CHAPTER 17

Approximation

Many optimization and counting problems are inherently difficult and we studied
descriptive classifications in Chapter 14. It is natural to ask if these problems re-
main difficult if we relax the exactness of the solution. In this chapter we define
the notions of approximation for optimization and counting problems and show
that some of these problems are easy to approximate while others remain hard.

We follow the descriptive point of view and give sufficient conditions for such
problems to be approximable. We also prove, using PCP techniques, that some
problems are not approximable.

The approximation of optimization problems is studied in the first section while the
approximation of counting problems is studied in the second section. In the third
section, we introduce property testing, an approximation of verification problems.

17.1. Optimization problems

In Chapter 14, we defined an optimization problem, but recall the definition. An
optimization problem specifies a set of possible solutions which satisfy certain
constraints, and a cost function which associates a numeric value to each solution.
The goal is to find an optimum value, maximum or minimum, for this cost function.

DEFINITION 17.1. An optimization problem is a triplet (Sol, val, goal) such
that:

e Forevery input z , Sol(z) is the set of possible solutions.

e The function val associates with every possible solution an integer value.

e The variable goal = maz (resp. goal = min) for maximization problems

(resp. minimization problems).

An optimum of the optimization problem is an element y* € Sol(z) such that
val(y*) = Maz{ val(y) : y € Sol(z)} if goal = maxz for maximization, or
val(y*) = Min{ val(y) : y € Sol(z)} if goal = min for minimization. The
value of the function val on the optimum is noted opt (z).

The parameter goal simply determines if the goal is to maximize or to minimize
the function val.

Example. In the case of the problem CLIQUE, the input « is a graph of size n,
Sol(z) is the set of cliques, val(y) =| y |, i.e. the cardinality of a clique y and
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300 17. APPROXIMATION

goal = mazx because we look for the size of the largest clique. This problem is
called polynomially bounded because val(y) is smaller than or equal to n.

DEFINITION 17.2. An optimization problem is in the class NPO if:

e There is a polynomial p such that for any y € Sol(z), |y |< p(| z |).
e The decision problem y € Sol(z) is decidable in polynomial time.
e The function val is computable in polynomial time.

Notice that the CLIQUE problem is in the class NPO. An algorithm A for an
optimization problem takes an input = and computes a value, y denoted by A(z).

DEFINITION 17.3. An algorithm approximates up to ¢ an optimization problem if
it computes for any input z a solution y such that:

| val(y) — opt(z) |
Maz{opt(z),val(y)} ~

An optimization problem is e-approximable if there exists ¢ < 1 and a polynomial
time algorithm which approximates it up to e.

In the case of a maximization problem, the error between A(z) and opt(z) is
smaller than e.opt(z) and A(z) > (1 —€).opt(z), as indicated in the figure below.
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FIGURE 17.1. Approximation of a maximization or minimization problem.

The definition of an approximation can be generalized by considering ¢ dependent
on n, the size of the input, for example ¢(n) = log n.

DEFINITION 17.4. The class APX is the class of NPO problems such that there
exists ¢ for which the problem is e-approximable. The class PTAS is the class of
problems which are e-approximable for all e.

For a problem of the class PTAS, the time of computation of the algorithm A
is polynomial in | z |, but depends on ¢. If the time of computation depends
polynomially on % we call such a schema a FPTAS, or Fully Polynomial Time
Approximation Schema.
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17.1.1. Examples of approximation algorithms. Consider some NPO prob-
lems which show different situations with respect to the approximation:

e the VC problem, the minimum Vertex Cover, is %-approximable,

e TSP, or Travelling Salesman Problem, is not approximable, unless P =
NP,

e the KNAPSACK problem is e-approximable for any e.

We also study the MAXSAT problem which plays an important role and which is
approximable. The decisions problems associated with these optimization prob-
lems are all NP-complete and yet completely different, from the approximation
point of view. We show how logical definability illustrates these different situa-
tions.

17.1.1.1. Vertex cover: VC. The inputis a graph G = (D,,, E') and the prob-
lem consists in finding a set of nodes C' of minimum size such that any edge e € F
has its origin or its extremity in C'.

One may try to select first the nodes of maximum degree to minimize the number
of nodes spanning the edges. It is interesting to notice that this procedure does not
approximate the VC problem up to a constant. Consider the following procedure
which will approximate VC: take an edge e = (u,v), add {u, v} to the cover C'
and remove the points u, v from the graph. When all the nodes are removed, we
end up with a set C' which approximates the minimum cover. Formally, we can
describe this procedure with the following instructions.

Approximation of @ minimum cover.

C:=0,Gog:=G, Ey :=FE, Vo := D,.
while (V; # 0){ Ife = (u,v) € E; add u, v toC,
Vigr =V = {u,v}, Giqy := (Vigr, Eipr) where By == E; T Vi ).

Which approximation ratio can be guaranteed? Let us show that this algorithm

approximates the VC problem up to 1. It chooses |§—| edges (u, v) of the graph
whose extremities define the cover. Any cover C' has to cover the edges of C', in
particular the edge (u,v) and has to contain at least one of the nodes « or v, in

particular the minimum cover C,,;,,. We conclude that:

| C]
o |>
|Cm2n|_ 2
[Cl=1Cmin] _IC1-1F 1
| ¢ -l T2

We conclude that the cover C' obtained by this algorithm approximates up to 1 the
VC problem.

17.1.1.2. The travelling salesman: TSP. Given a graph and a cost function
which associates with every edge e a weight c., the travelling salesman consists in
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finding a hamiltonian® circuit of minimum cost. An important observation, known
since [Joh74], is that the existence of an approximation algorithm for TSP implies
that P = NP. Let us call ¢-TSP the problem which consists in finding a solution
e-close or close up to ¢ to the TSP problem.

THEOREM 17.1. For all 0 < e < 1, if there is an algorithm which approximates
TSP close to ¢, then P = NP.

Proof :  We show how to reduce an NP-complete problem, hamiltonicity, to the ap-
proximation of TSP. To decide HAM on G,, it is enough to build a new graph G!, in
polynomial time and to solve ¢-TSP on G,. Let G!, the complete graph with n nodes
where the cost of every edge of G, is 1 and the cost of all the other edges is . The cost
of the new edges of G, is greater than n.

Let us decide H AM according to the following simple principle: if the algorithm which
approximates up to ¢ gives a solution of cost n, then there is a hamiltonian circuit in G,,.
If the solution is of cost greater than n, at least one of the edges is of cost +“— and the cost
of the circuit is much larger than n. If an e- TSP algorithm approaches TSP close to ¢, the
cost of the optimal solution is greater than 1 — ¢ times the cost of the solution, i.e. greater
than (1 — e).(1’+€), that is greater than ». It cannot be a hamiltonian in &, and there is no
hamiltonian circuitin G,,. O

The previous reduction introduces a big variation between the solution and the opti-
mal solution. The approximation algorithm would allow one to decide the original
NP-complete problem.

17.1.1.3. KNAPSACK. The inputof the KNAPSACK problem is a sequence
of n pairs (¢;, w;) of integers and an integer K. One interprets the value ¢; as the
cost of the object 7 , the value w; as the volume of the object  and K as the capacity
of the knapsack. The goal is to find S C {1, 2, ...,n} such that:

Zwi < K
=
Z ¢; 1S marimum
=
The first condition forces the solution S’ to satisfy the volume constraint. The sec-
ond condition is the optimization condition: one looks for a solution S which max-
imizes the total cost. Another useful notation consists in writing >°" | z;.w; < K
for the volume constraint and Maz{}"""_, =;.c;} for the function to be maximized
wherez; = 1ifi € Sandz; =0if¢ ¢ 5.

An important observation is the existence of a pseudo-polynomial approximation
algorithm. The time of the algorithm is polynomial in » and in the numerical values
of the input, i.e. (¢;, w;, K) in the case of the knapsack.

! A hamiltonian circuit goes through each node of the graph exactly once. The decision problem
hamiltonicity, or H AM , decidesif there exists a hamiltonian circuit in agraph G.



17.1. OPTIMIZATION PROBLEMS 303

PROPOSITION 17.1. There is an algorithm for the KNAPSACK problem in time
O(n.K).

Proof : Let us define the binary function C such that
Clw, Iy =J

if J is the largest cost (3 ;.5 ;) ofaset S C {1,2,...,I}suchthat )", o w; = w. One
can compute C'(w, I') for w < K and I < n with the equations:

C(w,0)=0
C(w, I+ 1) = maz{C(w,I),ci41 + C(w — wiy1,I)}

We express the fact that C'(w, I 4 1) is defined from C(w, I') by considering the maxi-
mum solution among all the solutions which include the object / + 1 or don’t. After n. K
computation steps, the value we are looking for is in {C'(1,n), ..., C(K,n)}. O

It is important to observe that this procedure does not constitute a polynomial time
algorithm for the Knapsack problem. The size of the inputism = >°,_,  loge;i+
> i=1,..nlogw; + log K. A polynomial time algorithm must have a time com-
plexity polynomial in log K. The solution above is called a pseudo-polynomial
algorithm, a procedure whose time complexity is polynomial in », the number of
variables, and in the numerical values. A variation of this technique will produce
an approximation schema, i.e. a FPTAS.

THEOREM 17.2. For any ¢, there is an algorithm which approximates up to ¢ the
KNAPSACK problem.

Proof : Let us define the binary function:
Wi(e,I)=J

where J is the smallest volume (3 ;. 5 w;) ofaset.S C {1,2,...,/}suchthat) . c; = c.
One can compute W (e, I) for ¢ < n.Maz{cy, ca, ..., cn} and I < n with the equations:

Wi, 1)=wifec=¢c
W(0,1)=0
Wi(e,I+1) =min{W(c,I),wiy1 + W(c—ciy1,1)}

for I < nandc < n.C, where C = Maxz{ci,ca,...,cn}. These equations express
W (e, I+ 1) as the minimum of the volumes of the sets which include the object 7 + 1
or don’t include it. One chooses the largest ¢ such that W (c, n) < K and the algorithm is
inO(n%.C).

This algorithm is pseudo-polynomial because the time of computation is proportional to C
while the size of the input is of the order O(log C'). One can imagine dividing every ¢; by
2% for a b fixed in advance: this means taking into account only the most significant bits
by eliminating the & least significant bits for every value ¢; coded in binary. Let us define
¢t = 2b.d; where d; = [ 5+] and the input &’ = (wy, ..., wn, K, dy, ..., dn). The solution
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found is the same as the solution on the input (w1, ..., wn, K, ¢}, ..., c,). The previous
algorithm is of complexity O(n?.C/2%) and finds a solution S’:

Zci > Zci > ch > Zci > (Zcz) —n.2°
i€S ieS! €S’ i€S i€S

The first inequality uses the fact that S is optimal, the second inequality the fact that ¢; >
ct, the third inequality the fact that S’ is optimal and the fourth the fact that ¢/ > ¢; — 2°.
Considering the second and the fourth expression, one deduces:

Zci — Zci < n.2b
i€S i€S’
Doies i~ Digs Ci < Dies G~ Dies Ci
Dies Ci B C
The algorithm approaches up to ¢ for e = ”725 It is enough to choose b = log % and the
3

time of computation is O( ”;C ) = O(~-) and we obtain a fully polynomial approximation
schema (FPTAS). O

n.2b
< —
- C

17.1.2. Approximation of optimization problems. Recall from Chapter 14
the K'T' (Kolaitis—Thakur) hierarchies associated with optimization problems. In
this section, we show the important result [PY91]: if an optimization problem is in
the class MAXY; (MAXNP), then it is e-approximable.

We show certain useful intermediate lemmas concerning the problem MAXGSAT,
a generalization of MAXSAT, where the input x is a set of propositional formulas
x = {¢1,..., o} onn variables. These formulas are not supposed clausal.

Example. Consider the three formulas below on the four variables p1, p2, ps3, pa:
1 1 (p1 A (p2V —p3))
é2 : ((mp1 Ap2) V p3)
¢3 1 (=p1 A—pa)
Let us show that MAXGSAT is e-approximable under certain conditions. Let¢ €

{0, 1}™ a boolean model, Var(¢;) the set of the propositional variables of ¢;, let
us note t; € {0, 1}Ver(¢)l a model on the variables of ¢; and let us define:

nsat(z,t) =|{¢; € = : t satisfies ¢; } |

#sat(¢) =| {t : t satisfies ¢} |

| {ti : t; satisfies qbZ} |

) = - o Var(@)
o(¢i) = {0, Vel | #sat(¢;).2

By extension, write:
#sat(z) =| {t : ¢ satisfies all the ¢; } |
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Consider now a random model ¢ chosen with a uniform distribution. Let /V; be a
random variable such as:

N — 1 if ¢ satisfies ¢;
"7 1 0 otherwise

Let nsat(z) be the expectation of the random variable nsat(z,t). One can then
write:

nsat(z) = (Y N;) =Y E(N,) =Y o()
=1 =1 =1
We now show how a greedy algorithm can make sure that the number of satisfied
clauses is greater than nsat(z).

LEMMA 17.1. If we can compute the number of models satisfying every ¢; in
time 7'(z), we can find a model satisfying more than nsat(z) formulas in time
O(n.m.T(z)).

Proof : Let us denote ¢; ,,—1 (resp. &;,,;=0) the formula ¢; where the variable p; is
replaced by the value 1 (resp. 0). Let us notice that:

_ U(¢ivpj:1) + U(¢i,p]‘:0)
B 2

o (i)
Consider the following procedure to choose the values of p1, ..., py, :

Decisionof py,...,py :

Forj:=1,...n

Lp;=1ify " o(dip,=1) > >y 0(¢4,p,=0). Otherwisep; = 0.
2. Simplify the formulas ¢; according to the value affected top;.

Suppose we choose p1 = 1 and letz; = {¢; ,,=1}, that is the new input where the boolean

value 1 replaces the variable p; in all the formulae ¢. From the remark above, n/sEt(:cl) is
definable from the densities o(¢;):

n/SEt(xl) = Z o(¢) = EU(¢p1=1)

PET PET

I‘I/SEt(xl) _ Z¢ex o(¢p,=1) ‘; Z¢ex o(¢p,=1) > Z¢ex o(¢p,=1) ;‘Z¢ex o (¢p,=0)

nsat(z1) > Y o(¢) = nsat(z)
P

We simply expressed that > """ | o'(¢i p,=1) > > .rv; 0(dip,=0). Letz; be the new set of
formulas obtained from z;_, following the same procedure applied to the variable p;. We
then obtain:

nsat(z,) > nsat(z,_1), ..., > nsat(z;) > nsat(z)
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Let ¢* be a boolean model obtained by this procedure. The value n/sEt(mn) is directly com-
putable, by evaluating the number of formulas ¢ such as ¢(¢*) = 1. This procedure allows
oneto find t* in time O(n.m.T(x)) if we compute each density o(¢) intime O(T'(z)). O

Example. For the previous formulas ¢1, ¢, ¢3, the values of the densities are:
density pr=1|p1=0
o(41) 0.75 0
o(d2) 0.5 0.75
o(d3) 0 0.5

Yo, 0(d:) | 1.25 1.25

We conclude that n/sEt(xl) = 1.25. The procedure chooses p; = 1, butp; = 0
could also have been chosen. We obtain the new input z; = ¢1, ¢3, ¢1:

¢1 : p2 Vs
¢§3P3
¢3 : 0

The values of densities for the choices of p, are:

density p2=1|p2=0

o(ol) 1 0.5
o(d3) 0.5 0.5
o(¢3) |0 0

Y.o@D 15 |1

In this case p» = 1 and we obtain z, = ¢2, ¢%, ¢2:

(/)% 01

</>§ %

(/)% 2 0

The values of the densities for the choices of p3 are:

density ps=1|ps=0
7(¢7) 1 1
7(43) 1 0
7(43) 0 0
2 0(7) |2 1

The variable ps is chosen as ps = 1 and the model is ¢t* = (1, 1, 1) which satisfies
two formulas of the input z.

In two important cases, we can compute the number of models of a formula in
polynomial time:

e when each formula has at most & variables,
e when each formula is a disjunction.
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In each case, the previous algorithm allows us to approximate MAXGSAT. We
describe the argument when the number of variables is at most £. The problem
MAXGSAT is then noted MAXGSAT .

THEOREM 17.3. The problem MAXGSAT ;. is e-approximable.

Proof : Every formula ¢ which can be satisfied is such that o(¢) > 2% Let 2’ C z the
subset of formulas of z which can be independently satisfied and let m =| 2’ |.

By linearity of the expectation, we obtain: n/sEt(m) > m.2~%. The previous algorithm
finds ¢* such that

nsat(z,t*) > n/sEt(x) and m < MaxGSATy(z)

We deduce that L
nsat(z,t*) nsat(z) &
> 2
MazGSAT,(2) = m =
MaxGSATy (z) — nsat(z,t*) <19k
MazGSATy(z) =

and the approximation condition is satisfied. O

The approximation is better when £ is small. In the case ¥ = 3, the error ¢ =
7/8 and nsat(z,t*) > MaxGSATy(x)/8. Let us show how to generalize this
procedure to a MA XY, problem.

THEOREM 17.4. If a problem is in the complexity class MAXY, (MAXSNP), it
iS e-approximable.

Proof : Let A be an optimization problem of the class MAXY, and let ¢(y,.S) be the
formula Xy (without quantifiers) such that for any structure U of size n:

MazA(z) = Mazs | {a: (U, S,a) | ¢(a,S)} |

The formula + is built from the explicit relations of U/ and S(yi, , ..., :i,) where s is the
arity of S and y;, is either a constant of the structure U or a variable among y =y, ..., y,.
Let us introduce n® propositional variables: p; 1 for S(1,...,1), p1, o for S(1, ..., 2),
v D1, nfOrS(1,...,n), ... pn. o for S(n, ..., n). Forevery formula ¢(a1, ..., ap, S) let
us write ¥4, ... o,) Where 1 < a; < n, the propositional formula obtained by substituting
every y; by a;, replacing the explicit relations on U by their truth values and the instances
of S(vi,, ---, yi,) by the corresponding propositional variables. We obtain n? propositional
formulas having each at most &, variables, where k,, is the number of distinct occurrences
of S'in 4.

To maximize on S the size of the set defined by (S, y) is equivalent to the problem
MaxGSATy, onthe input {¢,,...a,] : 1 < a; < n}. Every formula has at most &y,
variables and the problem is 1 — 2~%v approximable by the previous result. O

Let us show that there is an algorithm which approximates up to e the maximum
cut problem (MAXCUT).

Example. The MAXCUT problem consists in finding a partition of the nodes into
two sets, one containing s the other containing ¢ such that the number of edges
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between the two sets is maximal. It is definable by the formula ¢ (z, y):
E(z,y) A[(S(z) A=S(y) V (S(y) A=S(x))]
MazCUT = Maxzs | {(z,y) : (U, S) F ¥(2,y,9)} |
Let us apply the previous transformation with &, = 2. We obtain n? formulas
Ylay ,a5) ON the n variables py, ..., p, of the type:
E(a1, az) A ((S(a1) A =S(az)) V (S(az) A =S(a1)))
which can also be written as:

E(ali Clz) A [(Pa1 A _'pa2) N (pa2 A _'pd1)]

If (U, a1,a2) = ~FE(ai, as), i.e. if there is no edge between a; and a2, the formula
Ylay,a,] 1S false. If (U, a1, a2) = E(a1, as), i.e. if there is an edge between a, and
az, the formula ¥, ,,) becomes:

(pa1 A _'pa2) 4 (pd2 A _'pﬂl)

Notice that the value of MAXCUT is exactly the value of the function M axGSAT(x’).
The set x’ of formulas to be satisfied is determined by  formulas of this type if

m is the number of edges of the graph. The algorithm finds a cut with an approxi-
mation of 1 — 272 = 3/4.

We can now obtain the main result of [PY91].

THEOREM 17.5. If an optimization problem is in the class MAX3:; (MAXNP),
then it is e-approximable.

Proof : Let A be an optimization problem of the class MAXX;. There is a formula
Jyi(z,y,S) such that:

MazA(z) = Mazxs | {z: (U, S,2) = Jyy(z,y,5)} |

Without loss of generality, let us suppose that the formula has only one free variable z and
only one quantified variable y. Let us consider all the z such that = = i where 1 < i < n
and the corresponding formula ¢; : Jy ¢ (¢, y, S). As in the previous construction, we gen-
erate a set ' of formulas which form the input of MAXGSAT} on the same propositional
variables but contrary to the previous case,

MazGSAT (2') < A(z)

whereas we had an equality in the case of X, formulas. For each formula 1;, we consider
two cases.

Either there is no value for y which makes 3y (i, y, S) true on the structure (U, S, )
and we don’t write any propositional formula, or there are values for y and in this case we
choose the first value y = j* in the lexicographical order (any other choice would also
work). We obtain a formula (¢, 7%, S) which we write with propositional variables as
before.

The propositional variable +; ;+1 is one of the formulas of the new input z’. Let & be
the number of different occurrences of S in ¢(z, y, S). The approximation algorithm for
MAXGSAT} gives us a value « such that:

27F |2’ |< @ < MaxGSAT (') < A(z) <| 2 |
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The important inequality is A(z) <| z’ |. Indeed A(z) is smaller than the number of
clauses which can be satisfied. During the arbitrary selection of j*, the choices made may
not be the best and MaxGSAT (2') < A(z). The first two inequalities directly express
the approximation of MAXGSAT. We conclude that:
a > Q_k.A(a:)
Az) — «

T 9k
A@ =1

Example. Consider problem MAXSAT, which is MAXY:; definable, on the input
z with the following three clauses on the variables p1, ps, ps, pa:

(p1 Vp2V—p3V pa)

(p2 V —pa)

(=p1 V pa)
The structureis Uz = (Dp=7,C, POS, NEG)where 1,2, 3, 4are the four boolean
variables and 5, 6, 7 the three clauses. Relationsare C' = {5,6,7},
POS = {(5,1),(5,2),(5,4),(6,2),(7,4)}and NEG = {(5,3),(6,4), (7,1)}.
The SAT problem is defined by :

ITNV=3y(C(2) = ((POS(z,y) AT(y)) V (NEG(z,y) A=T(y)))]

The MaxSAT () function is then defined by:
Mazyp [{z : 3y(C(2) A ((POS(z,y) NT(y)) V (NEG(z,y) A =T(y))))} |
The formula (4, j*) is: (POS(4, j*)AT (%)) V(NEG(3, j*) A= ( *)) if the for-
mula can be true (for a choice of 7") and its propositional representation is tf; ;.;:
(POS(i,j7) Apj) V (NEG(i,57) A —pj)
Recall that p; is the propositional variable associated with 7°(z). For example:
1/)[5,1] P
1/}[6,2] c P2
1/)[7,1] s TPt
In this case | ' |= 3 and A(z) = 3, MazGSAT,(z') = 2 and the previous
inequality is satisfied.

We conclude with Figure 17.2 which gives the position of the class APX in the
KT maximization hierarchy.

17.1.3. Reductions and completeness. In this section, we introduce a notion
of reduction between two optimization problems which preserves the approxima-
tion. The most classical reduction is the Lin-reduction or linear reduction, defined
in [PY91]. Other more general reductions were introduced later, in particular the
PTAS-reduction of [ACP95], which we now study.

Let us recall that if z is the input and y a solution for z, the relative error F(z, y)
is defined by:

| opt(z) — val(y) |
Maz{opt(z), val(y)}

E(‘rvy) =
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MAXCC

MAXSAT

MAX3SAT

FIGURE 17.2. The position of the class APX in the KT hierarchy.

Let A and B two optimization problems with inputs z 4 and = which have solu-
tions y4 € Sol(z4) and yg € Sol(zp) whose optima are val(y4) and val(yg).
The parameter e is the relative error for the problem A.

DEFINITION 17.5. Let A and B be two optimization problems in the class NPO.
We say that A is PTAS-reducible to B and write A <pras B if there are two
functions f and ¢ such that:

e the function f is computable in polynomial time in | z 4 | and 1/,

e the function ¢ is computable in polynomial timein | z 4 |, | ys | and 1/,
and the solution y 4 is defined by the value of g(z 4, yg, €),

e there is a constant 5 smaller than 1 which depends on ¢ such that

E(xAvg(‘rAvva€)) < ﬂ.E(f(.rA,é),yB) <e

The function f takes an instance of A and associates an instance of B, while the
function g takes a solution of B and associates a solution of A, as Figure 17.3 in-
dicates. The error for the problem A is smaller than the error for the problem B
and can be made smaller than a given e¢. A Lin-reduction, noted <y, isa PTAS-
reduction where the functions f and g do not depend on e. The fundamental prop-
erty of an Len-reduction is that it preserves the approximation.

LEMMA 17.2. If Be PTASand A <;, B,then A ¢ PT AS.

Proof : For any ¢, we associate zg = f(za,€). Because B admits a PTAS, one can
bound the error on B such that £(f(z.4),ys) < 5. This ensures that the error on 4,
i.e. E(xa,g(za,yp,€)) < e. All the computations are polynomially bounded and the

problem A is in the class PTAS. O

DEFINITION 17.6. An optimization problem A is MAXX.y-complete (MAXSNP-
complete) if A € MAX3, and if any problem B € MAXY is Lin-reducible to
A.

We say that a problem is MAXXy-hard if any problem B € MAXZY, is Lin-
reducible to A.
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» .
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FIGURE 17.3. Lin-reduction between two optimization problems.

THEOREM 17.6. MAX3SAT is MAX>Yg-complete.

Proof : In the previous section, we showed (Theorem 17.4) that any problem A of the
class MAXY; was Lin-reducible to the problem MAXGSAT . Let us show how to reduce
MAXGSAT, to MAX3SAT by a Lin-reduction.

Let z4 be the input of the problem A, i.e. the finite structure U. Every formula +; of
MAXGSAT], is of constant length and contains at most & variables. There is an equiv-
alent formula ¢; which contains m clauses. One can so associate to the formulas ;
of MAXGSAT, a set of clauses zssar = f(za). If an approximation algorithm for
MAX3SAT approximates z3sat Within a constant ratio, it finds a model ¢ = yzsar. This
model o defines a set S = g(o) which gives an estimate for the problem MAXGSAT, and
the problem A within a constant ratio. Hence there exists 5 such that:

E(za,9(yssar)) < B.E(f(za),yssar)
and the problem MAX3SAT is complete. O

There are many other optimization problems which are MAX3.,-complete but
the reductions are much more elaborate. In particular, the problem MAXCUT is
MAXX5-complete.

An optimization problem is polynomially bounded if there exists a polynomial ¢
such that the function val(y) < ¢(| = |). We write APXpp the class of polyno-
mially bounded optimization problems. The classes APX and APX pp have been
logically characterized by [KMSV94].

THEOREM 17.7. Any problem A of the complexity class APX pg is Lin-reducible
to MAX3SAT. Any problem B of the class APX is PTAS-reducible to MAX3SAT.

17.1.4. Non-approximability. In this section we prove two results of non-
approximability, under the hypothesis P # NP. We use the characterization of NP
in terms of the probabilistic class PC' P(log n, 1) defined in the previous chapter.
We show the impossibility of approximating MAXCLIQUE up to € and the impos-
sibility of approximating MAX3SAT with an approximation schema. We deduce
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from it the impossibility of obtaining an approximation schema for any MAX3:,-
complete problem.

17.1.4.1. Non-Approximability of MAXCLIQUE. Let clique(G) the size of
the largest clique in a graph G,,.

THEOREM 17.8. If there is a polynomial time algorithm which approximates up to
¢ the problem MAXCLIQUE, then P = NP.

Proof : Let L be a language of the class NP and V' a verifier of the class PCP(logn, 1)
for L. For each inputz of L, let us constructa graph GG and a function f suchthatifz € L,
then clique(G,) = f(n) and if z ¢ L, then clique(G3) < f(n).(1 — 2¢). If there were a
polynomial time algorithm which would approximate up to e the problem MAXCLIQUE,
one could decide L in polynomial time and one would conclude that P = NP.

Let ¢ = O(1) be the number of bits tested and » = d.log n the number of random bits of
the PCP protocol for L. A node of GG is a tuple o = (p, s1, ..., s) Where p is a random
vector (| p |= r), where s1, ..., s. are the bits tested in the proof = when the verifier
accepts. The number of nodes is O(n?), hence polynomial.

The algorithm of the verifier computes the positions p1, .., p. depending on z and p for
which the values of 7 at the positions p1, ..., p. are sy, ..., sc. Two nodes a and o’ are
contradictory if there are positions p; and p; such as p; = pj; and s; # s;. An edge
connects two nodes of the graph if they are not contradictory. Observe that if two nodes
(p, s1,...,8c) and (p, s, ..., s7) are connected, then s; = s for i = 1, ..., ¢. The verifier
will compute in both cases the same positions p4, ..., p.. One can determine in polynomial
time if there is an edge between two nodes by considering all the possible p.

The size of the largest clique of G, is 2". If there were a larger clique, two tuples
(p, 1, ..., 8¢) and (p, s}, ..., s7) where at least one s; # s;, would be connected with an
edge, which is impossible because they are contradictory. Let us show that if x € L then
cliqgue(G) = 2" and that if z ¢ L then clique(G) < 2" /K for a K chosen according to e.

If z € L, there is a transparent proof which accepts for all the possible choices of p. Every
node is compatible for the various p and we obtain a clique of size 27. Let us show that
if 2 ¢ L, the largest clique is of size ‘% for K > 1. If there were a clique of size greater
than % one could build a proof = which would answer the questions of the verifier with
values sy, ..., s¢ if (p, s1, ..., s¢) is in the clique. For a random choice of p, the probability
that the point falls in the clique is Z-.-% = - and the probability that 1 accepts « would
be greater than -+, contradicting the hypothesis of PCP according to which if z ¢ L, for
all 7, the probability to accept is smaller than a constant value between 0 and 1.

For any language L of the class NP, we builta graph G such as if z € L, then clique(G) =
f(n) =27 and if z ¢ L, then clique(G) < f(n).(1 — 2¢) if K = . If there were
a polynomial time algorithm which approximates up to e the problem MAXCLIQUE, one

could decide L in polynomial time and one would have P = NP. O

It is also possible to show that MAXCLIQUE cannot be approximated up to »*, but
this requires much more elaborate techniques.
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17.1.4.2. Non-existence of a PTAS for MAX3y-complete problems. We now
show that the existence of a schema for the class MAXSNP implies P = NP. Itis
customary to conclude that such schemas dont exist, but it remains unproven.

THEOREM 17.9. If there is an approximation schema (PTAS) for a MAX-
complete problem, then P = NP.

Proof : Let us show that the existence of such schema for MAX3SAT implies that
P = NP. Let L be a language in the class NP and let us show how to reduce its decision
problem to the approximation of MAX3SAT with a schema. For any x, we construct an
instance S, of MAX3SAT such that:

e S, issatisfiable iff x € L

o ifu ¢ Lthen Maxz3SAT(S;) <e. | Sy |
A PTAS for MAX3SAT could then decide if z € L and this would give a polynomial time
algorithm for L which would imply that P = NP.

The language L has a verifier PCP(logn, 1). Suppose that the content of each position
of the proof 7 is coded by a boolean variable p;. For any random vector « of length
r = logmn, let us build the boolean function which expresses the test of the verifier. As
a constant number of bits is tested, this function contains a constant number of boolean
variables and is of constant length. This function can be expressed witha 3C'N F' formula,
noted S, and contains & clauses. The formula:

Se = /\S:c,oz
contains a number N = O(n?) of formulas Sy o .

If € L, there is a proof 7, such as V' accepts for any random vector « and =, satisfies
Sy and M ax3SAT(S;) = N.k.

If z ¢ L, then for any proof  the verifier V accepts at most 1 of the S, .. At least 3 of
the S, ., are not satisfied, i.e. for each of them at least one of the k clauses is false. At least
3 N of the clauses are false, i.e. ;3 of the N.k global clauses. At most (1 — ;2-) of them
are satisfied.

Hence Maz3SAT(S,) < N.k.(1 — ).

We found a constant interval to separate ¢ € L fromz ¢ L for the function M az3SAT(S,).
A PTAS for MAX3SAT would allow one to distinguish these two situations and to decide
in polynomial time if z € L. O

17.2. Counting problems

The non-deterministic class NP admits a generalization in terms of a counting
class, introduced in Chapter 14. Recall that a function F' of 3* — Nis in the class
# P if there is a p-predicate R computable in polynomial time and a constant &
such that for all x € X:

F(x)=|{y: R(x,y)}| and |y |<|x |*
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The counting problems play an important role in complexity theory. We show the
connection between the logical definability of counting problems and the approxi-
mation of these problems.

17.2.1. Approximation of counting problems. We introduce the notion of a
randomized approximation schema used to approximate counting functions. Recall
the definitions of Chapter 14 for these functions and their descriptive hierarchies.
The goal is to approximate a counting function ¥ : ¥* — N with a randomized
algorithm whose relative error is bounded by ¢ with high probability, for all e.

DEFINITION 17.7. An algorithm A is a polynomial time randomized approxi-
mation schema? or PRAS for a function F’ : ¥* — N if for every ¢ and x,

Prob{A(x,¢) € [(1 = ¢).F(x), (1+€).F(x)]} > %

and A(x, ) stops in polynomial time in | x |. The algorithm A is an FPRAS if the
time of computation is also polynomial in 1/e.

If the algorithm A is deterministic, one speaks of an PAS and of a FPAS. A
PRAS(9) (resp. FPRAS(6)), is an algorithm A(x, ¢, §) such that:

Prob{A(x,¢,8) € [(1 —¢).F(x),(14+¢€).F(x)]} > 1-6

and whose time complexity is also polynomial in log(1/8). The error probability
is less than ¢ and let us show how to amplify the probability of success from 3/4
to 1 — § at the cost of extra computation of length polynomial in log(1/4).

One of the most classical results used for the analysis of probabilistic algorithms is
the Hoeffding—Chernoff bound [Hoe63]. It expresses the probability of deviation
of the sum of independent Bernouilli variables from its mean (see Theorem A 4 of
[AS92a]).

THEOREM 17.10. If X1, ..., X, are n independent random variables with value 1
with probability p and 0 with probability 1 — pand Y = >"" | X, then:

2a°%n

ProblY —np > an.p] < e

LEMMA 17.3. Let F' be a function: F : ¥* — N. If F admits a PRAS (resp.
FPRAS), then F' admits a PRAS(4) (resp. FPRAS(4)) algorithm A(C' ¢, )
whose error probability is § and whose time complexity is polynomial in | x |,
log(1/6) (and 1/¢ for an FPRAS).

Proof : Let A’ be a PRAS (resp. FPRAS) for I/ and let X, X5, ..., Xx the values
obtained after K independent runs of A’. Let Z be the median value, i.e. the value X; such
that

X< X | =17 X 2 Xa} [[< 1
which is the new estimated value. Each of the values .X; is in the interval

2PRAS is the abbreviation of Polynomial-time Randomized Approximation Schema and
FPRAS isthe abbreviation of Fully Polynomial-time Randomized Approximation Schema.
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[F(x)- (1 —c¢), F(x)-(1+ ¢)] with probability greater than 3/4. If at least the majority
(i.e. (K + 1)/2 where K is odd) of the X; are in this interval, Z is also in the interval.
The error probability is:

Prob[[{i: Xi ¢ [F(x)-(1+e¢), F(x)- (1)} [> (K +1)/2] <4

Prob| {i : X; ¢ [F(x)-(1—¢),F(x)-(1+&)]} > (K+1)/2] =

K
Prob[» Y; > (K +1)/2]
i=1
because K is odd and one can apply the Hoeffding—Chernoff bound. Hence,

K
Prob[Y_Y; > (K +1)/2] < 72K =5
i=1
where a = ££L _ 1. One concludes from the inequality e=2¢"X < § that K > 8log 1 +1
suffices. The algorithm which estimates the median value from random values X, ..., X
isan FPRAS.O

17.2.2. Approximation of #DNF. A probabilistic method consists in sam-
pling random valuations and testing if they satisfy the property expressed by a
DNF formula. If we compute the fraction of valuation which satisfy the property,
we may approximate the real value with high probability.

Suppose we try to compute the size of aset A C D, for a fixed D. In the case of
#SAT, the set D is the set of possible valuations | D |= 2™ and A is the set of val-
uations which satisfy the formulas. We can randomly choose N valuations and test
if each one satisfies the formulas. If K valuations satisfy the formulas, a possible
estimate would be 2. In the general case, this estimate is an (e, §)-estimator,
i.e. an FPRAS, after an exponential number N of random selections, because K
can be exponentially small. In certain cases, one can, however, find in polynomial

time a good estimator.

An important case is when | A |> % for a constant b (which can also be polyno-
mially bounded). The set A is of exponential size and let X = % the estimated
value. If § is the Chernoff bound, the minimum number of necessary trials to bound
the difference between the real value | A | and the estimated value X less than ¢
with probability greater than 1 — § is given by the following result.

PROPOSITION 17.2. If N > 4 -b-log(%)/€?, then
Prob[| A|-(1—¢) <X <|A|-(1+)]>1-6

In this case, the sampling method is an FPRAS. Let us show how to apply this
technique to the #DNF problem. In this case D = {0,1}™ and | D |= 2" but the
set A of valuations which satisfy the formulas can be exponentially small.
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Letz = {cy, .., ¢, } be the input of the problem #DNF where each ¢; is a conjunc-
tion. We wish to count the number of valuations o which satisfy \/{* ¢; but we need
to design a clever way to doit. Let D = {(¢,0) : ¢ =1, ..., mand o satisfies ¢;}
and A, the set of (¢, o) such that ¢; is the first conjunction satisfied by o

Ay =A{(i,0) : (t,0) € Dyandif j <, then (j,0) & Dy}

Each valuation in the set we try to count satisfies one ¢; and the value is | A; |. Let
us note C; the set of valuations satisfying the clause ¢;.

Observe that | Dy |= Y-, | C; | and that | A; |> Max; | C; | because there
are more valuations satisfying the disjunction of ¢; than valuations satisfying a
particular ¢;. One concludes that

D] ZL G
| Ay | = Maz; | Ci| —
and one can directly apply the random sampling method.

Estimation of #DNF
X: =0; Iterate N times:
1. Choose i € {1, ..., m} with probability {5}

2. Choose ¢ uniformly among the valuations of C';.
3. If (i,0) € A, (if o satisfies ¢; and does not satisfy ¢y, ..., ¢;—1) X: =X+1.

The estimation is: % and is an (¢, 6)-estimation of | A; |. One verifies
that every element of D is chosen with the same probability and this procedure is
an FPRAS.

17.2.2.1. Approximability of #£3:;. Letus show thatas in the case of optimiza-
tion problems, if a counting problem is defined by an existential formula, then it
has an FPRAS.

THEOREM 17.11. If F' is a counting function definable by a formula Y4, then F
admits an FPRAS.

The proof is similar to the one presented for the optimization problems and is based
on a reduction to the problem #3DNF.

Proof : Let F be a counting function definable by a formula 3yv:(z, y, T') in the language
associated with a class K with the additional relational symbol 7". Suppose that:

FU) = {(T,¢): (U,T,¢) Iy (e, y, T)} |
where 7" is unary. If U is a structure of the class K with n elements, one can write:

(U, T,¢) &3y ¢le,y,T) iff (U, T,c) = \/ ¥(c,d, T)

d=1
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Every ¥ (¢, d, T') can be written in a 3DNF form as

m

\/gw(qd,T)

i=1

where each ¢; has at most three atoms. For each ¢ let us count the number of relations 7"
which satisfy \//,_; ¥(c,d,T") and let us make the sum for ¢ = 1,...,n (if we assume ¢
unary).

Let us introduce the propositional variables p1, ..., p, for the n atoms of the type 7'(a;).

Let 1. be the formula 3DNF where we replaced in \/’,_, ¥(c,d,T') each atom using an
explicit relation by the the truth value on the model U and every T'(a;) by p;. Let n. be the
number of propositional variables which appear in ¢.. Let #DNF(c, ) be the function
which counts the number of valuations on p, ..., p,, of the propositional formula. The
number of possible 7" is

277" #DNF(c, 9)

and the total number of tuples (7, ¢) is:

F(U) =Y 2"7" #DNF(c,v)
c=1
Every function #DNF(c, ¢) is approximable by an FPRAS and F(U) admits also an
FPRAS because the estimation is preserved by addition and multiplication by positive
constants. O

The problem #3DNF admits a deterministic approximation schema, an FPAS,
[AW85, NW94, LV91], a classical example of derandomization. Consequently
every problem of #3J; also admits a deterministic approximation schema. The
relation between the approximation classes FPRAS, FPAS and the S.ST hierarchy
[SST92] is given in Figure 17.4.

FPRAS

FPAS

FIGURE 17.4. The approximation classes FPAS and FPRAS in
the SST hierarchy for counting classes: #X.q, #31, #1111, #39
and #11,.
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17.3. Approximate verification

Consider the Hamming distance between two structures of the same cardinality n.
On binary words, it measures the number of positions where two words disagree
and the relative distance is the distance divided by n. On ordered graphs, it mea-
sures the number of pairs where the two graphs disagree, and the relative distance
is the distance divided by »?, as we deal with binary relations. More generally, if
U, and U, are two structures of the same cardinality on a class of ordered relational
structures K with a relation R of arity £,

Dist(Uy,Uz) =| {(a1, ...,ar) : [R(a1, ...,ak)]ul # [R(aq, ...,ak)]%} |
and the relative distance dist is defined by:
R(ay, ...,ak)]ul # [R(aq, ...,ak)]u2} |
nk
Two structures Uf; and U, are e-close if their relative distance is less than ¢ for
0 < € < 1. Otherwise, they are e-far.

dist(Uy, Us) = | {(a1,...;ar) : [

Given a language L or a subclass K’ C K, the distance from a structure U to K’
is the minimum of the distances dist (¢, U") with&/’ € K’ and we write dist(U, L)
for this relative distance. Similarly, we say that ¢{ is e-close to L if their relative
distance is less than e.

There are other measures, in particular the Edit-Distance for words [WF74], which
allows one to compare two different strings and counts the number of deletions, in-
sertions and modifications.

A tester is a randomized algorithm which queries the inputs on some instances,
and the query complexity is the number of such queries.

DEFINITION 17.8. A property P on a class K is e-testable if there exists a poly-
nomial time probabilistic algorithm which accepts every structure which has the
property, rejects with probability 2/3 structures which are e-far from the property
and such that the number of queries depends on ¢ and not on .

One of the classical examples is the COL property, i.e. the property that the graph
can be partitioned in & subsets such that no edge connects two nodes of the same
subset. In the case of 3COL, we obtain a very simple, constant time algorithm
which approximates an NP-complete problem. It just tests if random subgraphs of
finite size, dependent on ¢ but not on =, are in 3COL. Exercise 8 details interme-
diate lemmas needed to show that 2COL has a tester, which can be generalized to
ECOL.

On the class of finite words [AKNS99] prove:
PROPOSITION 17.3. Regular properties are e-testable.
On the class of graphs [AFKS00] prove:
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PROPOSITION 17.4. 3, properties of graphs are e-testable.

Bibliographical notes. The study of the optimization problems developed with the no-
tion of NP-completeness [GJ79]. The approximation of the optimization problems and in
particular the approximation algorithm of MAXSAT is due to D. Johnson [Joh74]. The
Lin-reductions were initially introduced in [PY91] and developed in many other articles
[ACP95, CP91]. The logical characterization of APX was presented in [KMSV94]. The
use of PCP to prove non-approximability results appeared for the first time in [Con91].
The non-approximability of MAXCLIQUE was proved by U. Feige et al. [FGL t91] and
the non-existence of an approximation schema by S. Arora et al. [AS92b].

The approximation of the class #3; is also in [SST92] and the reduction of #X; to
#3DNF is due to A. Sharell [Sha90]. The amplification technique is presented by M.
Jerrum, U. Vazirani and V. Vazirani in [JVV86] and the approximation of #DNF is due to
R. Karp and M. Luby [KL83]. Other approximation techniques, based on Markov chains
with rapid mixture were elaborated by Jerrum and Sinclair in [Sin92] , [JS89] and [SJ89].
The definition of an e-testable property was proposed in [RS96] and is related to checkers
introduced in [BK 89]. Its applications to graphs properties were studied in [GGR96].
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17.4. Exercises

. An optimization problem is f-approximable if there is a polynomial time algorithm

A such that for all z:
Alz)
f(=)
(@) If a problem is e-approximable, determine the function f for which this

problem is f-approximable, for maximization and minimization.
(b) If aproblem is f-approximable, determine e such that it is e-approximable.

< opt(z) < f(z).A(z)

. Given an optimization problem A and an integer %, let

A = {z @ goalye o) val(y) < k}. We say that A is smple if for all &,
A € P.

(@) Show that MAXCLIQUE is simple.

(b) Let C be the problem which consists, given a graph G, in finding the min-
imum number of colours, i.e. the minimum number of labels for the nodes
such that adjacent nodes have different colours. Show that it is an NPO
problem.

(c) Define C inthe class MINY, for the smallest k£ possible.

(d) Show thatif C is simple, then P = NP.

(e) Show that C'is not approximable.

. The chromatic number of a graph G, is the smallest & such as G, is k& colourable

but not £ — 1 colourable. Show that this minimization problem is in the class
MINX,.

. Show [KT94] that MINY; = MINX; and that MINY.5 = MINII; . Show [EGG96]

that on classes of structures with a successor relation, the KI" maximization hier-
archy has only two levels and the minimization hierarchy has a single level.

. Approximation of MAXLFP(X;) [BCG92]. Show that if an optimization prob-

lem is definable by a formula MAXLFP(X;) (generalizing a formula X, by an
existential inductive formula), it is approximable.

. Consider 3DNF formulas.

(@) Show the NP-completeness of the decision problem: determine if a 3DNF
formula is not a tautology?

(b) Show that the associated optimization problem (MIN3NT) is in the class
MINY,.

(c) Show thatif MIN3NT is e-approximable then P = NP.

. Parametrized complexity [DF95]. Let FPT the class of decision problems which

can be solved by algorithms in time O(f(k).n°), where f is an arbitrary function
and ¢ a constant which depends neither on n nor on k. Let KSNP be the class of
optimization problems which can be defined by a formula of the form:

35 € [n)* var € [n]P 35 € [k] 6(1, S(5), 2, J)

where

e Sisaninjective function S : {1,...,k} = {1,...,n},

e P isa vector of size p,

e ¢ isafirst order formula without quantifier.
Let KSNP be the class of problems which are polynomially reducible to a problem
of the class KSNP. One defines in a similar way the class LOGSNP, replacing
in the definition, & by logn. In this context, the problem COVER is defined as
follows.
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Input: Agraph G = (V, E) and a parameter k.
Question: Is there a cover of size k? A cover is aset V/ C V such that for
any edge (u, v), eitheru € V' orv € V'
The problem LOGCOVER consists in deciding if there is a cover of size log n. The
problem DS, or Dominating Set is defined as follows:
Input: A directed graph G = (V, E) and a parameter .
Question: Is there a dominating set of size £? A dominating set is a subset
V! C V such that for any node u either u € V'’ or there isa node v € V'
suchas (v, u) € E.
The problem LOGDS, or log Dominating Set consists in deciding if there is a
dominating set of size log n.

(@) Show that the problem COVER belongs to the class FPT.

(b) Show that the problem COVER belongs to the class KSNP and that the
problem DS is KSNP-complete.

(c) Show that there is a polynomial time algorithm which solves LOGCOVER
if there is a polynomial time algorithm which finds a maximal matching in
a graph.

8. Tester for k-colourability [GGR96]. Let G,, = (D, F) a graph with n nodes.

(@) A partial 2-colouring s a partial functionC' : D — {0, 1}. The graph G is ¢-
compatible with C' if the number of edges connecting two nodes of the same
colour is less than ¢ - n2, and it is compatible if it is 0-compatible. Consider
the following test to verify that GG is compatible with a 2 colouring C': take
arandom pair of nodes (i, j) and accept if (4, j) ¢ E or if C(¢) # C(j).
Show that dist(G, {G is compatible with C'}) = IProb][ test rejects]. Show
that there exists a tester for the set { G is compatible with C'}.

(b) S C D is e-influent if at most ¢ - n nodes of degree larger than ¢ - n are not
linked to S. If ¢ > £ - log(=*;) then Probjs|,[S is not e-influent] < O(v)

(c) Let k = 2 and suppose S is bipartite or 2-colourable. It can be partioned in
S = Sp U 81 such that the nodes of S, are coloured with colour 0 and the
nodes of S; are coloured with colour 1. Extend the colouring from S to the
nodes at distance 1 of S in D,,, colouring the neighbours of S with 1 (resp.
S1 with 0). If a node is coloured with 0 and 1, then its colour is 0 and some
nodes have no colouring. Show that if S is Z-influent and if its extended
partial colouring is $-compatible with G, then dist (G, bipartite) < e

(d) Deduce a tester for the bipartite property

(e) Generalize to a tester for the k-colourability property

9. Testers for graph properties [AFK S00]. Consider reductions between two graph
properties P and Q.

DEFINITION 17.9. Let P <. @ if for all ¢, there exists N such that for ev-
ery graph G withn > N vertices such that G |= P, there exists G’ such that
d(G,G") < e suchthat G' = Q. Two properties P, @ are indistinguishable if
P<oQand@ <. P.

Let F be a family of c-coloured graphs. A graph G is F-colourable if there
exists a c-colouring such that no induced subgraph of G is isomorphic to a graph
H of F.

(@) Let P be a property defined by 31 ...32:Vy; .. Vys A(z1...2¢, y1...ys) Where
A is quantifier free, i.e. a X5 property. Show that there exists an F family
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of 2t+t*_coloured graphs of size Max(t + 1, s) vertices such that P and
F-colourable are indistinguishable .

(b) If F is a family of c-coloured graphs with [ vertices and if G is e-far from
being F-colourable, show that there exists a graph A with less than C' ver-
tices which is d-abundant in G, i.e has more than 4 - |G|!#lisomorphic copies
inG.

(c) Select random subgraphs and find such an H. Show that if G is F-colourable
so is H. Show that if f G is e-far from F-colourable, so is H. Deduce the
tester.

(d) Find a non-testable property which is I1,-definable.



