomposed as the union ofoneP-atomic set and a set
of P-measure zero. Let{Ic, c ∈ [0; d − 1]} be a partition of the state space of the chain into its cyclically moving
subclasses.That is,I0 is the set of states inS×Σ accessible from the initial distribution of(Xn, Yn)n≥0 in l ·d steps for
l ∈ N, and ifc ∈ [0; d−1], Ic is the set of states accessible inl ·d+c steps, for anl ∈ N. In this context, [2] proves that
the tailσ-field of the chain is equivalent to theσ-field generated by the sets{(X0, Y0) ∈ Ic} for c ∈ [0; d−1], hence is
finite. LetΓ be inG0, the invariantσ-field of (Xn, Yn)n≥0, such thatP(Γ) > 0. Then, there existsc ∈ [0; d − 1] such
that{(X0, Y0) ∈ Ic} ⊆ Γ. But sinceΓ satisfies by definitionT−1(Γ) = Γ, we have that{(X0, Y0) ∈ Ic−1} ⊆ Γ,
wherec−1 = d−1 in the casec = 0. Since by proposition 10 we haveT ·Γ = Γ, we get that{(X0, Y0) ∈ Ic+1} ⊆ Γ,
wherec + 1 = 0 in the casec = d − 1. This proves that anyΓ ∈ G0 with positive measure contains all the generators
of F∞. This proves thatG0 is trivial. The invariantσ-field G of Yn, n ∈ N is a projection ofG0: the probability of
Γ ∈ G is P(Tr−1(Γ)). This proves thatG is trivial.

Suppose now that(Xn, Yn)n≥0 is not irreducible. LetS × Σ = U0 ∪ U1 ∪ ... ∪ Ul be the decomposition of the
state space of(Xn, Yn)n≥0 into its irreducible components.U0 is the set of transient states, and theUi, for i ∈ [1; l],
are the state space of the irreducible components. Notice that l ≤ |S|. Indeed, ifs ∈ S anda, a′ ∈ Σ, if a anda′

are in the support ofσ(s), then(s, a) and(s, a′) are in the same irreducible component of the chain. By the previous
result, once the chain has entered one of theUi, i ∈ [1; l], it behaves as an irreducible Markov chain and the associated
invariant fieldG is trivial. This proves thatG0 is equivalent to the tailσ-field generated by the invariantσ-fieldsGi

0

associated to theSi, i ∈ [1; l]. Since eachGi
0 is trivial, this proves that the number of atomic sets ofG0 is at most

|S|.As before, this implies that the number of atomic sets ofG is at most|S|.
Suppose finally thatσ has finite memoryi ∈ N

∗. Thenσ induces a Markov chain onSi, that we writeSi,σ. We
write Sσ for the probabilistic process induced onS by σ. Then, the tailσ-fields onSσ andSi,σ coincide, and the
invariantσ-fields onSσ andSi,σ coincide, and we can use the past results to prove that the number of atomic subsets
of the invariantσ-field G of Si,σ does not exceed|S|i.

Theorem 4 is a generalization of results of [2]. Notice that if σ has infinite memory,F∞ is not finite in general, and
can beP

σ,α-completely non-atomic, that is it may contain no atomic subsets. The proof of theorem 4 gives directly
the following corollary.

Corollary 3 (G is always trivial for an irreducible chain). Let S be an irreducible LTMC. Then for allΓ ∈ G,
P

α(Γ) ∈ {0, 1}, andP
α(Γ) is independent ofα.

6.1. Markov chains with labelled transitions

In this subsection we present results concerning ultimate properties associated to homogeneous Markov chains. A
memoryless policyσ on an MDPS = (S, Σ, P ) induces on the state spaceS×Σ a Labelled Transition Markov Chain
Sσ (written LTMC). This chain(Xn, Yn)n∈N, with (Xn, Yn) ∈ S × Σ for all n ∈ N, has transition probabilities:

P[(Xn+1, Yn+1) = (x′, y′)|(Xn, Yn) = (x, y)] = P (x′|x, y) · σ(x′)(y′)

LetS = (Xn, Yn)n∈N be an irreducible LTMC, with initial distributionα. Letk ∈ N. Since the chain is supposed
irreducible, there exists a vector inR(S×Σ)k

, which we callustatk(S), or thek-gram of the chain, such that with
probability one thek-gram of the trace of a run onS converges toustatk(S). Moreover,ustatk(S) is independent of
the initial distributionα ([26], chapter1). In the followingS1, α1 andS2, α2 are two LTMCs. We writePα1

1 andP
α2

2

for the associated probability distributions onΣω.

Definition 11 (Ultimate equivalence). S1, α1 andS2, α2 are said to beultimately equivalent, written
S1, α1 ∼u S2, α2, if for all Γ ∈ G, P

α1
1 (Γ) = P

α2
2 (Γ)
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If S1, α1 ∼u S2, α2, then for anyΓ ∈ G, Γ is P1-atomic iff Γ is P2-atomic. IfS is an irreducible LTMC with
initial distributionα, then for allΓ ∈ G, P

α(Γ) ∈ {0, 1}, andP
α(Γ) ∈ {0, 1} is independent ofα. (by corollary 3).

As a consequence, given two irreducible LTMCsS1 andS2, we can use the notationS1 ∼u S2 to say that they are
ultimately equivalent.

Definition 12 (Trace equivalence for LTMCs). S1 andS2 are trace equivalentif there exists two initial distributions
α1 andα2, onS1 andS2 respectively, such that:

For all w ∈ Σ∗, P
α1
1 (Cw) = P

α2
2 (Cw).

The following theorem shows that it is enough to know thek-grams of an irreducible chain for a bounded number
of k’s, to characterize completely the ultimate properties of the chain.

Theorem 5. LetS1 andS2 be two irreducible LTMCs. Then the following are equivalent:

1. ∀k ∈ [1; (|S1| + |S2|)2], ustatk(S1) = ustatk(S2)

2. For all k ∈ N, ustatk(S1) = ustatk(S2)

3. S1 ∼u S2

4. S1 andS2 are trace equivalent.

Proof. 1 ⇔ 2 is the analogous of lemma 6.
We prove that2 ⇒ 4 ⇒ 3 ⇒ 2.
Suppose2. S1 andS2 are irreducible Markov chains, so there exists unique stationary distributionsα1 andα2 onS1

andS2 respectively. (α1, α2 are distributions on|S1 × Σ| and|S2 × Σ|). Let w ∈ Σ∗. Then

P
α1
1 (Cw) =

∑

t∈(S1×Σ) α1(t) · P1(w|(X0, Y0) = t)

= ustat|w|(S1)(w) by definition.
= ustat|w|(S2)(w) by 2
=

∑

t∈(S2×Σ) α2(t) · P1(w|(X0, Y0) = t)

= P
α2
2 (Cw)

Hence4.
Suppose4. Using corollary 3, we know that givenΓ ∈ G andα1, α2 initial distributions onS1 andS2 respectively,
P

α1
1 (Γ) andP

α2
2 (Γ) are independent ofα1 andα2. Suppose that we choseα1 andα2 to be the initial distributions on

S1 andS2 respectively such thatS1, α1 andS2, α2 are trace equivalent. Clearly, two trace equivalent Markovchains
associate the same probabilities to any property, and in particular to any ultimate property. This proves3.
3 ⇒ 2 is simple, since we have seen in example 4 that givenx ∈ R

Σk

, the property thatustatk(w) = x is a property
in G.

GivenS a general LTMC on state spacesS with initial distributionα, letS = S0∪S1∪...∪Sl be its decomposition
into irreducible components:S0 is the set of transient states, and theSi, i ∈ [1; l] are the irreducible components of
the chain. EachSi gives an irreducible LTMCSi. Giveni ∈ [1; l], letReach(Si) be the set of infinite runs onS which
enterSi eventually (and then never leave it), andpi = P

α(Reach(Si)). Thepi sum to one. LetλSi
: G → {0, 1}

be such that forΓ ∈ G, λSi
(Γ) is the probability that a run executed onSi is in Γ. By corollary 3, theλSi

are well
defined and take values in{0, 1}.

Lemma 5. LetS, α be an LTMC andΓ ∈ G. Then

P
α(Γ) =

l
∑

i=1

P
α(Reach(Si)) · λSi

(Γ)

Proof. For alln ∈ N we havePα(Γ) =
∑l

i=0 P
α(Γ ∧ Xn ∈ Si), hence

P
α(Γ) =

∑l
i=0 P

α(Γ|Xn ∈ Si) · Pα(Xn ∈ Si).
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But for all i ∈ [1; l], P
α(Xn ∈ Si) goes toPα(Reach(Si)) asn goes to infinity, and corollary 3 proves thatP

α(Γ|Xn ∈
Si) = λSi

(Γ). Since by definitionPα(Xn ∈ S0) goes to zero asn goes to infinity, this implies thatPα(Γ) =
∑l

i=1 P
α(Reach(Si)) · λi(Γ).

Let S1, α1 andS2, α2 be two LTMCs on state spacesS1 andS2. Write S1 = S1
0 ∪ S1

1 ∪ ... ∪ S1
l1

andS2 =

S2
0 ∪S2

1 ∪ ...∪S2
l2

for the decompositions into irreducible components, andReachj(S
j
i ) for the set of infinite runs on

Sj which enterSj
i eventually. Letpj

i = Pj(Reachj(S
j
i )). The irreducible componentsSj

i can be seen as irreducible
LTMC Sj

i , and∼u is an equivalence relation on{Sj
i , j ∈ {0, 1}, i ∈ [1; lj]}. Write {T1, ..., Tl} for the equivalence

classes of∼u. If i ∈ [1; l], Ti is a union ofS1
j andS2

j′ . The next theorem summarizes our results on LTMCs.

Theorem 6. LetS1, α1 andS2, α2 be two LTMCs. Then the following are equivalent:

1. S1, α1 ∼u S2, α2

2. ∀i ∈ [1; l] P
α1

1 (Reach1(Ti)) = P
α2

2 (Reach2(Ti))

Proof. For i ∈ [1; l], let λTi
be identified with one of the functionλSj

, with Sj ∈ Ti (By definition of∼u, all theλSj

coincide, forSj ∈ Ti).

• Suppose2. Let Γ ∈ G. Using lemma 5, we havePα1
1 (Γ) =

∑l1
i=1 P

α1
1 (Reach(Si)) · λ1

Si
(Γ).

But
∑l1

i=1 P
α1
1 (Reach(Si)) · λ1

Si
(Γ) =

∑l
i=1 P

α1
1 (Reach(Ti)) · λTi

(Γ). By 2, this implies P
α1
1 (Γ) =

∑l1
i=1 P

α2

2 (Reach(Ti)) · λTi
(Γ), i.e. P

α1

1 (Γ) = P
α2

2 (Γ), soS1, α1 ∼u S2, α2.

• Conversely, suppose that there existsi0 ∈ [1; l] such thatPα1
1 (Reach1(Ti0)) 6= P

α2
2 (Reach2(Ti0)). Given

i 6= j in [1; l], we know that the irreducible components inTi are not ultimately equivalent to the irreducible
components inTj . Hence, sinceG is closed under complementation, fori 6= j in [1; l], there existsΓi,j ∈ G
such thatλTi

(Γi,j) = 1 andλTj
(Γi,j) = 0.

Now, let Γ =
⋂l

j=1 Γi0,j . Then,λTi
(Γ) = 1 if i = i0, and zero elsewhere. using lemma 5, we have that

P
α1
1 (Γ) =

∑l
i=1 P

α1
1 (Reach1(Ti)) · λTi

(Γ), hencePα1
1 (Γ) = P

α1
1 (Reach(Ti0)). In the same way,Pα2

2 (Γ) =
P

α2
2 (Reach2(Ti0)). By hypothesis, we getPα2

2 (Γ) 6= P
α1
1 (Γ), thusS1, α1 6∼u S2, α2.

6.2. Ultimate simulation and equivalence for MDPs

In this section we compare the long term behaviors of MDPs, bycomparing the Markovian processes induced on
their state spaces by policies. Given a memoryless policyσ on an MDPS = (S, Σ, P ), it induces an LTMCSσ onS.
If σ has memoryi ∈ N, we can seeσ as a memoryless policy onSi, and we write alsoSσ for the LTMC it induces on
Si.

The class of weakly communicating MDPs will play the role of the irreducible Markov chains of the last subsection.
If we consider onlyi-memory policies, the ultimate simulation relation between two weakly communicating MDPs
would depend on the initial distributions of the MDPs. To tackle this problem, ifi ∈ N we define the classUR(i)(S)
of the ultimately memoryi policieson S, introduced in [16] in the casei = 0. A policy σ is in UR(i)(S) if there
exists a policyσ∞ ∈ MR(i)(S), called thetail of σ, and a random stopping timeτ onΩ, called theswitching timeof
σ, such that:

• If r ∈ Ω, if n ≥ τ(r) thenσ(r|n) = σ∞(r|n).

• P
σ({r|τ(r) < ∞}) = 1.

In other words,σ is in UR(i)(S) if with probability one, after a finite number of steps,σ behaves as a policy of
memory at mosti. We prove a generalization of theorem 1 for policies inUR(i): if S is weakly communicating, then

for all k, i ∈ N and all initial distributionα onS, HUR(i)
k (α)(S) = HMR(i)

k (S).

Proposition 11. Suppose thatS is weakly communicating. Then for allk, i ∈ N and all initial distributionα onS,

we haveHUR(i)
k (α)(S) = HMR(i)

k (α)(S)).
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Proof. Let α0 be an initial distribution onS.
First, given an initial distributionα onS, the inclusionHMR(i)

k (α)(S)) ⊂ HUR(i)
k (α)(S) is direct. Then, by a direct

generalization of the results of [9], we know that ifα1 ∈ ∆(S), thenHMR(i)
k (α1)(S)) =

⋃

α∈∆(S) H
MR(i)
k (α)(S)).

By proposition 12, we know thatHUR(i)
k (α)(S) is independent ofα. This implies thatHMR(i)

k (α0)(S)) ⊆
HUR(i)

k (α0)(S).

Conversely, letx ∈ HUR(i)
k (α0)(S), and σ ∈ UR(i)(S) such thatx = x∞

σ,α0,k. Let σ∞ be the tail ofσ.

Let Si be an irreducible component ofSσ∞

such thatPσ,α0(Reach(Si)) > 0. Let α1 ∈ ∆(S) with its sup-

port on Si. Then we have:x∞
σ,α0,k = x∞

σ∞,α1,k. That is,x ∈ HMR(i)
k (α1)(S)). This proves the result, since

HMR(i)
k (α0)(S)) =

⋃

α∈∆(S) H
MR(i)
k (α)(S))

We writeSσ for the probabilistic process with labelled transitions (which is not any more a Markov chain), induced
by σ on S. If α is an initial distribution onS, P

σ,α is the associated probability distribution on the set of runs. As
in definition 11, two processesSσ1

1 , α1 andSσ2
2 , α2 are said to beultimately equivalentif for all Γ ∈ G we have

P
σ1,α1(Γ) = P

σ2,α2(Γ).
The analogous of theorem 6 holds:Sσ1

1 , α1 ∼u Sσ2
2 , α2 iff for all i ∈ [1; l], P

σ1,α1

1 (Reach1(Ti)) =

P
σ2,α2

2 (Reach2(Ti)). Here theTi are equivalence classes on the set of irreducible components ofSσ∞

1
1 andSσ∞

2
2

Definition 13 (Simulation between MDPs). S1, α1 is said to bei-memory ultimately simulatedby S2, α2, written
S1, α1 ≺i

u S2, α2, if for all σ1 ∈ UR(i)(S1), there existsσ2 ∈ UR(i)(S2) such thatSσ1
1 , α1 ∼u Sσ2

2 , α2.

S1, α1 andS2, α2 are said to bei-memory ultimately equivalent, writtenS1, α1 ∼i
u S2, α2, if S1, α1 ≺i

u S2, α2

andS2, α2 ≺i
u S1, α1. As for irreducible LTMC, the simulation relation between weakly communicating MDPs does

not depend on the initial distributions.

Proposition 12. SupposeS1 andS2 weakly communicating. Letα1, α
′
1 andα2, α

′
2 be initial distributions onS1 and

S2. ThenS1, α1 ≺i
u S2, α2 iff S1, α

′
1 ≺i

u S2, α
′
2.

Proof. This proposition is a consequence of the fact that if an MDPS is weakly communicating andα, α′ are initial
distributions onS, then for allσ ∈ UR(i)(S), there existsσ′ ∈ UR(i)(S) such thatSσ, α ∼u Sσ′

, α′. To prove this,
letS be a weakly communicating MDP,α, α′ two initial distributions onS, andσ ∈ UR(i)(S). Letσ∞ ∈ MR(i)(S)
be the tail ofσ, and letS = S0 ∪ S1 ∪ ... ∪ Sl be the decomposition ofS into the maximal irreducible components of
the Markov chainSσ∞

induced byσ∞ onS. The setS0 is the set of transient states of this chains, and theSi, i ∈ [1; l]
are the classes of recurrent states. Fori ∈ [1; l], let λi = P

σ,α(Reach(Si)). SinceS is weakly communicating,
using the results of [7], for alli ∈ [1; l] there existsσi ∈ SR(S) such thatPσi,α

′

(Reach(Si)) = 1. The idea for the
construction of ourσ′ is, for all i ∈ [1; l], to takeσ′ to behave likeσi with probabilityλi, until we have reach a state
in Si, and then to behave likeσ∞. Then the invariantσ-fields of the two processes will be equivalent, using corollary
3. The switching time ofσ′ is finite with probability one, since with probability one, using policyσi, we reachSi in
finite time.

This allows the notationS1 ≺i
u S2 if S1 andS2 are weakly communicating.

The following lemma is reminiscent of the algorithm of Tzeng, [28]. If S, α is an MDP andσ ∈ HR(S), if there
existsx ∈ R

Σk

such that with probability one thek-gram of the trace of the prefix of a run on the process induced by
σ andα converges tox, then we writeustatk(Sσ , α) = x.

Lemma 6. LetS1 be an irreducible LTMC, andS2, α be an MDP. Suppose

∀k ∈ [1; (|S1| + |S2|)2], ∃σk ∈ SR(S2) | ustatk(S1) = ustatk(Sσk

2 , α).

Then

∃σ ∈ SR(S) | ∀k ∈ N, ustatk(S1) = ustatk(Sσ
2 , α).
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Proof. The proof of this lemma is reminiscent of Tzeng [28].
Let S1{s1, ..., sn1} andS2 = {s′1, ..., s′n2

} be the state spaces ofS1 andS2.
If a ∈ Σ andσ ∈ SR(S2), we define the matricesM1

a = [P1(sj |si, a)]i,j∈[1;n1] andM2,σ
a = [P (s′j |s′i, a) ·

σ(s′i)(a)]i,j∈[1;n2 ]. Remark thatP (s′j |s′i, a) · σ(s′i)(a) is the probability to go from states′i to states′j on S2 if we

use the policyσ. If w = a1a2...al ∈ Σ∗, M i
w =

∏l
i=1 M i

ai
. If w ∈ Σ∗ ands ∈ S1, P1(w|s) is the probability on

S1 to read the wordw in |w| steps when the system is initiated on states. If σ ∈ SR(S), P
σ
2 (w|s) is the analogous

on S2 whereσ resolves the non determinism. LetE1 ∈ R
n1 andE2 ∈ R

n2 be the column vectors with only ones
on their component. Ifs ∈ S1 let I1

s ∈ R
n1 be the line vector with zeros on its components, except on component

corresponding to states where there is a one, andI2
s′ ∈ R

n2 is the analogous withs′ ∈ S2. If w ∈ Σ∗ andσ ∈ SR(S2),
we have:

P1(w|s) = I1
s · M1

w · E1

P
σ
2 (w|s) = I2

s · M2,σ
w · E2

Letµ1 ∈ ∆(S1) be the limit distribution on the states of the irreducible Markov chainS1 (If S1 is periodic, take the
average of the limit distributions). Ifσ ∈ SR(S2) andustatk(Sσ

2 , α) is well defined, letµσ
2 be the limit distribution

on the states of the chainSσ
2 . In that case, ifw ∈ Σk, we have:

ustatk(S1)[w] =
∑

s∈S1
µ1(s) · P1(w|s)

ustatk(Sσ
2 , α)[w] =

∑

s∈S2
µσ

2 (s) · Pσ
2 (w|s).

Using the previous equations forP1(w|s) andP
σ
2 (w|s), ustatk(S1)[w] = ustatk(Sσ

2 , α)[w] can be rewritten:

(

µ1, µ2

)

·
(

M1
w, 0

0, M2
w

)

·
(

E1

−E2

)

= 0

Now, for a ∈ Σ, the matrix

(

M1
a , 0

0, M2
a

)

has size|S1| + |S2|. Hence the dimension of the vector space generated by

the

(

M1
w, 0

0, M2
w

)

,w ∈ Σ∗, is at most(|S1|+ |S2|)2. This proves that if we can find a memoryless policyσ onS such that

for all k ∈ [1; (|S1| + |S2|)2] we haveustatk(S1) = ustatk(Sσ
2 ), then this is true for allk ∈ N.

The following theorem summarizes the different notions presented in this paper: polytopes, distance, ultimate
properties.

Theorem 7. LetS1 andS2 be two weakly communicating MDPs. Then the following are equivalent:

• S1 ≺i
u S2

• For all k ∈ N, Πi
k(S1) ⊆ Πi

k(S2).

• For all k ∈ [1; (|S1| + |S2|)i], Πi
k(S1) ⊆ Πi

k(S2).

• d≺(|S1|+|S2|)i(S1,S2) = 0.

Proof. We prove these equivalences in the casei = 0. For i > 0 we just have to consider thei-th powers of the
considered systems.
Suppose1. Let k ∈ N andy ∈ Π0

k(S1). Then∃σ1 ∈ SR(S) and an initial distributionα1 on S1, such thatπ(x̂T
k )

converges toy asT goes to infinity,Pσ1,α1 a.s.. Now, let

Γ = {r ∈ Ω|limT→∞ustatk(Tr(r|T )) = y}
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ThenΓ ∈ G, andP
σ1,α1(Γ) = 1. SinceS1 ≺0

u S2, we can findσ2 ∈ UR(0)(S2) and an initial distributionα2 onS2

such thatSσ1 , α1 ∼u Sσ2 , α2. HencePσ2,α2(Γ) = 1. This proves thatPσ2,α2 a.s.,π(x̂T
k ) converges toy, asT goes to

infinity. Thus,y ∈ π(HUR(0)(α2)(S2)). By proposition 11,y ∈ π(HMR(0)(α2)(S2)), i.e. y ∈ Π0
k(S2). So1 ⇒ 2.

Conversely, suppose2: for all k ∈ N, Π0
k(S1) ⊆ Π0

k(S2). Let α1 andα2 be initial distributions onS1 andS2,
andσ1 ∈ UR(0)(S1). We have to prove that there existsσ2 ∈ UR(0)(S2) such thatSσ1

1 , α1 ∼u Sσ2
2 , α2. Let σ∞

1 be
the tail ofσ1, ans writeS1 = S1

0 ∪ S1
1 ∪ ... ∪ S1

l1
for the decomposition into irreducible components of the Markov

chain induced byσ∞
1 onS1. The MDPS2 is weakly communicating, and for allk ∈ N we haveΠ0

k(S1) ⊆ Π0
k(S2).

By proposition 11, we know thatΠ0
k(S2) ⊆ π(H

UR(0)
k (α)(S2)). Thus, for allj ∈ [1; l1] andk ∈ N, there exists

σk,j
2 ∈ UR(0)(S2) such thatustatk(S1

j ) = ustatk(Sσ
k,j
2

2 , α2). By lemma 6, for allj ∈ [1; l1], there exists a policy

σj
2 ∈ UR(0)(S2) such that for allk ∈ N, ustatk(S1

j ) = ustatk(Sσ
j
2

2 , α2). If j ∈ [1; l1], let σj,∞
2 be the tail ofσj

2. Let

Sj
2 be an irreducible component of the chain induced byσj,∞

2 onS2, such thatPσ
j
2,α2(Reach(Sj

2)) > 0. Then, for all
j ∈ [1; l1] andk ∈ N, ustatk(S1

j ) = ustatk(Si
2). Using theorem 5, we have that for allj ∈ [1; l1], S1

j ∼u Si
2. So far,

we have built policies onS2 which are ultimately memoryless, and which induce ultimateMarkov chains which are
equivalent to the Markov chains induced onS1 by σ1. All we have to do now is to build a policyσ2 onS2 which takes
the behaviors of the policiesσj

2 with the good probabilities. For allj ∈ [1; l1], let pj = P
σ1,α1(Reach(S1

j )). Thenσ2

is as follows: at the first step, chose with probability distribution pj, j ∈ [1; l1], the policy among theσi
2 that it will

mimic. Once this choice has been made, continue with to mimicthe same policy forever. Then,Sσ1
1 , α1 ∼u Sσ2

2 , α2.
So we get2 ⇒ 1.

2 ⇔ 3 follows from lemma 6.
4 ⇔ 3 is the definition of the distanced.

Two weakly communicating MDPs are equivalent according to the relation∼i
u induced by≺i

u iff their polytopes
coincide. The study of the ultimate properties of a general MDP can be done by studying the ultimate properties of its
maximal end components, and the probabilities to reach these end components. The maximal end components play
the role for MDPs that the irreducible components play for LTMCs.

7. Conclusion

We introduced Property and Equivalence Testing to approximate classical hard problems on the long term behavior
of MDPs, and characterized Equivalent systems with the class of ultimate properties. These methods do not generalize
to Probabilistic Automata. Potential applications are theapproximate verification of quantitative properties of large
probabilistic systems and future work will study how these methods may work with compact representations and with
partially observed MDPs.
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