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Kernel Tricks, Means and Ends
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Example of a Pattern Recognition Algorithm
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Kernel Feature Spaces
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Example: All Degree 2 Monomials
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The Kernel Trick

More generally: works for positive definite kernels
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Positive Definite Kernels

(RKHS)

If for pairwise distinct points, =0 iff all ai = 0, call k strictly p.d.



• Example of a kernel: Gaussian

• Any algorithm that only depends on dot products can be 

kernelized

• Kernels can be defined on nonvectorial data
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The Map into the Reproducing Kernel Hilbert Space

F(x) = k(x,.) (Aronszajn 1950)

< F(x),F(x’)> = k(x,x’)

Point evaluation: f(x) = < f, k(x,.) >.
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An Example of a Kernel Algorithm (Schölkopf & Smola 2002)
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ctd.

If k is a density, this is a classifier based on Parzen windows plug-in 

estimates of the two classes.
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• sparse expansion of solution in terms of SVs (Boser, Guyon, Vapnik 1992):

representer theorem (Kimeldorf & Wahba 1971, Schölkopf et al. 2000)

• unique solution found by convex QP

Support Vector Machines in one Slide
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k(x,x’)            =           <F(x),F(x’)>

class 1 class 2
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Kernel Ends
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Implicit Surface Fitting

Given a sampling of a surface

possibly with corresponding surface normals

Construct a function  f whose zero level approximates the surface
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SVM Implicit Surface Approximation

Schölkopf, 2004

Schölkopf, Giesen, & Spalinger, 2005

Walder, Chapelle, & Schölkopf, 2005

Steinke, Schölkopf, & Blanz, 2005

Signed distance functions f:

| f(x)| = distance of  x to the surface

sign( f (x))=1 iff x is outside the object

{x: f(x)=0}

min(f1,f2)
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Large Scale Example (Walder et al. 2006)

Left: Rendered model of Lucy, constructed from 14 million points with normals. 

Middle: Each of the 364,982 basis function centres

Right: A planar slice that cuts the nose.
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More Examples

Dragon 1: 440K points – decreasing regularisation

Dragon 2: 3.6M points
Thai Statue: 5M points
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Temporal Scans

• fitted frame-wise in 3D

• fitted in 4D
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Shape Interpolation

• We can interpolate shapes by embedding them in four 

dimensions:

t=0                                                                t=1
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The Morphing Problem

I1
I2½ (I1+ I2)
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Correspondence

Given a dense correspondence field (or warp), we can interpolate (and 

extrapolate) images, almost as in a linear space

(cf. Blanz & Vetter, 1999)
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Correspondence via Machine Learning (Schölkopf, Steinke, Blanz, 2005)

• Assume the objects O1 and O2 live in a domain X. Then the warp is 

a mapping

t : X -> X.

• Assume we are given surface points xi of the object O1 and zi of O2. 

If they are in correspondence, we have a training set 

(x1,z1),…,(xm,zm) and can do regression (“landmark points”).

• What if they are not in correspondence?

• Formalize this as a locational cost

c (O1, x, O2, t (x))

• Main idea: t should be such that

O1 relative to x looks like O2 relative to t(x)
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Locational Cost Functions

1.

2.

3. If      is the feature map associated with a p.d. kernel
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Optimization Problem

• Component functions: for d=1,…,D,

• Minimize

• For          = 0:  D SVR problems with quadratic loss

• in the generic case, nonconvex
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Toy Example

Signed

distance

Signed

distance

+ normals
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Object Morphing

(signed distance and normals, no landmark points, no color information)
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Head Morphing

(signed distance and normals, no landmark points, no color information)
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Texture Mapping
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with Dept. of Physiology, MPI for Biological Cybernetics
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Kernel Means
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Kernel Tricks
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Ancient Times

• p.d. kernels first used by Hilbert (1904)

• used to prove convergence of the potential function 

method (Aizerman, Braverman, & Rozonoer, 1964)

• Generalized Portrait method (Vapnik & Chervonenkis, 1974)

• Duda & Hart (1973): “The familiar functions of mathematical physics are 

eigenfunctions of symmetric kernels, and their use is often suggested for the construction of 

potential functions. However, these suggestions are more appealing for their mathematical 

beauty than their practical usefulness.”

• Grace Wahba (since 1970s)
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Renaissance

• used in Optimal Margin Classifiers (Boser, Guyon & Vapnik 1992), Soft 

Margin Classifiers / Support Vector Networks (Cortes & Vapnik 1995), 

Support Vector Machines (Schölkopf, Burges & Vapnik 1995)

• kernelization works for arbitrary dot product algorithms, e.g. 

Kernel PCA (Schölkopf, Smola & Müller, ICANN 1997; Burges 1998) ---

“kernel trick”
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Industrial Revolution

• 1997 - 2000: wide dissemination: NIPS kernel workshop, Thorsten 

Joachims’ SVM light, “Kernel Machines” website (2000)

• X need not be a vector space (Schölkopf, 1997, Haussler, Watkins, 1998, 

Zien et al. 1999)
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Modernity

• kernel ICA (Bach & Jordan 2002, Fukumizu et al. 2005, Gretton et al. 2005)

• use kernels to solve optimization problems over a large 

class of nonlinear functions: e.g.

• Maximum Mean Discrepancy

• Kernel Constrained Covariance                         

• [take home message]

if you like to work with Expectations (rather than 

higher order statistics), map your data into an RKHS
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Postmodernism
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thank you for your attention
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thank you for your attention
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