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Abstract

A homomorphism from an oriented gra@to an oriented grapHh is an arc-preserving mappinig from
V(G) toV(H), that isp(x)$(y) is an arc inH whenevexy is an arc in G. The oriented chromatic numbeGof
is the minimum order of an oriented graphsuch thatG has a homomorphism td. The oriented chromatic
index of G is the minimum order of an oriented graphsuch that the line-digraph & has a homomorphism to
H. In this paper, we determine the oriented chromatic numtssip( the oriented chromatic index) of the class
of partial 2-trees for every girtg > 3 (resp. for every girtly > 3 excepted three).

Introduction We consider finite simpleriented graphsthat is digraphs with no opposite arcs. For an oriented
graphG, we denote by (G) its set of vertices and b (G) its set of arcs. The number of vertices®@fis the
order of G. Thegirth of a graphG is the size of a smallest cycle @ We denote byl the class of partial 2-tree
with girth at leasqg.

The notion of oriented vertex-coloring was introduced byuf@elle [4] as follows: aroriented k-vertex-
coloring of an oriented grapk® is a mappingy fromV (G) to a set ok colors such thati) ¢ (u) # ¢(v) whenever
uve A(G) and(ii) ¢(v) # ¢(x) whenevev,xy € A(G) andd(u) = ¢(y). Theoriented chromatic numbesf G,
denoted byxo(G), is defined as the smallelstsuch thatG admits an oriente#f-vertex-coloring. The oriented
chromatic numbex,(F) of a class of oriented graphisis defined as the maximum g§(G) taken over all graphs
Gin&.

Let G andH be two oriented graphs. Aomomorphisnfrom G to H is a mappingp fromV(G) toV(H) that
preserves the arcgi(u)d(v) € A(H) wheneveruv € A(G). An orientedk-vertex-coloring of an oriented grafh
can be equivalently defined as a homomorphjsfrom G to H, whereH is an oriented graph of ordé&r such a
homomorphism is called ld-vertex-coloringof G or simply avertex-coloringof G.

The existence of such a homomorphism frGrto H is denoted byc — H. The vertices oH are callectolors,
and we say tha® is H-vertex-colorable. The oriented chromatic numbeGotan then be equivalently defined
as the smallest order of an oriented gr&pbkuch thatG — H. Links between colorings and homomorphisms are
presented in more details in the monograph [5] by Hell ancekies

Oriented vertex-colorings have been studied by severhbasitn the last decade and the problem of bounding
the oriented chromatic number has been investigated fawsgraph classes (see.[3, 10, 11, 12]).

Concerning partial 2-trees, Sopena proved [12] that théinted chromatic number is at most 7 (this bound
was shown to be tight). In [10], the authors obtained tighiriats for the oriented chromatic number of outerplanar
graphs with given girth (which is a graph class strictly idgd in the class of partial 2-trees). Moreover, they
proved thatxo(Ty) = 7 for everyg, 3 < g < 4. In this paper, we complete the characterization of thenveid
chromatic numbers of partial 2-trees with given girth:

Theorem 1
(1) Xo(Ty) =6 for every girthg5 < g <6;
(2) Xo(Tg) =5 for every girth g, ¢ 7;
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Figure 1: The three target tournaments.

One can defineriented arc-coloring®f oriented graphs in a natural way by saying that, as in tiéreoted
case, an oriented arc-coloring of an oriented gr@pis an oriented vertex-coloring of its line digrap(G)
(recall thatLD(G) is given byV (LD(G)) = A(G) andab € A(LD(G)) whenevel = uvandb = vw). We say that
an oriented grap® is H-arc-colorableif there exists a homomorphispifrom LD(G) toH and¢ is then arH-arc-
coloringor simply anarc-coloringof G. Therefore, an oriented arc-colorifpgf G must satisfy(i) ¢ (uv) # ¢ (vw)
wheneveuv andvw are two consecutive arcs B, and(ii) ¢(vw) # ¢(xy) whenevery, vw, xy,yz e A(G) with
d(uv) = d(yz). Note that two incident but non-consecutive arcs (i.e. twgs ancoming into a same vertex or
two arcs outgoing from a same vertex) can get the same coloe $he two corresponding verticesliD(G) are
not adjacent and does not belong to a directed path of lemgth Theoriented chromatic inderf G, denoted
by X5(G), is defined as the smallest order of an oriented gidiuch thal.D(G) — H. The oriented chromatic
indexx,(F) of a class of oriented graphsis defined as the maximum gf,(G) taken over all graph& in .

The oriented chromatic index of oriented graphs was regstildied and several upper and lower bounds are
known (see [8, 9, 10]).
Upper bounds for the oriented chromatic index can be easifiyated from oriented chromatic number:

Observation 2 [8] For every oriented graph Gx5(G) < Xo(G).

Our second result gives estimates of the oriented chronmaléxes of partial 2-trees with girth 4, 5 and 6, and
a characterization for all other girths:

Theorem 3

(1) Xo(T3) =7,

(2) 6<Xo(Ta) <7,

(3) 5< x,(Tq) <6 for every girth g5 < g < 6;
(4) Xo(Tyg) =5 for every girth g,7 < g < 17,
(5) Xo(Tg) =4 for every girth g, g> 18,

Notation In the rest of the paper, we will use the following notationvéttex of degreé (resp. at leask) will
be called &-vertex (resp=k-vertex). We denote b§(G) (resp.A(G)) the minimum (resp. maximum) degree of
the graphG.

A k-pathin a graphG is a pathP = [u,v1, V2, ..., V1, W] of lengthk (i.e. a path withk arcs). The vertices
andw are theendpointf P. Note that a 1-path is an arc. (k, d)-path is ak-path such that all internal vertices
have degred.

A 2-vertex contractiolis the contraction of an edge incident to a 2-vertex.

Preliminary results The upper bounds of Theorems 1 and 3 will be obtained by pgothat the considered
partial 2-trees admit & -vertex- or aT-arc-coloring, for some tournamemt We will use the tournaments,
Ts, andTe depicted on Figure 1, whose properties, given below, haeady been used in the literature to bound
oriented chromatic number and oriented chromatic indexaplgs.

The tournamenty is the only tournament on four vertices containing a dirédteycle.

Note that the tournamefig is a circular tournament and thus is vertex-transitive.



Proposition 4 [3] For every pair of (not necessarily distinct) verticesae V (Ts), there exists an oriented 4-path
connecting u with v for any of the 16 possible orientationsuath an oriented 4-path.

Proposition 5 [10] For every pair of (not necessarily distinct) verticesne V (Ts), there exists an oriented 3-path
connecting u with v for any of the 8 possible orientationsushsan oriented 3-path.

Lemma6 LetC be a graph class closed under 2-vertex contraction suchabaty non-empty graph & € with
girth at least g contains either a 1-vertex ofla 2)-path, for some k> 2. Then, for every & 0, every non-empty

graph G € C with girth at least g+ n {E%H contains either a 1-vertex or @&+ n, 2)-path.

For a given grapl® and a vertex € V(G), we denote:
Dé(v) = [{ueV(G), d(u)> 3, suchthauve A(G) or3w e V(G), dg(w) = 2, unywv e A(G)}|.
Lih, Wang and Zhu [6] proved the following structural lemnaa partial 2-trees:
Lemma7 [6] Let G be a partial 2-tree such tha}(G) > 2. Then, one the following holds:
1. there exists a (3,2)-pathé. two adjacent 2-vertices);

2. there exists & 3-vertex v such that B(v) < 2.

We generalize the previous lemma to partial 2-trees witemiyirth. For a grapls with girth at leasg and a
vertexv € V(G), we denote:

%(v) = {ueV(G), d(u) > 3, such that there exists a unique path of 2-vertices linkiagdv
oru andv are the endpoints of at least i | , 2)-pathy}.

Then, we denot®g (v) = [S5(v)|. Note thatD§ (v) = D®(v) for everyv € V(G).
Lemma8 Let G be a partial 2-tree with girth g such thatG) > 2. Then, one the following holds:
1. there exists &[] + 1,2)-path;

2. there exists &3-vertex v such that §(v) < 2.

Proof. LetH € Ty with §(H) > 2 such that it contains nd § | + 1,2)-path. Note that in this cad¢ is not a cycle
and thus contains vertices of degree at least 3. Then, aartsiel graptH’ obtained fronH by removing all the
2-vertices and adding an arc between every pair of the rengavertices which was linked by at leastla2)-path
in H, for somek. SinceH contains 3-vertices;’ is not reduced to a unigue vertex.

Letv be any vertex oH’ and letNyy (v) be the set of’'s neighbors irH’. Itis clear that, for everyw € Ny/ (v),
there exists at least one path of 2-vertices linkirandw (possibly of length one, i.e. an arc)kh In addition, if
there exists more than one path of 2-vertices linkimagdw in H, then at most one of these paths (S@J ,2)-path
and the others ard ] ,2)-paths sinced has girthg. This shows that for every< H’, we havedyy (v) = Dg (v).

By constructionH’ is clearly a partial 2-tree, and thus contains a vereuch thatdy, (v) < 2 and thus
Dg (v) < 2 (note thady (v) > 3 since this vertex remains k’). That completes the proof. ad

Theoriented chromatic number of partial 2-trees

Scketch of proof of Theorem 1(1). We first prove thako(T5) < 6 (note that it is sufficient to consider the case
g = 5); more precisely we show that every partial 2-tree wittihgat least 5 admits a homomorphism to the
tournamenflg depicted in Figure 1(c). Let be a minimal (w.r.t. the number vertices) partial 2-treehvgtrth
at least 5 having no homomorphismTg By minimality and Proposition 5, we prove thidtcontains neither a
1-vertex nor &3,2)-path. It is well known that partial 2-trees are 2-degeregtaand we thus get a contradiction
thanks to Lemma 6.

The graphGg depicted in Figure 2 is a partial 2-tree with girth 6 and hasrded chromatic number 6. This
shows thako(Ts) = 6, that completes the proof.
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Figure 2: An oriented partial 2-tree with girth 6 and oriehtdromatic number 6.

Vi U Vo Uz Vg Ug

Vo

Ug V7 U7 Vg

U Vs

(b) The graptH,.

(c) The graphG;y.

(a) The grapt;.

Figure 3: Construction of an oriented partial 2-tree wittilgll7 and oriented chromatic index 5.
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Scketch of proof of Theorem 1(2). We first prove thako(T7) < 5 (note that it is sufficient to consider the case
g="7). To prove this upper bound, we use the same kind of argumtiean in the previous proof.

In [7], NeSetil et al. constructed for everg > 3, an oriented outerplanar graph with girth at legathich has
oriented chromatic number 5. This completes the proof. |

Theoriented chromatic index of partial 2-trees

We denote byq the class of outerplanar graph with girth at legst he first three assumptions of Theorem 3
directly follow from Observation 2, Theorem 1(1) and somsuits of Pinlou and Sopena from [10], namely
Xo(T3) =7, Xo(04) = 6, andx,(Os) = 5.

It now remains to prove Theorems 3(4) and 3(5).

Scketch of proof of Theorem 3(4). The upper bound follows from Theorem 1(2) and Observation 2.
To complete this proof, we have to construct a partial 2-vitke girth 17 and oriented chromatic index 5. Let
us consider the grapB17 depicted in Figure 3(c). This graph is a partial 2-tree wiitthgl7 and has oriented

chromatic index 5.
O

Scketch of proof of Theorem 3(5). We first prove thak(7T1s) < 4 (note that it is sufficient to consider the case
g = 18); more precisely, we prove that every partial 2-tree itth at least 18 admits a homomorphism to the
tournamenty depicted in Figure 1(a). Léd be a minimal (w.r.t. the number of vertices) partial 2-trathwgirth



at least 18 having no homomorphismTgo By minimality and a case to case analysis, we provekhabntains
neither a 1-vertex, nor 610,2)-path, nor a vertex such thatD1g(v) < 2. This leads us to a contradiction by
Lemma 8.

To complete this proof, we have to construct a partial 2-toeevery girthg > 18 which needs 4 colors for
any oriented arc-coloring. It not difficult to check that trertial 2-tree obtained from two vertex-disjoint circyits
the first one of sizgy and the second one of sike> g with k # 0 (mod 3) has girthg and oriented chromatic
index 4. a

Conclusion Inthis paper, we characterized the oriented chromatic ruwtpartial 2-trees for every girth> 3.

We also characterized the oriented chromatic index ofgattirees for every girth excepted three. Hence, finding
the optimal bound of the oriented chromatic index of paidtees still remains an open question for girths 4
and 6.

Oriented vertex-colorings of planar graphs (which is a stipss of the class of partial 2-trees) with given girth
have been considered in the literature and the followingidsware known:

Theorem 9 [1, 2, 3] Let G be a planar graph with girth g. There(G) < 5 (resp. 7, 11, 19, 47) if ¢ 14 (resp.
9>7,9>6,9>59g=>4).

We can remark that the techniques used in this paper can tfiecdppplanar graphs and help us to improve
the previous known bounds:

Theorem 10 Let G be a planar graph with girth at leadtl. Thenyo(G) < 6.
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A Proofsof Theorems

Proof of Lemma 6. The proof is an induction on. The case = 0 is trivial. We now prove the contraposition of
the induction step. Suppose that the statement is falsef@t st 1, that is, there exists a grapti;1 such that:

L Hn+1 € e!

O(Hny1) > 2,

Hn1 contains ndk+ n+ 1)-path,

Hnt1 has girth at leagy+ (n+ 1) {g;li )

Let Hy be the graph obtained froid, 1 by contracting everyk + n,2)-path into a(k+ n—1,2)-path. Notice
that this transformation is well-defined sinklg,1 contains nok+ n+ 1,2)-path. Notice also that exactly one
2-vertex peik+n, 2)-path is contracted. Consider an induced cgtef lengthl in Hy 1. The cycleC contains at

most| g | (k+n,2)-paths. The length of the corresponding cy€len Hy is thus at least— | - |. Since
this expression is an increasing function gthe girth ofH, is at least
g+(n+ )L k J_ k+n+1 '
Letusseg—1=0ak+pBwith0<pB <k
g-1
g-1 g+(n+1) {TJ B g+ (n+1)a
g+(n+1){ k J { k+n+1 = g+ (n+1oa | k+n+1
B ak+B+1+(n+1)a
= g+(n+1a i inil
B+1
= 1 _ —_—
g+ (n+1)a _oH— Kentl
= +na — B+1
-9 k+n+1
= g+na
_ 9-1
- o]
So we have:
e H, e G, sincek+n> 1 andC is closed under 2-vertex contraction,
e O(Hn) > 2, by construction,
e Hj contains ndk+ n,2)-path, by construction,
e H, has girth at leagg+n {g;li , as shown above.
This contradicts the statement at step |

Proof of Theorem 1(1). We first prove thak,(Ts) < 6 (note that it is sufficient to consider the case 5); more
precisely, we prove that every partial 2-tree with girthestdt 5 admits a homomorphism to the tournanignt
depicted in Figure 1(c). Ldtl be a minimal (w.r.t. the number of vertices) partial 2-treighvgirth at least 5
having no homomorphism {&. We show thaH contains neither a 1-vertex nor 3 2)-path.

1. Suppose thatl contains a 1-verten. Then, due to the minimality dfi, the partial 2-tre¢d’ = H \ u with
girth at least 5 admits @-vertex-coloringf. Since every vertex ofg has at least two successors and at
least two predecessorscan easily be extended kb.
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Figure 4: The five non isomorphic tournaments on 5 verticéisouit source nor sink.

2. Suppose now th&d contains &3,2)-path|u,v1,v2,w]. Then, due to the minimality dfl, the partial 2-tree
H' =H\ {v1,v»} admits aTs-vertex-coloringf. By Proposition 5f can be extended td.

It is well known that partial 2-trees are closed under 2aedontraction. Moreover, they are 2-degenerated
(i.e. every partial 2-tree contains either a 1-vertex ¢2&)-path). Therefore, by Lemma 6, every partial 2-tree
with girth at least 5 contains either a 1-vertex qBa2)-path, that is a contradiction.

To complete this proof, we have to construct a partial 2:trigle girth 6 and oriented chromatic number 6. Let
us consider the grapBs constructed from a circujt1, vo, v3, Vs, V5, Vg, V7, V1] Of length seven and fourteen copies
of the graphH (see Figure 2(a)) arranged as depicted on Figure 2(b). Weasily see thabe is a partial 2-tree
with girth 6.

Suppose first thato(Gs) < 4, and therefore there exists a homomorphisr®s — T, whereT is a tournament
on 4 vertices. Sinc&g contains a circuit of length # 0 (mod 3), T must contain a circuit of length 4. There
exist four non isomorphic tournaments on 4 vertices, buy onke contains a circuit of length 4: the tournament
T4 depicted in Figure 1(a). However, we can check that thers dogexist a pair of verticas, v € V(T4) such
thatu andv are the endpoint of the 8 possible 3-paths. Tikusg; T4, and thusGg 4 Ta.

Therefore,xo(Gs) > 5. Suppose thago(Gs) = 5. There exist twelve non isomorphic tournaments on 5
vertices. We will prove that none of these tournaments allosito coloiGg. We can first omit those containing a
source or a sink. The five remaining tournaments are depictedure 4.

A computer check shows that evefyvertex-coloringf of H, whereT is one of the four tournaments in
Figures 4(a), 4(b), 4(c), 4(d), implies thi{x) = f(y). Hence, this would mean th&tv,) = f(u1) = f(v2) in Gg,
which is a contradiction. Itis then clear thaki§(Gs) = 5, thenGg — T whereT is the tournament of Figure 4(e).
A computer check shows that eveFyvertex-coloringf of H implies thatf (x) € {1,2,5} and f(y) € {1,2,5}.
However, the cyclévi, o, V3, Va, Vs, Vg, V7, V1] In Gg needs four colors, that is a contradiction. The gr&gthas
oriented chromatic number 6.

O

Proof of Theorem 1(2).

We first prove thako(T7) < 5 (note that it is sufficient to consider the cagse 7). To prove this upper bound,
we use the same kind of arguments than in the previous proof.

More precisely, we prove that every partial 2-tree withtgat least 7 admits &-vertex-coloring, wherds is
the tournament depicted in Figure 1(b). ltebe a minimal (w.r.t. the number of vertices) partial 2-traédgirth
at least 7 having no homomorphismTe By minimality and Proposition 4, we prove thidtcontains neither a
1-vertex nor g4,2)-path. We thus get a contradiction thanks to Lemma 6.



To complete this proof, we have to construct, for all gigth- 7, a partial 2-tree with girtly and oriented
chromatic number 5. In [7], Ne§dtet al. constructed for everg, g > 3, an oriented outerplanar graph with
girth at leasg which has oriented chromatic number 5. The class of outeaplgraphs is included in the class of
partial 2-trees: that completes the proof. |

Proof of Theorem 3(1). Thanks to Observation 2 and the result of Pinlou and Sope®la(¥4(T3) = 7), we
directly obtain thak},(73) < 7. Moreover, Pinlou and Sopena [10] constructed an outeapigraph with oriented
chromatic index 7. This completes the proof. ]

Proof of Theorem 3(2). The upper bound directly follows from Theorem 3(1) and thedobound follows from
the result of Pinlou and Sopena [1§},(04) = 6, whereQ, is the class of outerplanar graphs with girth at least
4). O

Proof of Theorem 3(3). The upper bound follows from Theorem 1(1) and Observationtz lower bound fol-
lows from the result of Pinlou and Sopena [18}(Os) = 5, whereOg is the class of outerplanar graphs with girth
at least 6). ]

Proof of Theorem 3(4). The upper bound follows from Theorem 1(1) and Observation 2.

To complete the proof, we have to construct a partial 2-triéfe girth 17 and oriented chromatic index 5.

Consider first the graphl; depicted in Figure 3(a). We show thidf does not admit &4-arc-coloring f
such thatf (ruy) = f(rv1) = f(rwq) = f(rxq) = f(ry1) = f(rz1) = 3. Suppose to the contrary and febe a
T4-arc-coloring such thaf (rui) = f(rvi) = f(rw1) = f(rxq) = f(ry1) = f(rz1) = 3. Then, by a tedious but
not difficult case to case analysis, we can show that we nadlysisave f (uxvo) € {1,4}, f(wox2) € {1,4} and
f(y222) € {1,4}. However, anyls-arc-coloringh of a directed 3-patfw, x,y,Z] such thah(wx) = 4 implies that
h(xy) = 1 andh(yz) € {2,3}. This shows that the directed 6-pdth, v2, w2, X2,Y2,2,] does not admit d4-arc-
coloring such thaf (uxv2) € {1,4}, f(waxz) € {1,4} andf(y222) € {1,4}.

Now, consider the grapH, constructed from 8 copies éf; arranged as shown on Figure 3(b). We show that
anyTy-arc-coloringf of Hy is such thaff (vous) # 1. Suppose to the contrary and febe aTs-arc-coloring oHz is
such thatf (vou1) = 1. Note thatf (vju;) = 1 for somd € [1,8] implies thatf (w;v;) = 4 and thereforé (viuj;1) =1
since the vertex 4 of4 has a unique successor. In addition, we necessarily hiave ) € {1,2} for anyi € [1,8]
such thatf (vi_1u;) = 1 since the colors of the incoming arcs anmust have at least one common successor
to color the six outgoing arcs af. Moreover, it is clear that the arcs of the cy®tgus,vi, Uz, ..., uUg, Vs, Vo are
not all colored with color 1. It thus implies that there esigte [1,8] such thatf (vj_1uj) = 1 andf(vju;j) = 2.
Therefore, the six outgoing arcs of must be colored with the color 3, that is forbidden by the ndmwee made
in the previous paragraph.

To conclude the proof, let us consider the gr&ah obtained from a circuit of length 17 and 4 copies of the
graphH arranged as shown in Figure 3(c). The grd&ph contains a circuit of size 12 0 (mod 3. It then
implies that any arc-coloring with 4 colors Gfis aT4-arc-coloring T is the only tournament on 4 vertices which
contains a circuit of length 4). Moreover, amy-arc-coloring of a circuit is such that the color 4 appealsast
once on four consecutive arcs. Thus, thevertex of one of the copies éf, has its incoming arc colored with the
color 4. This implies thaf (vou;) = 1, that is forbidden by the remark we made in the previousgraph. The
graphGsi7, which is a partial 2-tree with girth 17, has oriented chramiadex 5.

a

To prove Theorem 3(5), we need to introduced the following netion. LetT; be the tournament on four
vertices depicted in Figure 1(a). We say thayaarc-coloringf of an oriented grapl is goodif

1. VueV(G),C{ (u) € {{1}, {2}, {3}, {4}, {2,3}. {3.4}},

2. YueV(G),C; (u) € {{1}, {2}, {3}, {4}, {1.2}, {2.3}}.
In [8], Ochemet al. proved the following lemma:

Lemmall [8] Let P = [u,vy,...,Vo,W| be an oriented (10,2)-path. Then, any googdafc-coloring of P =
P\ {v2,...,vg} can be extended to a goog-&rc-coloring of P.

A careful study ofT, allow us to obtain the next lemma:



Lemmal2 Let P= [u,vi,...,Vvs, W] be an oriented (9,2)-path and let h be a goagaFfc-coloring of P = P\
{V2,...,v7}. Then, h can be extended a goagarc-coloring of P whenever yve A(P') and h(uwvy) € {1,2,4},
orviu € A(P") and hiviu) € {1,3,4}.

Proof of Theorem 3(5). We first prove thak;(Tig) < 4 (note that it is sufficient to consider the cape: 18);
more precisely, we prove that every partial 2-tree withhgat least 18 admits a godd-arc-coloring. LetH be
a minimal (w.r.t. the number of vertices) partial 2-treehngiirth at least 18 having no godg-arc-coloring. We
show thatH contains neither a 1-vertex, no( &0, 2)-path, nor a vertex such thaD';(v) < 2.

1. Suppose thdt contains a 1-vertey, letv be its neighbor and suppose thatc A(H). LetH’ = H\ u. Due
to the minimality ofH, H admits a goods-arc-coloringf. ThereforeC{ (v) € {{1},{2},{3},{4},{2,3},{3.4}}.
For each possible case, there exists a predeces3pmip can use to extenfito goodT-arc-coloring of
H. The proof of the caseu € A(H) is similar.

2. Suppose thatl contains a (10,2)-patfu,vi,Vz,...,ve,W] and letH' = H \ {va,v3,...,vg}. Due to the
minimality of H, H’ admits a goodj-arc-coloringf. Lemma 11 insures thdtcan be extended to a good
T4-arc-coloring ofH.

3. Suppose that there existg V(H) such thad(v) > 3 andD!g(v) = 1. LetSh(v) = {w}. Therefore there
exist at least threé(gw ,2)-path linkingu andw. Let H’ be the graph obtained frotd be removing the
vertexv and all the( f%} ,2)-paths linkingv andw. Due to the minimality oH, H’ admits a goodj-arc-
coloring f. Then, we give to each outgoing vertex frarthe color 1 and from each incoming arcvtoehe
color 4. Then, by Lemma 14, can be extended to godg-arc-coloring ofH.

4. Suppose that there exist& V(H) such thatd(v) > 3 andDy(v) = 2. Let Sfh(v) = {wi,w,}. LetH’ be
the graph obtained frod be removing the vertexand all the( [%] ,2)-paths linkingv andw;, andv and
W>. Due to the minimality oH, H" admits a goody-arc-coloringf.

Sinced(v) > 3, w.l.0.g. we may assume that there exist at Ieast(ljilgc} ,2)-paths linkingu andw; .

e Suppose that there exists only one pBtk [X,y1,...,Yn,2 of 2-vertices linkingv andw,. We first
color P such that the arg,z or zy, takes its color in{1,3,4} (it is easy to check that this is always
possible). Then, in any case, we can color each outgoingwé&amyv either with 1, or 2, or 4 and
each incoming arc te with either 1, or 3, or 4. Then, by Lemma 12,can be extended to good
Ty-arc-coloring ofH.

e Suppose now that there exist at least two paths of 2-veliid@ag v andw,. Then, these paths are
((%} ,2)-path. Then, we can color each outgoing vertex frowith 1 and each incoming arc towith
4. Then, by Lemma 12 can be extended to godg-arc-coloring ofH.

By Lemma 8, every partial 2-tre@ with minimum degree 2 and girth 18 contains eithef18, 2)-path or a
=23-vertexv such thaD$y(v) < 2, a contradiction.

To complete the proof, let us recall that Pinlou and Sopefhffovedy,(O4) = 4 for everyg > 10 (where
Og denotes the class of outerplanar graphs with gjjth ]



