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Abstract— We present a SAX implementation of the statistical
embedding associated with XML data, introduced in [1], [2],
which allows to efficiently decide ε-validity to any DTD or
Schema, for the Edit Distance with Moves. It associates a
generalized k-gram to unranked labelled trees (with k = 1

ε
)

from which any regular property can be approximately decided.
We show how to exactly compute the k-gram with a SAX
implementation using a memory of sized, the depth of the tree,
and an approximate k-gram with queues of sizeM = 2k and
a global memory of size2k in the worst-case. Experiments on
large XML files from the XML benchmark project confirm the
error analysis for various values ofM .

I. I NTRODUCTION

An important problem for Web mining is to decide if
semistructured documents are close to some DTDs, as Web
documents are noisy and may need to be transformed before
they are analyzed. Approximate validity has been studied in
[3] in the context of Property testing for the Edit distance
with Moves and further extended in [1]. It decides if a file is
close or far from a DTD, by just sampling the file, i.e. in time
independent of the length of the file. The algorithms construct
sketches which are statistical representations which generalize
a k-gram on words.

Streaming algorithms for search problems, as considered
in [4] and [5], read the data online and construct an answer
using sketches which only require a finite memory. For exact
decision problems, these algorithms read the data online and
decide at any stage if the input satisfies the property. Exact
validity of streaming XML documents has been studied in [6]
for some classes of DTDs. For approximate decision problems,
these algorithms read the data online and decide at any stage
if the input is close or far from some property. A tester may
directly yield a streaming algorithm, but in some cases it
may require additional work before we obtain a streaming
algorithm which uses constant space. If we want to decide
if a word is close to a regular expression, the tester used
in [1] builds a k-gram, i.e. a density vector which provides
the number of subwords of sizek, which can be built online
and we obtain a streaming algorithm. In the case of trees, we
can build the generalizedk-gram from a DOM representation
of a tree t, but it requiresO(n) space. We need a SAX
representation which uses constant space and avoids the DOM
representation.

In this paper we show how to build an approximate gener-
alizedk-gram in constant space, and an exactk-gram in space
proportional to the depthd of the tree. The approximate sketch
is enough to approximate the validity to any DTD or Schema.

In section 2, we review the notion of approximate validity
provided by property testers and theustat representations
for words and trees. In section 3, we describe our SAX
implementation and prove its correctness. In section 4, we give
examples for XML files of different sizes, up to106 generated
by the XML benchmark project [7], to show the scalability and
the error analysis.

II. PRELIMINARIES

We first describeapproximate validity, as considered in
Property testing. We then define the sketches associated to
words and to trees, which allow to approximatedly decide any
regular property. We then recall how a union of polytopes of
statistical vectors can be associated to any DTD to define a
membership tester.

A. Approximate decision problems

This notion of Property Testinghas been initially defined
in [8] and studied for graph properties in [9]. It has been
successfully extended to various classes of finite structures,
such as words where regular languages are proved testable
[10] for the Hamming distance, and trees where regular tree
languages are proved testable [3] for the Edit Distance with
moves. A tester decides if an input structure satisfies a property
or is far from this property, but also requires that we look at a
constant fraction of the input, independent of the global size
of the input.

We say that two unary structuresUn, Vm ∈ K such as words
(respectively trees), whose domains are respectively of size
n and m, are ε-close if their distancedist(Un, Vm) is less
than ε × max(n, m). They areε-far if they are notε-close.
All distances are relative. The distance of a structureU to
a classK is dist(U,K) = MinV ∈K{dist(U, V )}. The Edit
distance with movesbetween two stringsw and w′, written
dist(w,w′), is the minimal number of elementary operations
on w to obtainw′, divided bymax{|w|, |w′|}. An elementary
operation on a wordw is either aninsertion, a deletionof
a letter, amodificationof a letter or of an attribute value, or



a moveof a subword ofw into another position. TheEdit
distance with movesbetween two ordered unranked treest
andt′, writtendist(t, t′), is the minimal number of elementary
operations ont to obtain t′, divided by max{|t|, |t′|}. An
elementary operationon a treet is either an insertion, a
deletion of a node or of an edge, amodificationof a letter
(tag) or of an attribute value, or amoveof an entire subtree
of t into another position. When an XML file is given by
its DOM representation, these operations take unit costs. Two
schemasS1 andS2 on the same alphabet areε-close if all but
finitely many words or trees ofS1 (resp.S2) areε-close toS2

(resp.S1).
Definition 1: Let ε ≥ 0 be a real. Anε-tester for a class

K0 ⊆ K is a randomized algorithmA such that:
(1) If Un ∈ K0, A always accepts;
(2) If Un is ε-far from K0, thenPr[A rejects] ≥ 2/3.

The query complexityis the number of queries to the
structure I of K: in the case of words, a query asks for
the letter in positioni. The time complexityis the usual time
complexity where the complexity of a query is one and the
time complexity of an arithmetic operation is also one. A class
K0 ⊆ K is testableif for every sufficiently smallε > 0, there
exists anε-tester whose time complexity depends only onε.
If we strengthen the first condition (1) to:
(1’) If I is ε′ close of K0, A always accepts; we have an
(ε, ε′) tolerant tester, for ε > ε′.

B. Statistical embedding on strings

For a finite alphabetΣ and a givenε, let k = 1
ε . Let the

dist(w,w′) be theEdit distance with movesand the embedding
of a word in a vector ofk-statistics, describing the number
of occurrences of all subwords of lengthk in w. Let w be a
word of lengthn, let #u be the number of occurrences ofu of
lengthk in w andustat(w)[u] def= #u

n−k+1 . The vectorustat(w)
is of dimension|Σ|k is also theprobability distributionthat a
uniform random subword of sizek of w be a specificu, i.e.
ustat(w)[u] = Prj=1,...,n−k+1[w[j]w[j +1] . . . w[j +k−1] =
u]. This embedding is a generalized Parikh mapping [11], is
also related to [12] where the subwords of lengthk were called
shinglesand is called ak-gram in statistics. This embedding
associates{ustat(w) : w ∈ r} to a regular expressionr, a
union of polytopesH in the same space, such that the distance
between two vectors (for theL1 norm) is approximately
dist(w,w′) and the distance between a vector and a union of
polytopes is approximatelydist(w,L(r)). For a simple regular
expression such as(001)∗, the polytope is a unique summit,
thebase vector, which by definition islimn→∞ustat((001)n).
For a more general regular expression, the polytope is the
convex hull of the base vectors, associated with compatible
loops. Other embeddings on words [13] and trees [14] depend
on the size of the structures.

The ustat(w) vector can be approximated for theL1 norm
by taking N random samples to define the random variablêustat(w) which approximatesustat(w). These techniques
yield the simple testers of [1] for Equality(w,w′) between
two words, and Membership(w, r) between a wordw and

a regular expressionr. Take N ∈ O( (ln|Σ|)|Σ|2/ε

ε3 ) samples,

and let ̂ustat(w) and ̂ustat(w′) be theustat of the samples.
For Equality, Reject if | ̂ustat(w) − ̂ustat(w′)|1 ≥ ε. For
Membership, compute the set of polytopesH associated with
r in the same space. Reject if the geometrical distance from
the point ̂ustat(w) to the polytopeH is greater thenε.

Example. Let k = 2 = 1/ε, w = 000111, S =
(001)∗.(01)∗.1∗.(011)∗ with ΣS = {0, 1}. For a lexico-
graphic enumeration of the length 2 binary words,ustat(w) =
(2/5, 1/5, 0, 2/5). Let s0 = (1/3, 1/3, 1/3, 0) the base vec-
tor of the the regular expression(001)∗, and similarly s1 =
(0, 1/2, 1/2, 0) for (01)∗, s2 = (0, 0, 0, 1) for 1∗ and s3 =
(0, 1/3, 1/3, 1/3) for (011)∗. The polytopeH associated with
S is Convex − Hull(s0, s1, s2, s3) and describes the set of
ustat(w) whenw ∈ S as in figure 1. The wordw is at distance
1/6 to S as it requires the removal of the first0 to yield the
corrected word001.11 ∈ S. For a givenw, the geometrical
distance betweenustat(w) and H is approximatelydist(w, S)
anddist(w, w′) is approximately theL1 norm between theustat
vectors. Forw1 = 0101111 = (01)2.13 ∈ S, ustat(w1) is
precisely between the base vectorss1 ands2.

s2

s0

s3

ustat(w1)

HS

s1

ustat(w)

Fig. 1. The statistical space forS of dimension 4 and the polytopeHS for
k = 2.

C. Statistical embedding on trees

The sizeof a tree is the numbern of its nodes. Thedegree
of a node is the number of its successors. Letk be an integer
andε = 1/k, as before. Every unranked treet can be encoded
as a binary tree but many encodings are possible. Consider
the Rabin encodinge(t) where each nodev of the unranked
tree is a nodev in the binary encoding. Its left successor of in
the binary tree is its first successor in the unranked tree, and
its right successor in the binary tree is its first sibbling in the
unranked tree (See Figure 2).

It is a classical observation that a languageL of unranked
trees is regular iff the languageL′ of its encoding is regular.
An extended2-ranked tree is a binary tree with a left successor,
a right successor or both as in figure 2. In the Rabin encoding
we obtain extended2-ranked trees, as some nodes may only
have a left or a right successor.

The distance between two unranked trees is of the same
order as the distance on their encodings as extended2-ranked
trees. Moreover one can sample anyk-subtree ofe(t), i.e.
subtree of depthk, since one can compute thek-subtree of
e(t) from any nodev by using2k queries asking for the left
successor or the sibbling of a nodev.

The tree embedding introduced in [1] maps the original tree
t to a word with labelswt on a larger alphabet, and then
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Fig. 2. Encoding of an unranked treet in (a), as an extended2-ranked tree
e(t) = t′ in (b).

usesustat(wt) for the analysis. We propose a more direct
approach which avoids some of the encodings and captures a
natural statistics. It generalizesustat(w) to a matrixustat(t)
with 2k−1 columns. Consider the Rabin encoding of the tree
t as in figure 2: paths of lengthk can be paths on the right
successor, i.e. horizontal paths int, paths on the left successor,
i.e. vertical paths int , or zigzags. There are2k−1 types of
paths, and for each type we keep the classicalustat vector.
For paths of lengthk, we associate their type as a boolean
vector of lengthk − 1. We use0 for the left branch and1
for the right branch. For example, the pathabab of length
k = 4 in figure 2 is of type001. We may also represent this
path asabab̄ on a larger alphabetΣ′ = {a, b, ..., ā, b̄, ...}. Let
ustatk(t) be the matrix with2k−1 columns and|Σ|k lines.
In column 1, we have the densities of paths of type0..0, i.e.
vertical paths in the original unranked tree. The last column
describes paths of type1..1, i.e. horizontal paths in the original
unranked tree. Thisgeneralizedk-gram also gives the relative
density of the paths types, theglobal statisticsgstat, a density
vector of size2k−1. The local statisticsfor a given type is the
corresponding column vector of the matrix. As the matrix is
sparse we only enumerate some of the entries with their non
zero probabilities.

Example. Consider the XML file associated with the figure 3,
following the DTDS. For a better presentation, many null entries
are not represented in the matrices and we abbreviate “author”
by a, “bd” and “bib” by b, “work” by w. The Source SchemaS
is:

<!ELEMENT db (work*)>
<!ELEMENT work (author*)>
<!ATTLIST work title CDATA year CDATA>
<!ELEMENT author (EMPTY)>
<!ATTLIST author name CDATA #REQUIRED>

We give below the two matrices fork = 2 andk = 3 for the
tree t of figure 3.

ustat2(t) =
1

5

 aa : 0 aā : 1
bw : 1 bw̄ : 0
wa : 2 wā : 0
ww : 0 ww̄ : 1



bd

work work

author author computer and intractability

@title

1975

@year

author the art of computer programming

@title

1967

@year

Garey

@name

Jonhson

@name

Knuth

@name

Fig. 3. The treet associated with some file F.xml.

ustat3(t) =
1

4

 bwa : 1 bwā : 0 bw̄a : 0 bw̄ā : 0
bww : 0 bww̄ : 1 bw̄w : 0 bw̄w̄ : 0
waa : 0 waā : 1 wāa : 0 wāā : 0
wwa : 0 wwā : 0 ww̄a : 1 ww̄ā : 0


Fork = 2, thengstat2(t) = 1

5

(
0 : 3
1 : 2

)
, where0 represents the

left branch, and1 represents the right branch. Thelocal statistic
of the right branch1 is :

lstat1 =
1

2

 aā : 1
bw̄ : 0
wā : 0
ww̄ : 1



D. Statistical embedding of DTDs

We associate a set ofbase loopsti to the DTD S, i.e.
irreducible loopsti, and a set ofbase vectorsi =ustat(t∗i ) =
limn→∞ustat((ti)n). The set ofustat(t) for t ∈ S is a union
of polytopeHS

i which is the Convex-Hull (s1, ...sl) of the base
vectors of compatible base loops, restricted to some additional
linear constraints. Ifustat(t) is ε-close toHi, then it is also
close to

∑
si∈C λi · si whereC ⊆ {s1, ...sp} of size at most

dS + 1, wheredS is the dimension of the Source vectors, i.e.
2k−1. | ΣS |k.

Example. Consider the DTD given by the 4 rules:
root : a∗b, a : c.d , c : a.f + g, b : e∗. The simple
loops area∗, e∗ and (ac·fd)∗, where thec· indicates that
the recursion applies to the left successor ofc. The base
vectors for k = 2 are s1 = (aa : 1), s2 = (ee : 1) and
s3 = (cd : 1/4 : af : 1/4, ac̄ : 1/4, cā : 1/4). If t is close to
the DTD, thenustat(t) is close toλ1 · s1 + λ2 · s2 + λ3 · s3

for
∑

i λi = 1. The distance from a treet to the DTD is
approximately the geometrical distance fromustat(t) to H.

s2

s1 s3

H DTD

ustat(t)

Fig. 4. The statistical space for a DTD and the polytopeHDTD for k = 2.



We obtain a Membership tester between a treet and a
DTD. Take N ∈ O( (ln|Σ|)|Σ|2/ε

ε3 ) samples, and let ̂ustat(t)
be theustat of the samples. We compute the set of polytopes
H associated with the DTD. If ̂ustat(t) ∈ H we accept and
if ̂ustat(t) is ε-far from H we reject. In the next section, we
don’t sample the tree but read it online and update theustat
vector at every stage.

III. SAX- IMPLEMENTATION

In the case of streaming data, it is simple to update the
ustat vector in the case of words, by just increasing the
counter associated with the new letter read. In the case of
trees, it is also simple if we start from a DOM representation.
The challenge is to build an approximateustat matrix with a
bounded memory in an online manner. We first present a SAX
implementation which constructs the statistics online, with a
memory size proportional to the the depth of the tree. We then
show that an approximate statisticssustat can be obtained with
a finite memory only. We describe the data structures and the
operations to update them as we read online a new open or
close tagp.

A. Data Structures

For a given node with an open tagp, we want to keep
the path in the Rabin encoding leading to this node, and then
update the statistics. The state of the algorithm consists in 3
vectors:TagPath, TypePath, andWidth.

The two vectorsTagPath and TypePath represent the
path in the Rabin encoding. The former describes the sequence
of tags names of the nodes leading to the current one, of length
dR, the depth of the node in the Rabin encoding. The latter
describes a binary word of lengthdR − 1 which specifies left
(0) or right (1) branches.

The additional vectorWidth, whose size isd, the depth of
the current node in the unranked tree, maintains the current
widths of the unranked tree at the different levels above the
current node. The last valuew is the current number of
siblings of the current node if it has an open tag, i.e. the
number of children of his father. This information is kept to
indirectly build a Rabin encoding in an online manner. It is
used to update theTagPath and TypePath vectors when
Pop operations are performed. For example, ifw = 5 and we
return to the closing tag of the father node, theTagPath and
TypePath vectors are Popped 5 times. Figure 6 shows the
data structures after reading<h> in the tree of figure 5. The
path a, c, h in the unranked tree, leading toh is of depth2.
Its width is 2 at the first level (b, c) and2 at the second level
(g, h) andWidth = (2, 2).

The global statistics is maintained as a vectorgstat of
dimension2k−1. Each value counts the number of subtree of a
given type. The Local statistics are2k−1 vectors of dimension
|Σ|k, as in the case of words.

B. Operations

On each of the vectorsTagPath, TypePath, andWidth,
we apply Pop and Push operations. On theWidth vector we

may also increase its last valuew, with the instructionw++.
The AlgorithmS with input a fileF and a parameterk, with
unbounded memory, can now be described in a pseudo-code
form.

Algorithm S(F,k):

O. For the root, Push the tag on Tagpath,
1. If the current Input is <t> with p the previous tag.

1.1 Push t to Tagpath,
1.2 If p = <s> then Push 1 to Width and Push 0 to

Typepath,
1.3 If p = </s> then w++ and Push 1 to Typepath
1.4 Update statistics: increase the gstat counter for the

new subtree of type Typepath if the length is greater than
k and update the corresponding lstat.

2. If the current Input is </t> with p the previous tag.
2.1 If p = <s> then proceed,
2.2 If p = </s> then Pop the last w elements of

Tagpath and Typepath, Pop Width.
The memory used is the maximal depth in the Rabin

encoding of treet.

C. Examples

Consider the XML file F associated to the tree in figure 5.
Suppose the parser reads<h> in F. The previous tag is</g>.
The algorithmS pushesh into TagPath and pushes1 ( code
of the Rabin encoding) into TypePath. The last elementw
in Width was1, and becomes2 after thew + + instruction.
The state after the operation is shown in figure 6.

a

b c d e f

g h i j

k

Fig. 5. Tree associated with an XML file.

a
b
c

1
0

1
0

TagPath TypePath width

g

h 2
2

Fig. 6. State after parsing<h>.

Later in the file we read</d>, and the previous tag is
</j>. The value ofw, the last element ofWidth, is 2. We
pop the last2 elements inTagPath andTypePath. The states
are shown in figure 7.
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TagPath TypePath width

1

0

1
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(b) State after parsing </d>

(a) State before parsing </d>

Fig. 7. State of memory after parsing</d>.

D. Analysis for unbounded memory

The fundamental observation of the algorithmS is that
TagPath and TypePath describe at any stage, the path in
the Rabin encoding which leads to the current node of the
tree. We prove this property by induction on the length of the
file F and use the variablew maintained inWidth.

Lemma 1: If a nodeu at depthd in the unranked tree has
m children, thenWidth(d) = j when we read the open tag
of the j-th child of u, for j ≤ m.

Proof: Let u be a node with childrenv1, ...vm. When we
read</v1>, thenWidth is pushed with1, and the assertion
is verified. Suppose the assertion is true forvj . When we
read <vj+1>, the previous tag is</vj> and therefore the
S-algorithm realizesw + +, i.e. increases by1 the last value
of Width. The assertion is therefore true forvj+1. We read
</u> after we read</vm>, when we PopWidth and
therefore the assertion is true for allj ≤ m.

Theorem 1:Let u be the node associated to an open or
close tag andπ be the path in the Rabin encoding from the
root to u. The sequence of tags inTagPath is the sequence
of tags of the nodes ofπ, and the binary word associated with
TypePath describes the type ofπ.

Proof: When we read the first open tag<t>, from the
root, we pusht on TagPath, and therefore the property is
satisfied. Suppose the property is satisfied at stagei, and we
want to show it will be satisfied at stagei+1. In the first case,
we read an open tag<t> and the previous tag is<s> (resp.
</s>). We pusht on TagPath and0 (resp1) on TypePath:
if the induction hypothesis holds for the predecessor ofu, it
will hold for u. In the second case, we read a close tag</t>
and the previous tag is<t> or </s>. If the previous tag is
<t>, the nodeu does not change, and the induction hypothesis

a

c

d

e
i

j

k

h

g

b

f

Fig. 8. Sequence of nodes parsed by the Streaming algorithm in the Rabin
encoding.

is kept true. If the previous tag is</s> corresponding to a
nodev, thenu is the father ofv andu hasw children because
of lemma 1. We jump back to a previous level in the unranked
tree but we jump backw levels in the Rabin encoding as shown
in figure 8. We Popw-timesTagPath andTypePath and the
new values are precisely the ones needed.

E. Analysis for bounded memory

In order to obtain an algorithm which uses a finite memory,
we replace the 3 Pushdowns vectorsTagPath, TypePath,
andWidth by 3 Bounded Queues of sizeM . If the Pushdown
has sizeM and we Push a value, we lose the first top value of
the vector which we replace by the symbol′′?′′ and maintain
the maximum size toM + 1. Let BPush be a Bounded Push
on Queues of sizeM .

The streaming algorithm generalizes the algorithmS of the
previous section. An important modification is the instruction
1.4, which manages the overflow symbol′′?′′, as shown in
figure 9. We will later find the lost tag when we read the
closing tag and may recover the missed values of the statistics
matrix. We save manyTagpath vectors with the′′?′′ symbol,
of length less thank, stored in aTagbuffer with at most
2k−1 such Tagpath vectors. SimilarlyTypebufferwill save
the correspondingTypepath vectors. There is also a counter
which maintains the number of′′?′′ symbols at any given time.
For the sake of simplicity, we do not mention it.

The Tagbuffermay allow us to make some statistics update
(instruction 2.4) when we have small right branches, i.e.
of depth less than2k. This will imply that the only errors
on the statistics occur when we encounter forks, defined below.

Streaming Algorithm (F, k, M ):
0. For the open tag of the root, Push the tag on Tagpath,
1. If the current Input is <t> with p the previous tag.

1.1 BPush t to Tagpath,
1.2 If p = <s> then BPush 1 to Width and BPush 0

to Typepath,
1.3 If p = </s> then w++ and BPush 1 to Typepath



1.4 If Size(Tagpath) < k and Tagpath(0) =? (i.e.
we lost some tag), BPush Tagpath to Tagbuffer; BPush
Typepath to Typebuffer.

1.5 Update statistics (as in the algorithm S)

2. If the current Input is </t> with p the previous tag.
2.1 If p = <s> or Size(Width) = 0 then proceed,

2.2 If p = </s> and Size(Width) 6= 0
2.2.1 If Size(Tagpath)>w then Pop the last w

elements of Tagpath and Typepath, Pop Width,
2.2.2 If Size(Tagpath)<w then Pop all the elements

of Tagpath and Typepath.
2.3 If the only element of Tagpath is ?, then Push t

into Tagpath; replace the top ? in all the Tagpath vectors
of Tagbuffer with t and replace the top ? in all the Typepath
vectors of Typebuffer with 0.

2.4 Recover the statistics: if some Tagpath in Tagbuffer
is of size k, update the statistics. Update Tagbuffer and
Typebuffer.

a

a

a

a

a

a

a

b

a
c

d
e

2k

Fig. 9. A Rabin tree when we recover the taga on the node marked with
the arrow.

The figure 9 shows an example, where we recover the
statistics of the small right branches of depth less thank from
the marked node. Figure 10 shows the state ofTagbufferbefore
we read</a> and after we read</a>. Fork = 3, we recover
the wordaaa of type 01.

Let t be an unranked tree andt′ be its Rabin Encoding. For
a parameterk, there are many small subtrees of depth less
than2.k in t′ and there are long paths int′ of length greater
than 2k. We call a nodeu in t′ a fork if its left and right
successors start two long paths of length greater than2k. The
Streaming Algorithm may make some error on a fork, as the
prefix of the fork has been erased as shown in figure 11.

The main observation is that there are few forks and that
the errors in the statistics only occur on forks.

Lemma 2:The Rabin encodingt′ of a treet with n nodes
has at most ε

2k−1 .n fork nodes.
Proof: Consider the worst-case scenario, i.e. the full

binary tree of depthd and with n = 2d. In this case, the
forks are top nodes between depth1 and depthd − 2k − 1,
and there are2d−2k forks. Observe that2d−2k = 2d/22k ≤

ε
2k−1 .n = n

k.2k−1 as22k ≥ k.2k−1 andk = 1
ε .

?
c

a

a

?

a

a

a

?

a
c

(a) The buffers before we read  </a>

(a) The buffers after  we read  </a>

Fig. 10. The Tagbuffers when we recovera on the marked node.

Fork

b

a b

b

c

d d

c

d d

c

d d

c

d d

d d

a

f

Fig. 11. A fork in t′ and an error inustat(t) when the streams returns to
the fork.

We could provide a similar boundk + log k
2 instead of2k.

Let sustat(t) be the output matrix computed by the streaming
algorithm. We prove thatsustat(t) will be close toustat(t) in
the worst-case, using the recovery mechanism on small right
branches. The total memory size is bounded by2k, as the
maximal number ofTagpaths in the Tagbuffer is less than
2k−1.

Lemma 3: If u is not a fork, then all words of sizek
containingu appear insustat(t).

Proof: We need to show by induction on the stages of
the algorithm that theTagbufferandTypebufferare properly
maintained. Any word containingu which is not a fork along
a path of depth less thank, will be a Tagpath vector in the
Tagbufferand will therefore be recovered.

Theorem 2:If M = 2k then |sustat(t)− ustat(n)| ≤ ε.n

Proof: We only generate an error when we return to a
fork u whose prefix has been lost inTagpath, because of the
bounded memory. WithM = 2k, we will miss some words
starting on the right branch ofu only. In the worst-case, the



right successor ofu is a full binary tree and we miss2k−1

words. From the previous lemma the total error is less than
2k−1. ε

2k−1 .n = ε.n
Notice that the total memory is used to store the 3 Queues

TagPath, TypePath, andWidth of size M = 2k and the
TagbufferandTypebufferof size2k−1.

F. Approximate validity

We can test if a streaming file is close or far from a DTD,
by just consideringsustat(t) which approximatesustat(t).

Streaming Tester: If sustat(t) is 2ε.n close to the polytope
H associated with a DTD accept, else reject.

Lemma 4: If dist(sustat(t),H) ≥ 2.ε.n then dist(t,H) ≥
ε.n.

Proof: We just observe that dist(t, H) =
dist(ustat(t),H). We apply the triangular inequality:
dist(sustat(t),H) − |sustat(t) − ustat(t)| ≤ dist(t, H) ≤
|sustat(t) − ustat(t)| + dist(sustat(t),H) ≤ ε.n. As
|sustat(t) − ustat(n)| ≤ ε.n, we conclude that if
dist(sustat(t),H) ≥ 2.ε.n thendist(t, H) ≥ ε.n.

We can now conclude:
Theorem 3:The Streaming tester satisfies the tester condi-

tions.
Proof: If t ∈ DTD, then dist(ustat(t),H) ≤ ε.n and

thereforedist(sustat(t),H) ≤ 2.ε.n and the tester accepts. If
t is ε-far from the DTD, we reject with high probability by
lemma 4.

In practice, we would consider several DTDs:D1, ...Dm

and associate a polytopeH to each of them. We can then
decide which DTD a given streaming file F is closest to, with
a streaming algorithm which uses a finite memory.

IV. I MPLEMENTATION RESULTS

We now describe the results on several files from the
XML benchmark project (http://monetdb.cwi.nl/xml/), up to
n = 2.105. The program reads a file name, its DTD and
a parameterk and output the statistics. Our current imple-
mentation (http://www.up2.fr/xmlstream/) only implements the
algorithm S with queues of sizeM = 5k with the SAX
parser, after uploading the file. It does not yet implement
the complex recovery mechanism described for the theoretical
analysis. Nevertheless the error remains small. In a future
implementation, we will avoid the SAX parser and will not
need any DTD. We will directly read the file as a stream.

A. Presentation of the Statistics

We first plot the global statistics, i.e.gstatk(t), a vector of
size at most2k-1 which describes the density of the subtrees
of a given type. This is shown in figure 12 as a histogram in
decreasing order: the X-axis describes the types of subtrees
and the Y-axis their relative density. Ask = 4, the highest
density (43%) is for the type000, followed by 18% on type
010. There are only 5 types with a significant density out
the possible8, and we conclude that the tree is rather deep.

If we click on the type in the general statistics, we obtain
the local statistic lstat which describes the density of each
subwords. This is shown in figure 13 for the type010.

The local statistics gives the relative density of the
words, starting with the highest density. The word (SPEECH,
SPEAKER, SPEECH, SPEAKER) accounts for87% of the
words of length4 of this type.

Fig. 12. The global statistics of an XML file fork = 4, with only 5 types
of trees.

Fig. 13. The local statistics of trees of type010 with only 4 words.

B. Scalability

We now consider the time of the Streaming algorithm as
a function of n, from n = 5.103 until 2.105. As figure 14
shows, the time grows linearly inn.

C. Error Analysis

We plotted the relative error as a function ofn for different
values ofM , from M = 2k, 3k, ...7k, and for each case the
error appears to be independent ofn, as shown in figure 15.

We made several experiments and increaded the value of
M to observe a decreased error as shown in figure 16.



Fig. 14. Time of the Streaming Algorithm as a function ofn.

Fig. 15. The relative error as a function of the sizen.

D. Conclusion

We described a SAX-implementation of the generalizedk-
gram associated to an arbitrary unranked ordered treet. We
computed the exactk-gram with a memoryd, the depth of
thre tree, which is too large for a streaming algorithm. The
main result of the paper is to show how to approximate thek
gram with a finite memory of size2k, the maximal size of the
Tagbuffer, which is enough to approximately decide the validy
of any DTD or Schema. The analysis showed that errors are
made only on forks, nodes in the Rabin encoding with two
long paths of depth greater than2k. We proved that there are
few forks and bounded the number of possible errors.

Fig. 16. The relative error as a function ofM .
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