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Abstract

Code bloat, the excessive increase of code size, is an important issue
in Genetic Programming (GP). This paper proposes a theoretical analysis
of code bloat in GP from the perspective of statistical learning theory, a
well grounded mathematical toolbox for machine learning. By computing
the Vapnik-Chervonenkis dimension of the family of programs that can
be inferred by a specific setting of GP, it is proved that a parsimonious
fitness ensures universal consistency. This mean that the empirical error
minimization allows converge to the best possible error when the number
of test cases goes to infinity. However, it is also proved that the standard
method consisting in putting a hard limit on the program size still results
in programs of infinitely increasing size in function of their accuracy. It is
also shown that cross-validation or hold-out for choosing the complexity
level that optimizes the error rate in generalization also leads to bloat. So
a more complicated modification of the fitness is proposed in order to avoid
unnecessary bloat while nevertheless preserving universal consistency.

Key words: Statistical learning theory; Code bloat; Symbolic regres-
sion.
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1 Introduction

This paper is about two important issues in Genetic Programming (GP), that

is Universal Consistency (UC) and code bloat. UC consists in the convergence

to the optimal error rate with regards to an unknown distribution of examples.

A restricted version of UC is consistency, which focus on the convergence to the

optimal error rate within a restricted search space. Both UC and consistency

are well studied in the field of statistical learning theory. Despite their possible

benefits, they have not been widely studied in the field of GP.

Code bloat is the uncontrolled growth of program size that may occur in

GP when relying on a variable length representation [13, 14]. This has been

identified as a key problem in GP for which there have been several empirical

studies. However, very few theoretical studies addressed this issue directly.

The work presented in this paper is intended to provide some theoretical

insights on the bloat phenomenon and its link with UC in the context of GP-

based learning taking a statistical learning theory perspective [27]. Statistical

learning theory provides several theoretical tools to analyze some aspects of

learning accuracy. Our main objective consists in performing both an in-depth

analysis of bloat as well as providing appropriate solutions to avoid it.

The following section gives an overview of current code bloat theories, de-

scribing the results presented in this paper from a GP perspective and providing

a short discussion on these results and their benefits for the GP practitioner.

Section 2 and 3 formally prove all the aforementioned results about code bloat

avoidance and UC and suggest a new approach ensuring both. Then, Section

4 provides some extensions of the previous theoretical results on the use of

cross-validation and hold-out methodologies.

Follows some experimental results in Section 5, illustrating the accuracy of

the theoretical results. Section 6 finally concludes this paper with a discussion
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on the consequences of those theoretical results for GP practitioners and uncover

some perspectives of work.

1.1 Code Bloat in Genetic Programming

As quoted from [3, p. 182]:

[...] in 1994, Angeline noted that many of the evolved solutions

in Koza’s book contained code segments that were extraneous. By

extraneous, he meant that if those code segments were removed from

the solution, this would not alter the result produced by the solution.

Examples of such code would be: (1) a = a + 0 or (2) b = b ∗ 1.

While bloat is well-defined and can be identified, there are currently no

consensual explanations on why it occurs. Indeed, three popular theories can

be found in the literature to explain it:

• The introns theory states that bloat acts as a protective mechanism in

order to avoid the destructive effects of operators once relevant solutions

have been found [5, 19, 20]. Introns are pieces of code that have no in-

fluence on the fitness: either sub-programs that are never executed, or

sub-programs which have no effect;

• The fitness causes bloat theory relies on the assumption that there is a

greater probability to find a bigger program with the same behavior (i.e.

semantically equivalent) than to find a shorter one. Thus, once a good

solution is found, programs naturally tend to grow because of fitness pres-

sure [16]. This theory states that code bloat is operator-independent and

may happen for any variable length representation-based algorithm. As a

consequence, code bloat is not to be limited to population-based stochastic

algorithm (such as GP), but may be extended to many algorithms using

variable length representation [14];
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• The removal bias theory states that removing longer sub-programs is more

dangerous to do than removing shorter ones (because of possible destruc-

tive consequence), so there is a natural bias that benefits to the preserva-

tion of longer programs [24].

While it is now considered that each of these theories somewhat capture part

of the problem [2], there has not been any definitive global explanation of the

bloat phenomenon. At the same time, no definitive practical solution has been

proposed that would avoid the drawbacks of bloat (i.e. increasing evaluation

time of large trees) while maintaining the good performances of GP on difficult

problems. Some common solutions rely either on specific operators (e.g. size-

fair crossover [15], or different fair mutation [17]), on some parsimony-based

penalization of the fitness [25] or on abrupt limitation of the program size such

as the one originally used by Koza [13]. Also, some multi-objective approachs

have been proposed ([18, 22, 9, 7, 4]). Some other more particular solutions

have been proposed but are not widely used yet [21, 28].

1.2 Structural and Functional Bloat

Although code bloat is not clearly understood, it is yet possible to distinguish

at least two kinds of code bloat. We first define structural bloat as the code

bloat that necessarily takes place when no optimal solution can be approxi-

mated by a set of programs with bounded length. In such a situation, optimal

solutions of increasing accuracy will also exhibit an increasing complexity (larger

programs), as larger and larger code will be generated in order to better approx-

imate the target function. This extreme case of structural bloat has also been

demonstrated in [12]. The authors use some polynomial functions of increasing

difficulty, and demonstrate that a precise fit can only be obtained through an

increased bloat (see also [6] for related issues about problem complexity in GP).

Another form of bloat is the functional bloat, which takes place when program
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length keeps on growing even though an optimal solution (of known complexity)

does lie in the search space. In order to clarify this point, let us use a simple

symbolic regression problem defined as follow: given a set S of test cases, the

goal is to find a function f (here, a GP-tree) that minimizes the Mean Square

Error (or MSE). If we intend to approximate a polynomial (e.g. 14 ∗ x2 with

x ∈ [0, 1]), we may observe code bloat since it is possible to find arbitrarily long

polynomials that gives the exact solution (e.g. 14x2 +0 ∗x3 + . . .), or sequences

of polynomials of length growing to ∞ and accuracy converging to the optimal

accuracy (e.g. Pn(x) = 14x2 +
∑n

i=1
1

n!i!x
i). Most of the works cited earlier are

in fact concerned with functional bloat which is the most surprising, and the

most disappointing kind of bloat.

We will consider various levels of functional bloat: cases where the length

of programs found by GP runs to infinity as the number of test cases run to

infinity whereas a bounded-length solution exists, and also cases where large

programs are found with high probability by GP whereas a small program is

optimal.

1.3 Universal Consistency

Another important issue is to study the convergence of the function given by

GP, under some sufficient conditions, when the number of test cases goes to in-

finity, toward the actual function used to generate the test cases. This property

is known in statistical learning as Universal Consistency (UC). Note that this

notion is slightly different from that of universal approximation, to which people

usually refer when doing symbolic regression in GP: because polynomial for in-

stance are known to be able to approximate any continuous function, GP search

using operators {+, ∗} is also assumed to be able to approximate any continuous

function. However, UC is concerned with the behavior of the algorithm when

the number of test cases goes to infinity: the existence of a polynomial that

5



approximates a given function at any arbitrary precision does not imply that

any polynomial approximation built from a set of sample points will converge

to that given function when the number of points goes to infinity. Precisely, UC

can be stated informally as follows (a formal definition will be given later):

Informal definition of symbolic regression from examples: a program is a

symbolic regression from examples if it takes as inputs a finite number of exam-

ples x1, . . . , xn with their labels y1, . . . , yn and outputs a program Pn.

Informal definition of universal consistency: a genetic programming tool for

symbolic regression from examples is universally consistent if, for all symbolic

regression problems, as the number of examples goes to infinity and if exam-

ples are independently identically drawn as some random variables (x, y), the

error when applied on unseen examples decreases to the minimal possible one:

Pr(Pn(x) 6= y)→ 0.

This definition is not so simple, due to the various dependencies. Consider Pn

the program built by GP when n examples are provided. Pn might be stochastic,

as it depend on two stochastic elements: (i) the random seed of the GP algorithm

(ii) the stochasticity of the generator of examples. The question is not the

dependency of Pn on the computation time; for a given genetic programming

tool, with its pros and cons and its stopping criterion, we consider only its

final output. Whereas the main stream of GP considers the dynamic of the

optimization for a fixed n, we here consider the evolution as n→∞.

1.4 Results Overview

The UC of GP is investigated in Sections 2 and 3, with a detailed study of

structural and functional bloats that might occur when searching a program

space with GP. A formal and detailed definition of the space of programs that

we consider in this paper is given in Definition 2.1. Note that various definitions

could be considered also, the main elements being: i) universal approximation,

6



and ii) a measure of program-complexity which leads to the finiteness of the VC-

dimension for a given program-complexity. Two types of results are derived: i)

UC-related results, that is whether the probability of misclassification of GP-

solutions converges to the optimal value when the number of test cases goes

to infinity, and ii) bloat-related results, regarding first structural bloat and then

functional bloat with various fitness penalization and complexity bounds.

Let us now state precisely, yet informally, the main results of this paper. Sec-

tion 2 precisely defines the computing machine under examination, and proves

the resulting GP search space fulfills the conditions of some standard statisti-

cal learning theorems listed in Appendix A. Applying those statistical learning

theorems to GP lead to Theorem 2.4, which demonstrates the UC of GP when

the fitness measure includes some complexity penalization. Proposition 2.5, a

bloat-related theoretical result, unsurprisingly proves that if optimality can not

be reached within finite complexity, then converging to the optimal error implies

an infinite increase of bloat. And then, Theorem 2.6 proves a negative result

about bloat, that is minimizing the MSE alone might lead to bloat even if an

optimal function with bounded length belongs to the program search space (i.e.

empirical solutions complexity goes to infinity with the sample size).

Then in Section 3, Theorems 2.7 and 3.1 show that it is possible to carefully

adjust the parsimony pressure in order to obtain both UC and bounds on the

empirical solution complexity (i.e. no bloat). These are the best positive results

one could expect considering the previous findings. Section 4 discuss some prop-

erties of alternate solutions for complexity penalization, that is cross-validation

or hold out, with various pairings of data sets. Note that, though all proofs in

Section 2 are stated and proved in the context of binary classification (i.e. find

a function from R
d into {0, 1}), their generalization to regression (i.e. find a

function from R
d into R) is straightforward.
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2 A First Step Towards No Bloat

The following pages present formal proofs of the results detailed in previous

section. Note there are intensive references to elements from statistical learning

theory that are presented in the Appendix A. The reader unfamiliar with this

theory is advised to read the appendix before reading the present section.

First, Definition 2.1 precisely defines the programs space under examination

and Lemma 2.2 carefully shows that it satisfies the hypotheses of Theorems A.1

to A.4 of Appendix A. As stated by Theorem 2.3, this allows the evaluation of

the VC-dimension [27] of sets of programs. Then, Theorem 2.4, Proposition 2.5

and Theorem 2.6 are derived from these preliminary results.

It should be noted the mildness of the hypothesis behind Lemma 2.2. We

consider any programs of bounded length, working with real variables, provided

that the computation time is a priori bounded. Usual families of programs in

GP verify this hypothesis and much stronger hypothesis. For example, usual

tree-based representations avoid loops and therefore all quantities that have to

be bounded in lemma below (typically, number of times each operator is used)

are bounded for trees of bounded depths. This is also true for direct acyclic

graphs. We here deal with a very general case; much better constants can

be derived for specific cases, without changing the fundamental results in the

sequel of the paper. Lemma 2.2 is necessary because Theorem A.4 deals with the

VC-dimension of one program with parameters, whereas we want to deal with

families of programs. Lemma 2.2 provides a (tedious, but conceptually simple)

generalization of Theorem A.4 to families of programs, by simulating a family

of programs by a computing machine that is a general parametric program.

Then, Theorem 2.4, Proposition 2.5 and Theorem 2.6 are derived from these

preliminary results.

Definition 2.1 (Set of programs studied). Let F (n, t, q, m, z) be the set of
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functions from R
z−m towards {0, 1} which can be computed by a program with

a maximum of n lines as follows:

• The program uses at most t operations.

• Each line contains one operation among the followings.

The operations are taken among the following set of instructions:

• Operations α 7→ exp(α) (at most q times);

• Operations +, −, ×, and /;

• Jumps conditioned on >, ≥, <, ≤, and =;

• Output 0;

• Output 1;

• Labels for jumps;

• Constants (at most m different);

• Variables (at most z different, with z ≥ m).

We note F (n, t, q, m, z) as F for short when there is no ambiguity. The param-

eters n, t, q, m, z are then implicit.

Lemma 2.2 (Computing machine for the set of programs studied). We note

log2(x) the integer part (ceil) of log(x)/ log(2).

With F (n, t, q, m, z) as defined in the Definition 2.1 above, following the

notations of Theorem A.4, there exists a parameterized program h such that

F (n, t, q, m, z) is included in H = {x 7→ h(a, x); a ∈ R
d}, where h is a program

with at most:

• t′ = T (n, t, z) = t + t max(3 + log2(n) + log2(z), 7 + 3 log2(z)) + n(11 +

max(9 log2(z), 0) + max(3 log2(z)− 3, 0)) instructions.

9



• q′ = q exponentials.

• d′ = 1 + m dimensions of parameters.

written with the same set of instructions.

Interpretation. This lemma states that a family of programs as defined above is

included in the parameterizations of one well-chosen program. Equivalently, we

can say that for any n ∈ N, t ∈ N, q ∈ N, m ∈ N and z ∈ N, there exists some

program h (constrained by t′, q′ and d′ as stated above) such that any program

in F (n, t, q, m, z) is of the form x 7→ h(a, x) for some a ∈ R
d. This replaces

a family of programs by one parametric program (i.e. a computing machine),

and that will be useful for the evaluation of the VC-dimension of a family of

programs by Theorem A.4.

Proof. In order to prove this result, we define below a program h as in theorem

A.4 that can emulate any of the programs in F (n, t, q, m, z), with at most t′ =

T (n, t, z), q′ = q, and d′ = 1 + m. Let x be the input variable of dimension

dim(x) ≤ z −m.

The program goes as follow:

• Label INPUT;

• Initialize variable(1) with value x(1);

• Initialize variable(2) with value x(2);

. . .

• Initialize variable(dim(x)) with value x(dim(x));

• Label CONSTANTS;

• Initialize variable(dim(x) + 1) with value a1;
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• Initialize variable(dim(x) + 2) with value a2;

. . .

• Initialize variable(dim(x) + m) with value am;

• Label DECODE-INTO-C;

• Operation decode c;

• Label BEGIN-OF-MAIN-LOOP;

• Label LINE(1);

• Operation c(1, 1) with variables c(1, 2), c(1, 3), and c(1, 4);

• Label LINE(2);

• Operation c(2, 1) with variables c(2, 2), c(2, 3), and c(2, 4);

. . .

• Label LINE(n);

• Operation c(n, 1) with variables c(n, 2), c(n, 3), and c(n, 4);

• Label OUTPUT(0);

• Output 0;

• Label OUTPUT(1);

• Output 1.

We need m real numbers, for parameters, and 4n integers c(., .) for decoding

inputs. “Operation decode c” translates each input real number y (in [0, 1]) into

a set of four integers c(., .). This operation can be developped as follows :

1. Let y ∈ [0, 1];
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2. For each i ∈ [1, . . . n]:

• c(i, 1) = 0;

• y = y ∗ 2;

• If (y > 1) then c(i, 1) = 1 and y = y − 1;

• y = y ∗ 2;

• If (y > 1) then c(i, 1) = c(i, 1) + 2 and y = y − 1;

• y = y ∗ 2;

• If (y > 1) then c(i, 1) = c(i, 1) + 4 and y = y − 1.

3. For each j ∈ [2, 4] and i ∈ [1, . . . n]:

• c(i, j) = 0;

• y = y ∗ 2;

• If (y > 1) then c(i, j) = 1 and y = y − 1;

• y = y ∗ 2;

• If (y > 1) then c(i, j) = c(i, j) + 2 and y = y − 1;

• y = y ∗ 2;

• If (y > 1) then c(i, j) = c(i, j) + 4 and y = y − 1;

. . .

• y = y ∗ 2;

• If (y > 1) then c(i, j) = c(i, j) + 2log2(z)−1 and y = y − 1.

After decoding, c(i, 1) stands for the code instruction, c(i, 2) and c(i, 3) gives

the memory addresses where input values can be reached, and c(i, 4) gives the

memory address where the output value should be written.
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The cost of this is n (3 + max (3 log2 (z) , 0)) “if then”, and n (3 + max (3 log2 (z) , 0))

operators×, and n (2 + max (3 (log2 (z)− 1) , 0)) operators +, and n (3 + max (3 log2 (z) , 0))

operators−. The overall sum is bounded by n (11 + max (9 log2 (z) , 0) + max (3 log2 (z)− 3, 0)).

The result then derives from the rewriting of “operation c(i, 1) with variables

c(i, 2), c(i, 3), and c(i, 4)”. This operation interprets one code instruction and

its parameters (as decoded before). It can be developed as follows:

• If c(i, 1) == 0 then goto OUTPUT(1);

• If c(i, 1) == 1 then goto OUTPUT(0);

• If c(i, 2) == 1 then c = variable(1);

• If c(i, 2) == 2 then c = variable(2);

. . .

• If c(i, 2) == z then c = variable(z);

• If c(i, 1) == 7 then goto LINE(c) (must be encoded by dichotomy with

log2(n) lines);

• If c(i, 1) == 6 then goto EXPONENTIAL(i);

• If c(i, 3) == 1 then b = variable(1);

• If c(i, 3) == 2 then b = variable(2);

. . .

• If c(i, 3) == z then b = variable(z);

• If c(i, 1) == 2 then a = c + b;

• If c(i, 1) == 3 then a = c− b;

• If c(i, 1) == 4 then a = c× b;
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• If c(i, 1) == 5 then a = c/b;

• If c(i, 4) == 1 then variable(1) = a;

• If c(i, 4) == 2 then variable(2) = a;

. . .

• If c(i, 4) == z then variable(z) = a;

• Label END-OF-INSTRUCTION(i).

For each such instruction, at the end of the program, we add the following three

lines:

• Label EXPONENTIAL(i);

• a = exp(c);

• Goto END-OF-INSTRUCTION(i).

Each sequence of the form “if x=... then” (p times) can be encoded by

dichotomy with log2(p) tests “if ... then goto”. Hence, the expected result. �

Theorem 2.3 (Finite VC-dimension of the computing machine). Consider q′,

t′ and d′ ≥ 0. Let F (n, t, q, m, z) be the set of programs described by Definition

2.1, where q ≤ q′, T (n, t, z) ≤ t′, and 1 + m ≤ d′.

V Cdim(F ) ≤ t′2d′ (d′ + 19 log2(9d′))

≤ (d′(q′ + 1))2 + 11d′(q′ + 1)(t′ + log2(9d′(q′ + 1)))

If q = 0 (no exponential) then V Cdim(F ) ≤ 4d′(t′ + 2).

Interpretation. The theorem demonstrates that interesting and natural families

of programs have finite VC-dimension. Effective methods can associate a VC-

dimension to these families of programs.
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Proof. Just plug Lemma 2.2 in Theorem A.4. �

We now consider how to use such results in order to ensure UC. In all of

this paper, Pr(.) denotes probabilities, as the traditional notation P (.) is used

for programs.

First, we show why simple empirical risk minimization (i.e. minimizing

the error observed without taking into account programs complexity) does

not ensure consistency. More precisely, for some distribution of test cases

and some i.i.d. (independent identically distributed) sequence of test cases

{(x1, y1), . . . , (xn, yn), . . . }, there exists P1, . . . , Pn, . . . such that

∀n ∈ N, ∀i ∈ {1, 2, . . . , n} Pn (xi) = yi,

and however

∀n ∈ N Pr (Pn (x) = y) = 0.

This can be proved by considering that x is uniformly distributed in [0, 1]

and y is a constant equal to 1. Then, consider Pn, the program that compares

its entry to x1, x2, . . . , xn, and outputs 1 if the entry is equal to xj for some

j ≤ n, and otherwise outputs 0. With probability 1, this program output 0,

whereas almost surely the desired output y is 1.

We therefore conclude that minimizing the empirical risk is not enough for

ensuring any satisfactory form of consistency. Let’s now show that structural

risk minimization (i.e. taking into account a penalization for complex struc-

tures) can ensure UC and fast convergence when the solution can be written

within finite complexity.

Theorem 2.4 (Universal consistency of genetic programming with structural

risk minimization). Consider qk, tk, mk, nk, and zk increasing integer se-

quences. Define Fk the set of programs with at most tk lines executed, zk vari-

ables, nk lines, qk exponentials, and mk constants (Fk = F (nk, tk, qk, mk, zk)
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of Definition 2.1) and F = ∪kFk. Then with q′k = qk, t′k = T (nk, tk, zk), and

d′k = 1 + mk, define Vk as:

• If ∀k qk = 0, then Vk = 4d′k(t′k + 2).

• Otherwise, Vk = (d′k(q′k + 1))2 + 11d′k(q′k + 1)(t′k + log2(9d′k(q′k + 1))).

Now given s test cases, consider P ∈ F minimizing L̂(P )+
√

32
s V (P ) log(es),

where V (P ) = Vk where k is minimal such that P ∈ Fk. Then,

• The generalization error, with probability 1, converges to L∗;

• If one optimal function belongs to Fk, then for any s and ǫ such that

Vk log(es) ≤ sǫ2/512, the generalization error with s test cases is larger

than L∗+ǫ with probability at most ∆exp(−sǫ2/128)+8sVk exp(−sǫ2/512)

where ∆ =
∑∞

j=1 exp(−Vj).

Interpretation. This theorem shows that genetic programming for binary clas-

sification, provided that structural risk minimization is performed (i.e. if we

optimize an ad hoc compromise between complexity of programs and accuracy

on empirical data), is universally consistent and verifies some convergence rate

properties.

Proof. Just plug Theorem A.5 in Theorem 2.3. Note that ∆ is finite because

we assumed that the integer sequences were increasing. �

We now prove the non-surprising fact that if it is possible to approximate

the optimal function (the Bayesian classifier) without reaching it exactly, then

the complexity of the program runs to infinity as soon as there is convergence

of the generalization error to the optimal one.

Proposition 2.5 (Structural bloat in genetic programming). Consider F1 ⊂

F2 ⊂ F3 ⊂ . . . , where FV is a set of functions from X to {0, 1} with VC-
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dimension bounded by V . Consider (V (s))s∈N
a non decreasing sequence of

integers and (Ps)s∈N a sequence of functions such that Ps ∈ FV (s).

Define LV = infP∈FV
L(P ) and V (P ) = inf{V ; P ∈ FV } and suppose that

∀V LV > L∗. Then,
(

L(Ps)
s→∞−→ L∗

)

=⇒
(

V (Ps)
s→∞−→ ∞

)

.

Interpretation. This is structural bloat: if the space of programs approximates

but does not contain the optimal function and cannot approximate it within

bounded size, then bloat occurs. Note that the assumption ∀V LV > L∗ holds

simultaneously for all V for many distributions, as we consider countable unions

of families with finite VC-dimension (e.g. see [8, chap. 18]).

Proof. Define ǫ(V ) = LV − L∗. ǫ is non-increasing as the Fi are nested. Con-

sider, as assumed in the proposition, that L(Ps)
s→∞−→ L∗. Consider V0 a positive

integer and let’s prove that if s is large enough, then V (Ps) ≥ V0. There exists

ǫ0 such that ǫ(V0) > ǫ0 > 0. So, for s large enough, L(Ps) ≤ L∗ + ǫ0 =⇒ LVs
≤

L∗ + ǫ0 =⇒ L∗ + ǫ(Vs) ≤ L∗ + ǫ0 =⇒ ǫ(Vs) ≤ ǫ0 =⇒ Vs ≥ V0. �

We now show that, even in cases in which an optimal short program exists,

the usual procedure (known as the method of Sieves; see also [23]) defined

below, consisting in defining a maximum VC-dimension depending upon the

sample size (as usually done in practice and as recommended in Theorem A.3)

and then using a moderate family of functions, leads to bloat.

Theorem 2.6 (Bloat with the method of Sieves). Let F1, . . . ,Fk, . . . be non-

empty sets of functions with finite VC-dimensions V1, . . . , Vk, . . . , and let F =

∪nFn. Then given s i.i.d. test cases, consider P̂ ∈ Fs minimizing the empirical

risk L̂ in Fs.

From Theorem A.3, we already know that if Vs = o(s/ log(s)) and Vs →∞,

then

Pr
(

L(P̂ ) ≤ L̂(P̂ ) + ǫ(s, Vs, δ)
)

≥ 1− δ
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and almost surely

L(P̂ )→ inf
P∈F

L(P ).

We now state that if Vs → ∞, and noting V (P ) = min{Vk; P ∈ Fk}, then

∀V0, δ0 > 0, ∃Pr, a distribution of probability on X and Y , such that ∃g ∈ F1

such that L(g) = L∗, and for s sufficiently large Pr
(

V (P̂ ) ≤ V0

)

≤ δ0.

Interpretation. The result in particular implies that for any V0, there is a dis-

tribution of test cases such that ∃g; V (g) = V1 and L(g) = L∗, with probability

1, V (f̂) ≥ V0 infinitely often as s increases. This shows that bloat can occur if

we use only an abrupt limit on code size, if this limit depends upon the number

of test cases (a fortiori if there’s no limit). Note that this result, proved thanks

to a particular distribution, could indeed be proved for the whole class of classi-

fication problems for which the conditional probability of Y = 1 (conditionally

to X) is equal to 1
2 in an open subset of the domain.

Proof. The proof is given for the part that is not Theorem A.3. Figure 1 gives an

illustration of the proof. Consider V0 > 0, δ0 > 0, α such that (eα/2α)V0 ≤ δ0/2,

s such that Vs ≥ αV0, and d = αV0. Consider that x1, . . . , xd are d points

shattered by Fd; such a family of d points exist, by definition of Fd. Define

the probability measure Pr by the fact that X and Y are independent and

Pr(Y = 1) = 1
2 and Pr(X = xi) = 1

d . Then, the following holds, with Q the

empirical distribution (the average of Dirac masses on the xi’s):

1. No empty xi: Pr(E1) → 0, where E1 is the fact that ∃i; Q(X = xi) = 0,

as s→∞;

2. No equality: Pr(E2)→ 0, where E2 is the fact that E1 occurs or ∃i; Q(Y =

1|X = xi) = 1
2 ;

3. The best function is not in FV0
: Pr(E3|¬E2) ≤ S(d, d/α)/2d, where

E3 is the fact that ∃g ∈ Fd/α=V0
; L̂(g) = infFd

L̂, with S(d, d/α) the
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Smallest
Error
in Fk

Complexity Vk

of family Fk

L

L̂

L∗

V0V1 Vs

Figure 1: Illustration of the proof of Theorem 2.6 . For V0, δ0 and Pr fixed, there
exists V1 such that inff∈F1

L(f) = L∗, that is to say there exists a simple solution (in
F1) of error L∗. However, even if the limit Vs ensures that L(argminf∈Fk,Vk≤Vs

L̂) is
close to L∗, the complexity of the solution can be arbitrarily high (≥ V0 for any V0)

relevant shattering coefficient, that is the cardinal of Fd/α restricted to

{x1, . . . , xd}.

It is now sufficient to rely on classical results. It is well known in the VC-

theory that S(a, b) ≤ (ea/b)b (see for example [8, chap.13]), hence S(d, d/α) ≤

(ed/(d/α))d/α and Pr(E3|¬E2) ≤ (eα)d/α/2d ≤ δ0/2. If s is sufficiently large to

ensure that Pr(E2) ≤ δ0/2 (we have proved above that Pr(E2)→ 0 as s→∞)

then

Pr(E3) ≤ Pr(E3|¬E2) Pr(¬E2) + Pr(E2)

≤ Pr(E3|¬E2) + Pr(E2) ≤ δ0/2 + δ0/2 ≤ δ0

This concludes the proof. �

Let’s now show that it is possible to optimize a compromise between opti-

mality and complexity in an explicit manner (e.g. by replacing 1% precision
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with 10 lines of programs or 10 minutes of CPU).

Theorem 2.7 (Bloat-control for regularized empirical risk minimization with

relevant VC-dimension). Let F1, . . . ,Fk, . . . be non-empty sets of functions with

finite VC-dimensions V1, . . . , Vk, . . . . Let F = ∪nFn. Consider W a user-

defined complexity penalization term. Then, given s test cases, consider P ∈ Fs

minimizing the regularized empirical risk ˆ̃L(P ) = L̂(P ) + W (P ) among Fs. If

Vs = o(s/ log(s)) and Vs →∞, then L̃(P̂ )→ infP∈F L̃(P ) almost surely, where

L̃(P ) = L(P ) + W (P ).

Interpretation. This theorem shows that, using a relevant a priori bound on the

complexity of the program and adding a user-defined complexity penalization to

the fitness, can lead to convergence toward a user-defined compromise [28, 29]

between classification rate and program complexity (i.e. we ensure almost sure

convergence to a compromise of the form “λ1 CPU time + λ2 misclassification

rate + λ3 number of lines”, where the λi are user-defined).

Remark. The drawback of this approach is that we have lost UC and consistency.

This means that the misclassification rate in generalization does not converge

to the Bayes error in the general case, and in spite of the fact that an optimal

program exists, there is not necessarily convergence to its efficiency.

Proof. See Figure 2 for an illustration of the proof. By Theorem A.2,

sup
P∈Fs

∣
∣
∣
ˆ̃L(P )− L̃(P )

∣
∣
∣ ≤ sup

P∈Fs

∣
∣
∣L̂(P )− L(P )

∣
∣
∣ ≤ ǫ(s, Vs)

and ǫ(s, Vs)→ 0 almost surely.

Hence the expected result. �

Previous results have shown that: i) UC can be reached thanks to usual

results of learning theory applied to GP (method of Sieves or structural risk
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Smallest
Error
in Fk

Complexity Vk

of family Fk

L

L̂

ˆ̃L

L̃

Figure 2: Illustration of the proof of Theorem 2.7. In non-bold plots: smallest L̂

(upper plot) or L (lower plot) in Fk. Bold plots: smallest ˆ̃
L (upper plot) or L̃ (loewer

plot) in Fk, i.e. error+penalization. With a larger k, Fk has a smaller best error L̂,
but the penalization is stronger than the gain of error by increasing the complexity

minimization) but sometimes leads to bloat, and ii) bloat can be simply avoided

by a strong penalization of size, but this leads to a loss in terms of UC.

In the next section, results will make it possible to present a new approach

that combines an a priori limit on VC-dimension (i.e. size limit) and a com-

plexity penalization (i.e. parsimony pressure). Indeed, Theorem 3.1 will state

that this leads to both UC and convergence to an optimal complexity of the

program (i.e. no bloat).

3 Universal Consistency without Bloat

In this section, we consider a more complicated case where the goal is to en-

sure UC, while simultaneously avoiding non-necessary bloat. This means that

an optimal program does exist in a given family of functions and convergence

towards the minimal error rate is performed without increasing the program

21



complexity. This is achieved by: i) merging regularization and bounding of the

VC-dimension, and ii) penalization of the complexity (i.e. length) of programs

by a penalty term R(s, P ) = R(s)R′(P ) depending upon the sample size and

the program. R(., .) is user-defined and the algorithm looks for a classifier with

a small value of both R′ and L. In the following, we study both the UC of this

algorithm (i.e. L→ L∗) and the no-bloat theorem (i.e. R′ → R′(P ∗) when P ∗

exists). Note that the bound Vs = o(log(s)) is much stronger than the usual

limit used in the method of Sieves (see Theorem 2.6).

Theorem 3.1 (No-bloat theorem). Let F1, . . . ,Fk, . . . with finite VC-dimen-

sions V1, . . . , Vk, . . . . Let F = ∪nFn. Define V (P ) = Vk with k = inf{t|P ∈

Ft}. Define LV = infP∈FV
L(P ). Consider Vs = o(log(s)) and Vs → ∞. Con-

sider also that P̂s minimizes ˆ̃L(P ) = L̂(P ) + R(s, P ) in Fs, and assume that

R(s, .) ≥ 0. Then consistency is attained as whenever supP∈FVs
R(s, P ) = o(1),

we have that L(P̂s) → infP∈F L(P ) almost surely. Note that for well cho-

sen family of functions, infP∈F L(P ) = L∗. Moreover, assume that ∃P ∗ ∈

FV ∗ L(P ∗) = L∗. With R(s, P ) = R(s)R′(P ) and with R′(s) = supP∈FVs
R′(P ),

we get the following results:

1. Non-asymptotic no-bloat theorem: For any δ ∈]0, 1], R′(P̂s) ≤ R′(P ∗)+

(1/R(s))2ǫ(s, Vs, δ) with probability at least 1 − δ. This result is in par-

ticular interesting for ǫ(s, Vs, δ)/R(s) → 0, which is possible for usual

regularization terms as in Theorem A.5 of the Appendix;

2. Almost-sure no-bloat theorem: If for some α > 0, R(s)s(1−α)/2 =

O(1), then almost surely R′(P̂s)→ R′(P ∗) and if R′(P ) has discrete values

(such as the number of instructions in P or many complexity measures for

programs) then for s sufficiently large, R′(P̂s) = R′(P ∗);
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3. Convergence rate: For any δ ∈]0, 1], With probability at least 1− δ,

L
(

P̂s

)

≤ inf
P∈FVs

L (P ) + R (s)R′(s)
︸ ︷︷ ︸

=o(1) by hypothesis

+2ǫ (s, Vs, δ) ,

where

ǫ (s, V, δ) =

√

4− log (δ/ (4s2V ))

2s− 4

is such that with probability at least 1− δ, ǫ (s, V, δ) ≥ ǫ (s, V ) where

ǫ (s, V ) = sup
f∈FV

|L̂ (f)− L (f) |,

given by Theorem A.1.

Interpretation. Combining a code limitation and a penalization leads to UC

without bloat.

Remark. The usual R(s, P ) as used in Theorem A.5 or Theorem 2.4 provides

consistency and non-asymptotic no-bloat, when this penalization term is used

in conjunction with a limitation depending on the sample size s (P ∈ Fs with s

much more restrictive than in the method of Sieves). A stronger regularization

leads to the same results, plus almost sure no-bloat. The asymptotic convergence

rate depends upon the regularization. The result is not limited to GP and could

be used in other areas. The strongest limitation to this results is not the GP-

framework, but the fact that, as shown in Proposition 2.5, the no-bloat results

require the fact that ∃V ∗∃P ∗ ∈ FV ∗ L(P ∗) = L∗.

Proof. Let’s define ǫ(s, V ) = supf∈FV
|L̂(f) − L(f)|. For any P , L̂(P̂s) +

R(s, P̂s) ≤ L̂(P ) + R(s, P ). On the other hand, L(P̂s) ≤ L̂(P̂s) + ǫ(s, Vs).

So consistency is proved by the following:

L(P̂s) ≤
(

inf
P∈FVs

(L̂(P ) + R(s, P ))

)

−R(s, P̂s) + ǫ(s, Vs),

≤
(

inf
P∈FVs

(L(P ) + ǫ(s, Vs) + R(s, P ))

)

−R(s, P̂s) + ǫ(s, Vs),

≤
(

inf
P∈FVs

(L(P ) + R(s, P ))

)

+ 2ǫ(s, Vs).
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As ǫ(s, Vs)→ 0 almost surely (see Theorem A.2) and infP∈FVs
(L(P ) + R(s, P ))→

infP∈F L(P ), we conclude that L(P̂s)→ infP∈F L(P ) almost surely.

Let’s now focus on the proof of the no-bloat result. By definition of the

algorithm, for s sufficiently large to ensure P ∗ ∈ FVs
, L̂(P̂s)+R(s, P̂s) ≤ L̂(P ∗)+

R(s, P ∗), hence with probability at least 1− δ,

R′(P̂s) ≤ R′(P ∗) + (1/R(s))(L∗ + ǫ(s, Vs, δ)− L(P̂s) + ǫ(s, Vs, δ)),

≤ R′(V ∗) + (1/R(s))(L∗ − L(P̂s) + 2ǫ(s, Vs, δ)).

As L∗ ≤ L(P̂s), this leads to the non-asymptotic no-bloat version of the theorem.

The almost-sure no-bloat theorem is derived as follows.

R′(P̂s) ≤ R′(P ∗) + 1/R(s)(L∗ + ǫ(s, Vs)− L(P̂s) + ǫ(s, Vs)),

≤ R′(P ∗) + 1/R(s)(L∗ − L(P̂s) + 2ǫ(s, Vs)),

≤ R′(P ∗) + 1/R(s)2ǫ(s, Vs).

All we need is the fact that ǫ(s, Vs)/R(s)→ 0 almost surely.

For any ǫ > 0, we consider the probability of ǫ(s, Vs)/R(s) > ǫ, and we sum

over s > 0. By the Borel-Cantelli lemma1, the finiteness of this sum is sufficient

for the almost sure convergence to 0. The probability of ǫ(s, Vs)/R(s) > ǫ is

the probability of ǫ(s, Vs) > ǫR(s). By Theorem A.1, this is bounded above by

O(exp(2Vs log(s)− 2sǫ2R(s)2)). This has finite sum for R(s) = Ω(s−(1−α)/2).

Let us now consider the convergence rate. Consider s sufficiently large to

ensure LVs
= L∗. As shown above during the proof of the consistency,

L(P̂s) ≤ inf
P∈FVs

(L(P ) + R(s, P )) + 2ǫ(s, Vs),

≤ inf
P∈FVs

(L(P ) + R(s)R′(P )) + 2ǫ(s, Vs),

≤ inf
P∈FVs

(L(P )) + R(s)R′(s) + 2ǫ(s, Vs).

1If
P

n Pr(Xn > ǫ) is finite for any ǫ > 0 and Xn > 0, then Xn → 0 almost surely.
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So with probability at least 1− δ,

L(P̂s) ≤ inf
P∈FVs

L(P ) + R(s)R′(s) + 2ǫ(s, Vs, δ).

�

4 Extensions

When one tries to learn a relation between x and y, the “true” cost function

(typically the mean squared error of a given approximate relation, which is

an expectation under some usually unknown law of probability) is generally

not available. It is usually replaced by its empirical mean on a finite sample.

Minimizing this empirical mean is natural, but this can be done over various

families of functions (e.g. trees with depth 1, 2, 3, and so on). Choosing

between these various levels is hard. Typically, the empirical mean decreases

as the complexity is increased (Figure 3), but this decrease is not generally a

decrease of the generalization error, as trees of important depth have usually

a very bad generalization error due to overfitting. Therefore, the problem is

somewhat multi-objective: there is a conflict between the empirical error and

the complexity level. Some GP frameworks including this multi-objective idea

are [9, 7, 4].

We have studied above:

• The method consisting in minimizing the empirical error on a given fam-

ily of functions, that is the error observed on the test cases (leading to

bloat (this is an a fortiori consequence of Theorem 2.6) without universal

consistency (see remark before Theorem 2.4);

• The method consisting in minimizing the empirical error, that is the er-

ror observed on the test cases, with a (well chosen) hard bound on the
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Complexity

Empirical/Generalization Error

Figure 3: Structural risk minimization or cross-validation to find the ideal complex-
ity level. In the figure, the X-axis denotes the complexity, the Y-axis denotes the
empirical error, and the dashed line represents the (usually unknown) generalization
error. Structural risk minimization is an ad hoc non-linear compromize between the
complexity (X-axis) and the empirical error, the minimization of which ensuring UC
(but possibly with bloat). Cross-validation is based on a cross-validation estimate of
the dashed line; as shown in this paper, cross-validation also leads to bloat

complexity (method called “method of sieves” [11]; leading to universal

consistency but bloat, see Theorem 2.6);

• The method, inspired from structural risk minimization (but slightly adapted

against bloat), consisting in minimizing a compromise between the empir-

ical error and the complexity under the constraint of a complexity bound

including size and computation time (see Theorem 3.1).

All this methods provide a function chosen in a complexity level Fk∗ . Only the

last one provides a estimate of k∗ that converges to the smallest value of k∗

that allows the optimal generalization error. We now study the following other

cases:

• The case in which the level of complexity is chosen through resampling,

that is by using cross-validation or hold out (e.g. the program uses cross-

validation in order to choose a function on a two-objectives Pareto-set
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(empirical error rate vs complexity level));

• The case in which the complexity penalization does not include any time

bound but only size bounds.

We mainly conclude that: i) penalization is necessary to avoid bloat, ii)

penalization cannot be replaced by cross-validation, and iii) penalization cannot

be replaced by hold-out, and must include some time-penalization.

4.1 Validation Sets for Bloat Avoidance

Note UC for Universal Consistency and ERM for Empirical Risk Minimization.

We considered above different cases:

• GP with only “ERM” fitness;

• GP with ERM+bound, typically minimization of the ERM among pro-

grams with complexity bounded by some ad hoc function of the number

of examples (leading to UC + bloat); ERM+bound is a standard tool

sometimes called “method of Sieves” [11];

• GP with ERM+penalization+bound, similar to the previous item, but

with ERM penalized by an ad hoc complexity term (leading to UC without

bloat).

One can now consider some other cases:

• Hold out in order to choose between different complexity classes (i.e. on

the Pareto-front corresponding to different trade-offs between ERM and

complexity, choose the function by hold out);

• Idem through cross-validation.

This section is devoted to these cases. First, let’s consider hold-out for choos-

ing the complexity level. Consider X0, . . . , XN , Y0, . . . , YN , 2(N + 1) samples
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(each of them consisting in n examples, i.e. Xi = (Xi,1, Xi,2, . . . , Xi,n) and

Yi = (Yi,1, Yi,2, . . . , Yi,n)), the Xi’s being learning sets, the Yi’s being (hold out)

test sets.

Consider that the function can be chosen in many complexity levels, F0 ⊂

F1 ⊂ F2 ⊂ F3 ⊂ . . . , where F0 non-empty and Fi 6= Fi+1. Note L̂k (f) the error

rate of the function f in the set Xk of examples:

L̂k (f) =
1

n

n∑

i=1

l (f, Xk,i)

where l (f, x) = 1 if f fails on x and 0 otherwise. Define fk = argminFk
L̂k (.).

In hold-out, after the complete learning, the resulting classifier is fk∗ where

k∗ = arg mink lk where lk = 1
n

∑n
i=1 l (fk, Yk,i).

In the sequel, we assume that f ∈ Fk ⇒ 1− f ∈ Fk and that V Cdim(Fk)→

∞ as k →∞. The case with hold out leads to different cases, namely:

Greedy case: all Xk’s and Yk’s are independent; this means that we test

separately each complexity level Fk with different learning sets Xk and test sets

Yk.

Case with pairing: X0 is independent of Y0, ∀k, Xk = X0 and ∀k, Yk = Y0;

this means that we use the same learning set for all complexity levels and the

same test set for all complexity levels. This case is far more usual.

4.1.1 Case of Greedy Hold-Out

We here consider the choice among complexity levels 0, 1, 2, . . . , N , though

greedy hold-out. For convenience, we define again precisely the framework:

• for k ∈ [[0, N(n)]], fk is a function minimizing the error on Xk among Fk;

• for k ∈ [[0, N(n)]], lk is the error of function fk on Yk.

k∗ is any element of [[0, N(n)]] such that ∀k ∈ [[0, N(n)]], lk∗ ≤ lk (fk and k∗

are not uniquely determined; results below will cover any particular choice). k∗
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is the complexity level chosen by HO; bloat occurs when k∗ is big whereas small

values are enough to reach an optimal generalition error is possible.

N = N(n) is a function of n. We will in the sequel distinguish two cases.

First, if N(n) is a constant, then:

• consider the case of an output y independent of the input x, and Pr(y =

1) = Pr(y = 0) = 1
2 ;

• in that case, an optimal function lies in F0 - we will show in the following

points that, however, k∗ will be in general much larger than 0, i.e. bloat

occurs;

• then, for any k ∈ [[0, N ]], n× lk is a binomial variable with parameters n

and 1
2 ;

• then, for any k ∈ [[1, N ]] and any i < k, Pr(N × lk = N × li) occurs with

probability at most 1/
√

n (as the binomial verifies that for some fixed

K > 0, for any k, Pr(B(n, 1
2 ) = k) < K/

√
n, see e.g. [8, appendix A.8,

lemma A.3]);

• therefore, the probability of the event E = {∃0 ≤ i 6= j ≤ N ; li = lj} is

O(N2/n);

• therefore, the probability of the event E = {∃0 ≤ i 6= j ≤ N ; li = lj} goes

to 0 as n→∞;

• conditionnally to the fact that E does not occur, k∗ is uniformly dis-

tributed on [[0, N ]];

• combining the two previous points, ∀k ∈ [[0, N ]], P (k∗ = k)→ 1/(N + 1)

as n→∞.
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This (easier) case of N constant being handled, and leading to the first part of

theorem 4.1 below, we now focus on N(n)→∞ (which will be the second part

of theorem 4.1).

Consider also the case of an output y independent of the input x, and Pr(y =

1) = Pr(y = 0) = 1
2 .

• Then, for any k, n× lk is binomially distributed (parameters n and 1
2 ), as

in the previous case.

• For any i 6= j, there exists a universal constant K such that P (lj < li) ≥
1
2 −K/

√
n (as the binomial verifies that for some fixed K > 0, for any k,

Pr(B(n, 1
2 ) = k) < K/

√
n, see e.g. [8, appendix A.8, lemma A.3]).

• For any C > 0,

P (∃j ≥ C, ∀i < C, lj < li) ≥ 1−
(

1− (
1

2
−K/

√
n)C

)N−C

≤ 1−AN−C for some fixed A < 1, and for n sufficiently large

• Note k∗(N) the value of k∗ chosen for n = min{i ∈ N; N(i) = N}. The

point above shows that, for any C > 0,
∑

N∈N
Pr(k∗(N) < C) is finite (as

Pr(k∗ < C) decreases exponentially as a function of N for n sufficiently

large);

• Therefore, almost surely, thanks to the Borel-Cantelli lemma, k∗(N)→∞

as N →∞.

We have shown this with one distribution, which does not depend upon the

number of examples. Moreover, this happens whereas an optimal function lies

in F0. The result is therefore as follows:

Theorem 4.1 (No bloat avoidance with greedy hold out). Consider greedy

hold-out for choosing between complexity levels 0, 1, . . . , N(n).
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• If N(n) is a constant, then for some distribution of examples

∀k ∈ [[0, N ]], P (k∗ = k)→ 1/(N + 1)

• If N(n)→∞ as n→∞, then for some distribution of examples such that

an optimal function lies in F0, greedy hold-out leads to k∗(N) → ∞ as

N →∞ and therefore lim supn→∞ k∗(n) =∞.

4.1.2 Case of Hold-Out with Pairing

We now set X = X0 = Xk and Y = Y0 = Yk for any k ∈ [[1, N ]], i.e. we now

consider one learning set and one test set. This is less data-consuming (only up

to a N(n) factor) than the greedy case above and could be statistically more

significant, thanks to pairing. We below compare it to the previous result.

• Consider V ∈ N and v ∈ N such that V = V Cdim(Fv) with v minimal

realizing this condition.

• Consider A = {a1, . . . , aV }, a set of points shattered by Fv.

• Consider a distribution of examples with x uniform on A and y indepen-

dent of x with Pr(y = 1) = Pr(y = 0) = 1
2 .

• Consider P̂X the empirical distribution associated to the sample X of n

examples and P̂Y the empirical distribution associated to the sample Y of

n examples.

• Then, with EX = {∃i; P̂X(x = ai) = 0 or P̂X(y = 1|x = ai) = 1
2},

limn Pr(EX) = 0.

• Then, with EY = {∃i; P̂Y (x = ai) = 0 or P̂Y (y = 1|x = ai) = 1
2},

limn Pr(EY ) = 0.

• There is at least one function f on A which does not belong to Fv−1.
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• With probability at least (1− Pr(EY ))/2V , this function f is optimal for

L(., Y0) (and all optimal functions have the same restriction to A).

• If k ≥ v, then with probability at least (1− Pr(EX))/2V , fk = f .

• Combining the two probabilities above, as the events are independent, we

see that they occur simultaneously with probability at least p(v, n) = ((1−

ǫ(v, n))/2V )2, and then k∗ ≥ v, where ǫ(v, n) = max(Pr(EX), Pr(EY ))→

0 as n→∞. Then:

Pr (k∗ ≥ v) > p (v, n)

• This implies the first result of this section: for any v, Pr(k∗ ≥ v) does not

go to 0, whereas a function in F0 is optimal.

This leads to the following proposition.

Proposition 4.2 (Bloat cannot be controlled by hold out with pairing, first

result). For arbitrarily large v, there exists a distribution with optimal function

in F0 such that lim infn→∞ Pr(k∗ ≥ v) > 0.

Now, let’s consider a distribution that depends on n. This is interesting,

as it provides lower bounds on what can be guaranteed, for a given value of

n, independently of the distribution. For technical reasons, and without loss of

generality within renumbering of the Fk provided that the VC-dimension goes

to infinity as k →∞, we assume that Fv+1 has a VC-dimension larger than Fv.

Then:

• Consider n0 such that for any n ≥ n0, there exists v such that p(v, n) ≥

1/n. Choose vn, the maximal value of v such that p(v, n) ≥ 1/n and Fv

has VC-dimension greater than the VC-dimension of Fv−1.

• Define A a set shattered by Fv and not by Fv−1. Consider the uniform

distribution on A× {0, 1}.

32



• vn and the distribution are well-defined, if n ∈ S, where S = [[n0,∞[[;

• limn→∞ vn =∞ as for any v, p(v, n)→ 1/4V as n→∞;

• Consider N = |{n ∈ S; k∗ ≥ v}|;

• N has infinite expectation E N ≥∑

n∈S 1/n;

• Therefore, infinitely often (almost surely), k∗ ≥ vn and vn →∞, therefore

lim sup k∗ =∞.

We have therefore shown, with a distribution dependent on n, that

lim sup
n→∞

k∗ →∞.

This leads to this other negative theorem about the control of bloat by hold

out.

Proposition 4.3 (Bloat can not be controlled by hold out with pairing, second

result). lim supn k∗ =∞, where the distribution depends on n but is always such

that an optimal function lies in F0.

This result above is in the setting of a distribution which depends on n; it is

of course not interesting for modelizing the evolution of one particular problem

as the number of examples increases, but it shows that no bound on k∗(n) for

n ≥ n0 can be provided, whatever may be n0, for hold out with pairing, unless

the distribution of problems is taken into account.

4.1.3 Cross-Validation for the Control of Bloat

We now turn our attention to the case of cross-validation. We formalize N-folds-

cross-validation as follows:

f i
k = arg min

Fk

L(., X ′i
k)

X ′i
k = (X1

k , X2
k , . . . , X i−1

k , X i+1
k , X i+2

k , . . . , XN
k ) for i ≤ N

k∗ = arg min
1

N

N∑

i=1

L(f i
k, X i

k)
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where for any i and k, X i
k is a sample of n points.

Greedy cross-validation could be considered as in the case of hold out above:

all X i
k could be independent. This leads to the same result (for some distribu-

tion, k∗ → ∞) with roughly the same proof. We therefore only consider cross-

validation with pairing, i.e. ∀i, k, k′, X i
k = X i

k′ . For short, we note X i
k = X i.

Cross-validation is usually applied with finite fixed values of N . People often

consider that N should be between 3 and 10, closer to 3 when n increases to

infinity. We therefore consider this case; note that the case N(n) → ∞ is not

covered by our results; this could be an interesting further work.

We consider cross-validation for computing k∗. We note P̂i the empirical

law associated to X i. We consider A a set of points shattered by Fv, |A| = V ,

A not shattered by Fv−1. We assume that the distribution of examples is, for

x, uniform on A, and for y, independently of x, uniform on {0, 1}.

We consider f ∈ Fv realizing a dichotomy of A that is not realized by Fv−1.

We define Ei the event {∀a ∈ A; P̂i(x = a) = 0 or P̂i(y = f(a)|x = a) > 1
2}.

The probability of Ei goes to (1
2 )|A| as n→∞. The probability of E = ∩iEi

goes to (1
2 )N |A| > 0 as n → ∞. In particular, almost surely, infinitely often as

n→∞, E occurs. When E occurs,

• all the f i
k are equal to f provided that k ≥ v;

• for any g ∈ Fv−1, L(g, X i
k) > L(f, X i

k);

• therefore, k∗ ≥ v.

As E is lower bounded by some positive probability for any value of n, E

occurs infinitely often. We therefore have the following result, summarizing this

elements.

Theorem 4.4. Assume that Fk has a VC-dimension going to ∞ as k → ∞.

One can not avoid bloat with only hold-out or cross-validation, in the sense that
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with paired hold out, or greedy hold-out, or cross-validation, for any V , there

exists some distribution for which almost surely, k∗ > V infinitely often whereas

an optimal function lies in F0.

Note that some propositions above show in some cases stronger forms of

bloat.

If we consider greedy hold-out, hold out with pairing and cross-validation

with pairing, then:

• For some well-chosen distribution of examples, greedy hold-out almost

surely leads to (i) k∗ → ∞ if N → ∞ (ii) k∗ asymptotically uniformly

distributed in [[0, N ]] if N finite, whereas an optimal function lies in F0

(theorem 4.1).

• Whatever may be V = V Cdim(Fv), for some well-chosen distribution,

hold-out with pairing almost surely leads to k∗ > V infinitely often

whereas an optimal function lies in F0 (proposition 4.2).

• Whatever may be V = V Cdim(Fv), for some well-chosen distribution,

cross-validation with pairing almost surely leads to k∗ > V infinitely often

whereas an optimal function lies in F0.

4.2 Time-Complexity Requirement in the Fitness

We have shown UC results in previous sections, with convergence rates 1/
√

n

provided that both the programs used in the genetic programming tool and

the target concept have bounded complexity. This complexity was measured in

terms of VC-dimension, through bounds on the number of times each instruc-

tion lies in the code, but also through bounds on the number of times these

instructions are run. This implies that we deal with programs with bounded

time-complexity. We here show that such an hypothesis is necessary, at least

with the set of instructions that we have considered.
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Consider any learning algorithm working on a sequence of i.i.d. examples

(x1, y1), . . . , (xn, yn) and outputting a program. We formalize as follows the

asymptotic convergence rate of an algorithm that does not forbid slow programs.

Definition 4.5 (Convergence rate of a learning program that allows slow pro-

grams). A learning program has convergence rate (an)n∈N, if an decreases to 0

and if for any distribution Pr such that there exists some (always halting) func-

tion f such that Pr(f(x) = y) = 1, the function fn provided by the learning pro-

gram working on n examples has expected error rate E Pr(fn(x) 6= y) = O(an).

We show in the sequel that indeed, there exists no convergence rate of learn-

ing programs that allow slow programs. In particular, convergence rates as

shown in Theorem 3.1, i.e. a guaranteed convergence rate in O(1/
√

n) when an

optimal function has bounded complexity (including time!), can not occur. In

the sequel, we assume that the reader is familiar with statistical learning theory

and shattering properties; the interested reader is referred to [8].

We will need results about learning on families of functions that shatter

infinite sets. First, we show that short programs (on real numbers) can generate

functions with infinite VC-dimension.

Lemma 4.6 (Parameterizable program that shatters an infinite set). The fol-

lowing program has bounded length, only one parameter α, but generates as

α ∈ [0, 1] a family of functions which shatters an infinite set:

• Consider x the entry in ]0, 1[ and α ∈ [0, 1] a parameter;

• Label BEGIN.

• If x > 1
2 , go to FINISH.

• x← 2x.

• α← 2α.
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• Goto BEGIN.

• Label FINISH.

• If α > 1 then α← α− 1; goto FINISH.

• If α ≥ 0.5, output 1 and stop.

• Output 0 and stop.

Proof. Consider (α, x) ∈ [0, 1] × [0, 1] and their binary representations x =

∑

i≥0 xi2
−i, α =

∑

i≥0 αi2
−i. This program shifts α and x to the left until

x > 1
2 , i.e. the program applies j − 1 shifts with j minimal such that xj = 1. It

then replies 1 if and only if α, after shift, has its digit αj equal to 1. Therefore,

this program can realize any dichotomy of { 1
2 , 1

4 , 1
8 , . . . }. This is exactly the

definition of the fact that this set is shattered. So, we have shown that a family

of functions shattering an infinite set was included in the set of programs with

bounded length. �

We now have all required tools for proving the following.

Theorem 4.7 (No convergence rate when working on slow programs). What

ever may be the sequence a1, . . . , an, . . . decreasing to 0, for any learning pro-

gram, for some f which always halts and with bounded length, the expectation

of Pr(Pn(x) 6= y) is not O(an).

Proof. This is an immediate consequence of the lemma above, and of the clas-

sical lower bound on learning capabilities of algorithms working on spaces of

functions shattering an infinite set. See e.g. [8, chap. 14]. �

Some complements (non-continuous domains, time-complexity of the opti-

mization with some penalization terms) can be found in [26].
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5 Experimental Results

Some theoretical elements presented in Sections 2 and 3 are verified experimen-

tally in this section. The experimentation are conducted using Koza-style GP

[13], with a problem setup similar to the classical symbolic regression example,

modified for binary classification. This is a simpler case that the computing ma-

chine presented in Lemma 2.2, although the conclusions previously made still

apply.

The GP branches used are the addition, subtraction, multiplication, pro-

tected division, and if-less-than. This last branch takes four arguments, re-

turning the third argument if the first argument is less than the second one,

otherwise returning the fourth argument. The GP terminals are the x variable,

and the 0 and 1 constants. The learning task consists in minimizing the error

e(i) between the desired output yi = {−1, 1} and the obtained output ŷi of the

tested GP tree for the xi input, as in the following:

e(i) = max(1− yiŷi, 0)

The fitness measure used in the experiments consists in minimizing the sum

of the errors to which is added a complexity factor that approximate the VC-

dimension of the GP program:

f =
1

s

s∑

i=1

e(i) + k

√

t2 log2(t)

s
,

where t is the number of nodes of the GP program tested, s is the number of test

cases used for fitness evaluation, and k is a trade-off weight in the composition

of the complexity penalization relatively to the accuracy term.

The s test cases are distributed uniformly in xi ∈ [0, 1], with associated

yi = {−1, 1}. For xi < 0.4, each yi are equal to 1 with probability 0.25 (so

yi = −1 with probability 0.75), for xi ∈ [0.4, 0.6[, yi = 1 with probability

0.5, and for xi ≥ 0.6, yi = 1 with probability 0.75. Thus, the associated
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classifier with best generalization capabilities would return y∗
i = −1 for xi < 0.4,

y∗
i = 1 for xi ≥ 0.6 and a random output for xi ∈ [0.4, 0.6[, with a minimal

generalization error of 0.3. After the evolutions, each best-of-run classifier is

thus evaluated by a fine sampling of the input space, with the generalization

error evaluated as the difference between the output given by the tested best-

of-run classifier and the output obtained by a classifier with best generalization

capabilities.

Five types of GP evolutions have been tested: i) no limitation on the tree size

(no depth limit and complexity trade-off k = 0), ii) depth limitation on the tree

size of 17 levels (complexity trade-off k = 0), iii) soft complexity penalty in the

fitness (complexity trade-off k = 0.0001), iv) medium complexity penalty in the

fitness (complexity trade-off k = 0.001), and v) important complexity penalty

in the fitness (complexity trade-off k = 0.01). For the three last approaches,

the depth limitation of 17 levels is still maintained. The selection method used

is lexicographic parsimony pressure [18], that is regular tournament selection

4 participants, with the smallest participant taken in case of ties. Other GP

parameters are: population of 1000 individuals; evolutions on 200 generations;

crossover probability of 0.8; subtree, swap and shrink mutation of probability

0.05 each; and finally half-and-half initialization with maximal depth of 5. All

the experiments have been implemented using the GP facilities of the Open

BEAGLE2 [10] C++ framework for evolutionary computations.

The experiments have been conducted different number of test cases varying

from s = 10 to s = 100 by steps of 10. One hundred evolutions is done for

each combinations of approaches tested and number of test cases, for a total

of 50000 evolutions. Figure 4 shows the average generalization errors and tree

size obtained for the different approaches in function of the number of test cases

used for fitness evaluation.

2http://beagle.gel.ulaval.ca
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Figure 4: Generalization errors and tree sizes observed for different size limitations.
Figure (a) shows the average generalization errors observed, with apparently better
results for the approaches where the fitness includes some parsimony pressure. Figure
(b) shows the average tree sizes obtained, where important bloat is observed for the
no limitation and maximum depth limitations

40



These results show that bloat occurs when no limitation of size occurs, even

when lexicographic parsimony pressure is used (see curve No limit of Figure

4b), which validates Theorem 2.6. Then, as stated by Theorem 2.4, UC is

achieved using moderate complexity penalization in the fitness measure, with

a convergence toward optimal generalization error of 0.3 (see curve k=0.001 of

Figure 4a). Third, as predicted by Theorem 3.1, increasing the penalization

leads to both UC and no bloat (see curve k=0.01 of both Figures 4a and 4b).

Note that Theorem 2.6 asserts that this result cannot be achieved by a priori

scaling of the complexity, and that Section 4 shows that this can not be achieved

by cross-validation.

6 Conclusion

In this paper, we have proposed a theoretical study of two important issues

in Genetic Programming (GP) known as Universal Consistency (UC) and code

bloat. We have shown that the understanding of the bloat phenomenon in GP

could benefit from classical results from statistical learning theory.

The first limit of our work is the fact that all these results consider that

GP finds a program which is empirically the best, in the sense that given a set

of test cases and a fitness function based on the empirical error (and possibly

including some parsimony penalization), it will be assumed that GP does find

one program in that search space that minimizes this fitness – and it is the

behavior of this ideal solution, which is a random function of the number of test

cases, that is theoretically studied.

Of course, we all know that GP is not such an ideal search procedure, and

hence such results might look rather far away from GP practice, where the user

desperately tries to find a program that gives a reasonably low empirical ap-

proximation error. Nevertheless, UC is vital for the practitioner too: indeed, it
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would be totally pointless to fight to approximate an empirically optimal func-

tion without any guarantee that this empirical optimum is anywhere close to the

ideal optimal solution we are in fact looking for. Furthermore, the bloat-related

results give some useful hints about the type of parsimony that has a chance to

efficiently fight the unwanted bloat, while maintaining the UC property. Exper-

iments confirm the results.

Application of theorems from learning theory has led to two original out-

comes with both positive and negative results. Firstly, results on UC of GP:

there is almost sure asymptotic convergence to the optimal error rate in the

context of binary classification with GP. Secondly, results on code bloat: i) if

the ideal target function does not have a finite description then code bloat is

unavoidable (structural bloat), and ii) code bloat can be avoided by simultane-

ously bounding the length of the programs with some ad hoc limit and using

some parsimony pressure in the fitness function (functional bloat). An impor-

tant point is that all methods leading to no-bloat use a regularization term; in

particular, cross-validation or hold-out methods do not reach no-bloat. Also,

all methods ensuring convergence rates (with the set of instructions we have

chosen) have some form of regularization using time-complexity

Interestingly, all those results (both positive and negative) about code bloat

are also valid in different contexts, such as for instance that of Neural Net-

works (the number of neurons replaces the complexity of GP programs). More-

over, results presented here are not limited to the scope of binary classification

problems, and may be applied to variable length representation algorithms in

different contexts such as control or identification tasks.

Finally, going back to the debate about the causes of bloat in practice, it is

clear that our results can only partly explain the actual cause of bloat in a real

GP run – and tend to give arguments to the “fitness causes bloat” explanation

42



[16]. It might be possible to study the impact of size-preserving mechanisms (e.g.

specific variation operators, like size-fair crossover [15] or fair mutations [17])

as somehow contributing to the regularization term in our final result ensuring

both UC and no bloat.
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A Elements of Statistical Learning Theory

In the frameworks of regression and classification, statistical learning theory

[27] is concerned with giving some bounds on the generalization error (i.e. the

error on yet unseen data points) in terms of the actual empirical error and some

fixed quantity depending only on the search space. More precisely, we will use

here the notion of Vapnik-Chervonenkis dimension (in short, VC-dimension or

V Cdim) of a space of functions. Roughly, the VC-dimension is an indicator of

the theoretical capability of a learning machine to discriminate data. It is often

used to in the computation of bounds on the difference between the empirical

error and the generalization error.

Consider a set of s examples (xi, yi)i∈{1,...,s}. These examples are drawn

from a distribution P on the couple (X, Y ). They are independent identically

distributed, Y = {0, 1} (classification problem), and typically X = R
d for some

dimension d. For any function f , define the loss L(f) to be the expectation of

|f(X)−Y |. Similarly, define the empirical loss L̂(f) as the loss observed on the

examples: L̂(f) = 1
s

∑

i |f(xi)− yi|. Finally, define L∗, the Bayes error, as the

smallest possible generalization error for any mapping from X to {0, 1}.
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The following four theorems are well-known in the statistical learning com-

munity:

Theorem A.1 (Bound on the empirical risk with finite VC-dimension). Con-

sider F a family of functions from a domain X to {0, 1} and V its VC-dimension.

Then, for any ǫ > 0,

Pr

(

sup
P∈F
|L(P )− L̂(P )| ≥ ǫ

)

≤ 4 exp(4ǫ + 4ǫ2)s2V exp(−2sǫ2),

and for any δ ∈]0, 1],

Pr

(

sup
P∈F
|L(P )− L̂(P )| ≥ ǫ(s, V, δ)

)

≤ δ,

where

ǫ(s, V, δ) =

√

4− log(δ/(4s2V ))

2s− 4
.

Interpretation. This theorem states that in a family of finite VC-dimension, the

empirical errors and the generalization errors are probably closely related.

Proof. See [8, Th. 12.8, p. 206]. �

Other forms of this theorem have no log(n) factor; they are known as Alexan-

der’s bound, but the constant is so large that this result is not better than the

result above unless s is huge (see [8, p. 207]). If s ≥ 64/ǫ2,

Pr

(

sup
P∈F
|L (P )− L̂ (P ) | ≥ ǫ

)

≤ 16
(√

sǫ
)4096V

exp
(
−2sǫ2

)

We classically derive the following result from Theorem A.1:

Theorem A.2 (Convergence of the empirical error to the generalization error

with infinite number of examples). For s ≥ 0, consider Fs a family of functions

from a domain X to {0, 1} and Vs its VC-dimension. Then,

sup
P∈Fs

|L (P )− L̂ (P ) | → 0 as s→∞

almost surely provided that Vs = o(s/ log(s)) (i.e. Vs log(s)/s→ 0).
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Interpretation. The maximal difference between the empirical error and the

generalization error goes almost surely to 0 if the VC-dimension is finite.

Proof. We use the classical Borel-Cantelli lemma, for any ǫ ∈ [0, 1]:

∑

s≥64/ǫ2

Pr(|L(P )− L̂(P )| > ǫ)

≤ 16
∑

s≥64/ǫ2

(
√

sǫ)4096Vs exp(−2sǫ2),

= 16
∑

s≥64/ǫ2

exp(4096Vs(log(
√

s) + log(ǫ))− 2sǫ2),

which is finite as soon as Vs = o(s/ log(s)). �

Theorem A.3 (Universal consistency with finite VC-dimension). Let F1, . . . ,Fk, . . .

families of functions with finite VC-dimensions, V Cdim(Fi) = Vi, and let

F = ∪nFn. Then, given s examples, consider P̂s ∈ Fs minimizing the em-

pirical risk L̂ among Fs. Then, if Vs = o(s/log(s)) and Vs → ∞, for any

δ ∈]0, 1],

Pr
(

L(P̂s) ≤ L̂(P̂s) + ǫ(s, Vs, δ)
)

≥ 1− δ,

Pr

(

L(P̂s) ≤ inf
P∈Fs

L(P ) + 2ǫ(s, Vs, δ)

)

≥ 1− δ.

Also, L(P̂s)→ infP∈F L(P ) almost surely. Note that for a well chosen family of

functions (typically programs), infP∈F L(P ) = L∗ for any distribution. Thus,

this theorem leads to universal consistency (i.e. ∀P L(P̂s) → L∗), for a well-

chosen family of functions.

Interpretation. If the VC-dimension increases slowly enough as a function of the

number of examples, then the generalization error goes to the optimal one. If

the family of functions is well-chosen, this slow increase of VC-dimension leads

to universal consistency.

Proof. See [8, Th. 18.2, p. 290] and [11]. �
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In the following theorem, we use d′, t′, q′ instead of d, t, q for the sake of

consistency of notations as in other results we need d, t and q but we will apply

Theorem A.4 with some ad hoc d′, t′ and q′.

Theorem A.4 (Bound on VC-dimension for a computing machine). Let Hh,d′ =

{x 7→ h(a, x); a ∈ Rd′} where h can be computed with at most t′ operations

among α 7→ exp(α); +, −, ×, /; jumps conditioned on >, ≥, <, ≤, =; output

0; output 1 (same set of instructions as in other parts of this paper). We note

Hh,d′ as H when there is no ambiguity.

Then: V Cdim(H) ≤ t′2d′(d′ + 19 log2(9d′)).

Furthermore, if exp(.) is used at most q′ times, and if there are at most t′ op-

erations executed among arithmetic operators, conditional jumps, exponentials,

then:

π (H, m) ≤ 2(d′(q′+1))2/2
(
9d′ (q′ + 1) 2t

)5d′(q′+1)
(

em
(

2t′ − 2
)

/d′
)d′

where π(H, m) is the mth shattering coefficient of H, and hence

V Cdim (H) ≤ (d′ (q′ + 1))
2
+ 11d′ (q′ + 1) (t′ + log2 (9d′ (q′ + 1)))

Finally, if q′ = 0 then V Cdim(H) ≤ 4d′(t′ + 2).

Interpretation. The VC-dimension of the set of the possible parameterizations

of a program as defined above is bounded.

Proof. See [1, 8.14 and 8.4]. �

Theorem A.5 (Structural risk minimization). Let F1,. . . ,Fk . . . with finite VC-

dimensions V Cdim(Fi) = Vi. Let F = ∪nFn. Assume that all distributions

lead to LF = L∗ where L∗ is the optimal possible error (spaces of functions

ensuring this exist). Given s examples, consider f ∈ F minimizing L̂(f) +
√

32
s V (f) log(es), where V (f) is Vk with k minimal such that f ∈ Fk. Then:
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• If additionally one optimal function belongs to Fk, then for any s and

ǫ such that Vk log(es) ≤ sǫ2/512, the generalization error is larger than

ǫ with probability at most ∆exp(−sǫ2/128) + 8sVk exp(−sǫ2/512) where

∆ =
∑∞

j=1 exp(−Vj) is assumed finite;

• The generalization error, with probability 1, converges to L∗.

Interpretation. The optimization of a compromise between empirical accuracy

and regularization leads to the same properties as in Theorem A.3, plus a

stronger convergence rate property.

Proof. See [27] and [8, p. 294]. �
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