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Example of a Pattern Recognition Algorithm

Idea: classity points o according to which of the two class means

18 closer.
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® Decision function: hyperplane with normal vector w = 1, — 11

e How about problems that are not linearly separable?
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Kernel Feature Spaces

Preprocess the mputs with

O X - H
T — O(x),

where H 1s a dot product space, and learn the mapping from ®(z)
to ¥.
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Example: All Degree 2 Monomials
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The Kernel Trick
9
(), ®(x)) = (47, V2 w20, 23) (2T, V2 ahath, )T

= (:Elﬁ'fi + I‘gﬂ?é)z
N2
= (z./)
= : klz, 2
— the dot product in ‘H can be computed from the dot product
in R?
More generally: for z,2/ ¢ RN, d € N,

d
N
(, a%)’ (ZTJ ) = Do mheeee Tjg T o z, = {P(z), ¢(2"))

=1

More generally: works for positive definite kernels
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Positive Definite Kernels

Let X’ be a nonempty set. The following two are equivalent:
e [ is positive definite (pd), i.e., k is symmetric, and for
—any set of training points x1,...,x; € X and
—any ai,...,am € R
we have
Z%%‘Kij > 0, where K;; = k(x;,x;)
1,]

e there exists a map @ mto a dot product space H such that

k(z,2") = (®(x), P(z))
(RKHS)

H 1s a so-called reproducing kernel Hilbert space.
If for pairwise distinct points, =0 iff all a, = 0, call k strictly p.d.
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« Example of a kernel: Gaussian

 Any algorithm that only depends on dot products can be
kernelized

 Kernels can be defined on nonvectorial data
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The Map into the Reproducing Kernel Hilbert Space

A A D(x) D(x’')
d(Xx) = Kk(X,.) (Aronszajn 1950)
< D(X),D(X)> = K(x,x)

Point evaluation: f(x) = <f, k(x,.) >.
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An Example of a Kernel Algorithm (schélkopf & Smola 2002)

Clasgsify points x := ®(x) in feature space according to which of
the two class means 18 closer.

Compute the sign of the dot product between w = . — ¢ and

X — C.
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ctd.

1 1

fio) = s - .Z@@"I’W 3 (Bl 0() +b
{iy=1} {iy=—1}
1
= sgn Z k(x,z;) — — Z k(xz,z;)+b
{"* yi=1} {Ey=—1}

with the constant offset

If k is a density, this is a classifier based on Parzen windows plug-in
estimates of the two classes.

— i RFIA 2008
) / Bernhard Scholkopf, Amiens, 07 February 2008 10



r Machines in one Slide

* sparse expansmn of solution in terms of SVs (Boser, Guyon Vapnik 1992):

f(z) = sgn( Z Nik(z;, ) + b)
representer theorem (Kimeldorf & Wahba 1971, Schélkopf et al. 2000)

* unique solution found by convex QP -
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Kernel Ends
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Implicit Surface Fitting

Given a sampling of a surface
T, Lo, ...T, CR?
possibly with corresponding surface normals

ny,No,...N,;, CR?
Construct a function f whose zero level approximates the surface

f(x) = 0

N

=
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SVM Implicit Surface Approximation

{x: f(x)=0}

s
L U4
4

Scholkopf, 2004
Scholkopf, Giesen, & Spalinger, 2005
Walder, Chapelle, & Schoélkopf, 2005

Steinke, Scholkopf, & Blanz, 2005

Signed distance functions f:

| f(x)| = distance of x to the surface
sign( f (x))=1 iff x is outside the object
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LLarge Scale Example (walder et al. 2006)

Left: Rendered model of Lucy, constructed from 14 million points with normals.
Middle: Each of the 364,982 basis function centres
Right: A planar slice that cuts the nose.
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More Examples

Dragon 1: 440K points — decreasing regularisation

2

Dragon 2: 3.6M points
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Temporal Scans

« fitted frame-wise in 3D

e fitted Iin 4D
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Shape Interpolation

« \We can interpolate shapes by embedding them in four
dimensions:
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The Morphing Problem

Y2 (13 1) l,
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Correspondence

Given a dense correspondence field (or warp), we can interpolate (and
extrapolate) images, almost as in a linear space

(cf. Blanz & Vetter, 1999)
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Correspondence via Machine Learning (schslkopt, Steinke, Blanz, 2005)

« Assume the objects O, and O, live in a domain X. Then the warp is
a mapping

T: X->X,
Assume we are given surface points x; of the object O, and z; of O,.

If they are in correspondence, we have a training set
(X1,Z1)y++os(%,Z) and can do regression (“landmark points™).

What if they are not in correspondence?

« Main idea: t should be such that
O, relative to x looks like O, relative to t(x)

Formalize this as a locational cost

C ( O, 7 (X))
o
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L_ocational Cost Functions

feature functions f1,fo: X — R
think of fi, fo as the

siened distance functions of Oq, Os.

1. d(fi(x), fa(7(x)))

oo

2. > ad (V' (@), V' fo(r())’

3. If ¥ Is the feature map associated with a p.d. kernel
on (OxX)x(OxX).
”qj(ola T) _ \If(Ogj’T(il"))HQ
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Optimization Problem

« Component functions: for d=1,...,D,

T4(x) = 29 + (Wq, P(2))

 Minimize
1 D m
2 D o lwall® +Ap Y (i) — 2]
d=1 i—=1

Ao / Cloc(O1, 2, 0, 7(2)) dp(2)
X

« For \j,.=0: D SVR problems with quadratic loss
* In the generic case, nonconvex
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Toy Example

Signed *"{
distance N
o ;
Signed "
distance d
+ normals : ’l‘

Il A\
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Object Morphing

f1t1z

(signed distance and normals, no landmark points, no color information)
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Head Morphing

Start

Target

(signed distan
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Texture Mapping

D E F
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Kernel Means

joint work with

Karsten Borgwardt, Kenji Fukumizu, Arvthur Gretton, Jiayuan Huang, Quoc Le, Malte Rasch,
Alex Smola, Le Song, Xiaohai Sun
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An example of a kernel algorithm, revisited
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X compact subset of a separable metric space. m,n € N.
Positive class X :={xy.....2,,} C X
Negative class Y := {y;

?"'7?_}?1} CI

RKHS means ;X)) = % k(g ), wY) = % 2 k(yis )
Get a problem if pu(X) = u(Y).

RFIA 2008
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When do the means coincide?

k(z,z') = (z,2'): the means coincide
k(z,z') = {(’1:7 :I:"> + l}d: all empirical moments up to order d coincide

k strictly pd: X =Y.

The mean “remembers” each point that contributed to it.
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Proposition 1 Assume that k s strictly pd, and for all i. 7],
T # ., and y; # y;. If for some a;, 3; € R — {0}, we have

I n
1=1 j=1

then X =Y.

Proof (bv contradiction): W.lLo.g., assume that z; € Y. Subtract
S 3ik(y;, ) from (1), and make it a sum over distinet points, to get

J=1"
0= Z vk (2, ),

where 21 =z, =a; # 0, and 2z0.--- € X UY — {x1}, 70.--- € R
Take the dot product with 3~ v;k(2;, ), using (k(zi, .), k(z;, ) = k(zi, 2;), to

et
0= 7klai. 2)).

i
with v # 0, hence k cannot be strictly pd.
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The mean map

, 1 x
X = (3. ... T — — k(x;.
f (1, . Tn) _m?z (i, )
satisfies
T J_ Tt
(W(X). f) = () k@i). f)=—3  flai)
=1 =1
and
| (X) —pu(Y)|| = ?_HEII{H[X} —u(Y), )l = up |7 Zf :rJ——Zf (i)

Note: distance in the RKHS = solution of a high-dimensional
optimization problem.
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Witness function

_ puX)=pY) e X)) — ’ -
F = Tugo=aty thoe S(@) o< ul(X) = ), Kz, )))

Witness ffor Gauss and Laplace data

D&F = = = (350558 ||

0.6

0.4r

0.2

Prob. density and f

This funetion is in the RKHS of a Gaussian kernel, but not in the
RKHS of the linear kernel.
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The mean map for measures

p. q Borel probabilitv measures,
E,  plklz, o), Ey p bz, 2)] <oc (||k(zx,.)|| £ M < oc is sufficient)
Define

p: p = Eg~plk(z, ).
Note

(u(p), f) = Ez~p[f(x)]
and

[u(p) — (@)l = sup |Eg~p[f(z)] — Egnglf(2)]].
1A=l
Recall that in the finite sample case. tor strictly p.d. kernels. p
was injective — how about now?
Smola et al., ALT'07, Fukumizu et al., NIP5°07
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Theorem 2 [Fortet and Mourier (1953); Dudley (2002)]

p=q< sup |Egp(f(z)) — Epnyg(f(z))| =0,
feC(X)

where C'(X) is the space of continuous bounded functions on
Replace C(X) by the unit ball in an RKHS that is dense in C'(X)
— universal kernel (Steinwart, 2001). ¢.g., Gaussian.

Theorem 3 [Gretton et al. (2007)] If k 15 universal, then
p=q<=|pup)—nlgl =0.
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e /1 is invertible on its image
M = {u(p) | pis a probability distribution }
(the “marginal polytope”, Wainwright and Jordan (2003))

e ceneralization of the moment generating function of a RV x
with distribution p:

Mp() = Egnp )]
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Uniform convergence bounds

Let X be an ii.d. m-sample trom p. The discrepancy

T
, , , 1 ,
lu(p) = w(X)| = sup |Banplf@)] ——  f(ai)
1F]I<1 o
can be bounded using uniform convergence methods (Smola et al.,
2007).
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Application 1: Two-sample problem (Gretton et al., 2007)

X, Y iid. m-samples from p, g, respectively.

l1(p) = ()|’ =E; vy k(7. 2)] = 2Bonpyny [K(z,y)l + Ey g [K(y. 1))
=E;}:._;}:"~p._y._y"~r,' [h[\[\xr ?f} T,y }}]
with

hilz,y), (2'.y) = k(z,2") = k(z.y) = kly.2") + k(. ¥).
Define

a £
&

= E;}:._;}:“m,u._y._y’wr;h[.[ﬁr :"f}r [:xr.- ?f’}}
Qe I} ;o P
D(X,Y)" = rﬂ_lrz h((i yi)s (T, 95)-

=]

D(X,Y)? is an unbiased estimator of D(p, ).
It's easv to compute, and works on structured data.
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Theorem 4 Assume k 15 bounded.
D(X.Y)? converges to D(p. q)* in probability with rate {D[m"f’}.

This could be used as a basis for a test, but uniform convergence bounds are often loose..

Theorem 5 We assume E (1h?) < oc. When p # q, then m(D(X.Y)? — D(p.q)?)
converges in distribution to a zero mean Gaussian with variance
gl =4 (Ea (Esh(z, 2")°] = [Es »(h(z, z'}}]z) .

-

When p=gq, then m(D(X.Y)* — D(p.q)*) = mﬁ[}f: V')* converges in distribution to
ot
> Nla -2, 2)
i=1
where g ~ N(0,2) i.4.d., \i are the solutions to the eigenvalue eguation
/ k(z. 2 (2)dp(x) = As(z).
JX

and k(z:, ri) = klxi, x;) — Exk(xi, ) — Exk(z, z;) + E; vk(x, 2) i3 the centred RKHS
kernel.
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Application 2: Dependence Measures

Assume that (z, y) are drawn from pyy, with marginals pg, py.
Want to know whether pgy factorizes into its marginals.

Bach and Jordan (2002); Fukumizu et al. (2004): kernel generalized
variance
Gretton et al. (2005a,b): kernel constrained covariance, HSIC
Main idea (Rényi, 1959: Jacod and Protter. 2000):
x and y independent <
sup Cov(f(z).g(y)) =0

f.g bounded & continuous

Kernel version:

sup Cov(f(z),9(y)) =0
f.geunit balls in RKHS

RFIA 2008 cov(x,y) = Exy[xy] — Ex[x]E,[y]
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E kernel on X x Y.

ﬁ(p:ry) = E(Jl?rijpxy [k((T U) )]
j(pa < py) = E:I:wpx,ywpy k(. y). )] .

Use A 1= ‘-;,g.[pmy] — p(pz X py) ‘ as a measure of dependence.

For k((z, y), (2, y")) = ka(z, @) ky(y. y'):
A? equals the Hilbert-Schmidt norm of the covariance opera-
tor between the two RKHSs (HSIC). with empirical estimate
m™2tr K, H Ky, where H =1 —1/m

Gretton et al. (2005a); Smola et al. (2007).
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Witness function of the equivalent optimisation problem:

Dapandanca witnass and sampla
1.5 T T T T r

=1}

Application: learning causal structures (Sun, Janzing, Schilkopf,
Fukumizu, ICML 2007: Fukumizu. Gretton. Sun. Scholkopf. NIPS Eﬂ{?’}’)}
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Application 3: Covariate Shift Correction and Local

Learning

training set X = {(z1,v1),....(xm,ym)} drawn from p.
test set X' = { (2], 4], ... (¢h.y/h)} from p #p.

A crtomn _

Assume Pylz = Py

Shimodaira (2000): reweight training set
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Minimize

> Bik(xi,) — u(X')|| +X[13]|5 subjectto 3; 20, Y 3= 1.

Equivalent QP:
1 )
1'11i1‘1i%11iz[: 5_3T (K + A1) 3 — 3

subject to 3; = 0 and Z 3; =1,

where Kjj = k(z;, x). l; = (k(z;,-), p(X7)).

Experiments show that in underspecified situations (e.g., large ker-
nel widths), this helps (Huang et al., 2007b).

X' = {’1?"} leads to a local sample weighting scheme.
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Application 4: Measure estimation and dataset
squashing (Dudik et al., 2004; Smola et al., 2007)

Given a sample X, minimize
|1(X) — pulp)
over a convex combination of measures p;.
p= Zi a;pi, ;2 0, Zi a; = 1.
This can be written ﬁs a convex QP with UI’JI*]'ECUTE function

. . 9 - .

c:]
I

where
Lij :=Ez~p; [km ??)]
. S
Q;,j_j ':Ef??"“ﬁf.-f"";”j [k{“l? T H
Kij =h(zi, z;)
I =(1/m.....1/m)" € R™.

RFIA 2008
) Bernhard Scholkopf, Amiens, 07 February 2008 47




I practice. use
a'[Q+Aa—2a' L1,
Some cases where () and L can be computed in closed torm (Smola
et al., 2007)
e Gaussian p; and & (cf. Balakrishnan and Schonfeld (2006); Walder et al.
(2007))
e X training set, Dirac measures p; = 4, dataset squashing, DuMouchel
et al. (1999)
o X test set, Dirac measures p; = 4, centered on the training points Y
covariate shift correction Huang et al. (2007a)
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Kernel Tricks
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Ancient Times

* p.d. kernels first used by Hilbert (1904)
» used to prove convergence of the potential function

method (Aizerman, Braverman, & Rozonoer, 1964)
* Generalized Portrait method (Vapnik & Chervonenkis, 1974)

® Duda & Hart (1973): “The familiar functions of mathematical physics are

eigenfunctions of symmetric kernels, and their use is often suggested for the construction of
potential functions. However, these suggestions are more appealing for their mathematical
beauty than their practical usefulness.”

® Grace Wahba (since 1970s)

f |af™\Y
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Renaissance

« used in Optimal Margin Classifiers (Boser, Guyon & Vapnik 1992), Soft
Margin Classifiers / Support Vector Networks (Cortes & Vapnik 1995),
Support Vector Machines (Schélkopf, Burges & Vapnik 1995)

- kernelization works for arbitrary dot product algorithms, e.qg.

Kernel PCA (Schélkopf, Smola & Miiller, ICANN 1997; Burges 1998) ---
“kernel trick”

~
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Industrial Revolution

* 1997 - 2000: wide dissemination: NIPS kernel workshop, Thorsten
Joachims’ SVM light, “Kernel Machines™ website (2000)

X need not be a vector space (Schélkopf, 1997, Haussler, Watkins, 1998,
Zien et al. 1999)

=
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Modernity

t,

« kernel ICA (Bach & Jordan 2002, Fukumizu et al. 2005, Gretton et al. 2005)
» use kernels to solve optimization problems over a large
class of nonlinear functions: e.qg.

. oS E, [f(z)] —E,[f(y)] Maximum Mean Discrepancy
* sup [cov(f(x),g(y))] Kernel Constrained Covariance
feF ged

 [take home message]

If you like to work with Expectations (rather than
higher order statistics), map your data into an RKHS

~
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Postmodernism
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