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AbstractWe give a polymorphic account of the relational algebra. Weintroduce a formalism of \type formulas" speci�cally tunedfor relational algebra expressions, and present an algorithmthat computes the \principal" type for a given expression.The principal type of an expression is a formula that speci-�es, in a clear and concise manner, all assignments of types(sets of attributes) to relation names, under which a givenrelational algebra expression is well-typed, as well as theoutput type that expression will have under each of theseassignments. Topics discussed include complexity, the re-lationship with monadic logic, and polymorphic expressivepower.1 IntroductionThe operators of the relational algebra (the basis of all rela-tional query languages) are polymorphic. We can take thenatural join of any two relations, regardless of their sets ofattributes. We can take the union of any two relations overthe same set of attributes. We can take the cartesian prod-uct of any two relations having no attributes in common.We can perform a selection �A<B on any relation havingat least the attributes A and B. Similar typing conditionscan be formulated for the other operators of the relationalalgebra. When combining operators into expressions, thesetyping conditions can become more involved. For example,for the expression�A<5(r 1 s) 1 ((r � u)� v)to be well-typed, the attribute Amust be an attribute of r ors (or both). But if it is an attribute of r, then it must also beone of v, and not one of u. Moreover, by the subexpression(r�u)�v, the relation schemas of r and s must be disjoint,and their union must be the type of v.A natural question thus arises: given a relational algebraexpression e, under which database schemas is e well-typed?And what is the result relation schema of e under each ofthese assignments? This is nothing but the relational alge-bra version of the classical type inference problem. Type

inference is an extensively studied topic in the theory ofprogramming languages [1, 11, 13, 19, 9], and is used inindustrial-strength functional programming languages suchas SML/NJ [21].Doing type inference for some language involves settingup two things. First, we need a system of type rules thatallow to derive the output type of a program given typesfor its input parameters. Typically such an output type canonly be derived for some of all possible assignments of typesto input parameters; under these assignments the programis said to be well-typed. Second, we need a formalism of typeformulas. A type formula de�nes a family of input typeassignments, as well as an output type for each type assign-ment in the family. Every typable program should have aprincipal type formula, which de�nes all type assignmentsunder which the program is well-typed, as well as the outputtype of the program under each of these assignments. Thetask then is to come up with a type inference algorithm thatwill compute the principal type for any given program.In this paper, we do type inference for the relational al-gebra. The relational algebra is very di�erent from the pro-gramming languages usually considered in type inference;two fundamental features of such languages, higher-orderfunctions and data constructors (function symbols) are com-pletely absent here. On the other hand, the set-based na-ture of relation types, and the particulars of the standardrelational algebra operators when viewed polymorphically,present new challenges. As a consequence, our formalismof type formulas is drastically di�erent from the formalismsused in the theory of programming languages.Our main motivation for this work was foundational andtheoretical; after all, query languages are specialized pro-gramming languages, so important ideas from programminglanguages should be applied and adapted to the query lan-guage context as much as possible. However, we also believethat type inference for database query languages is tied tothe familiar principle of \logical data independence." Bythis principle, a query formulated on the logical level mustnot only be insensitive to changes on the physical level, butalso to changes to the database schema, as long as thesechanges are to parts of the schema on which the querydoes not depend. To give a trivial example, the SQL queryselect * from R where A<5 still works if we drop from Rsome column B di�erent from A, but not if we drop columnA itself. Turning this around, it is thus useful to infer, givena query, under exactly which schemas it works, so that theprogrammer sees to which schema changes the query is sen-sitive.Some recent trends in database systems seem to add



weight to the above motivation. Stored procedures [12] are4GL and SQL code fragments stored in database dictionarytables. Whenever the schema changes, some of the storedprocedures may become ill-typed, while others that were ill-typed may become well-typed. Knowing the principal typeof each stored procedure may be helpful in this regard. Mod-els of semi-structured data [8, 7] loosen (or completely aban-don) the assumption of a given �xed schema. Query lan-guages for these models are essentially schema-independent.Nevertheless, as argued by Buneman et al. [6], querying ismore e�ective if at least some form of schema is available,computed from the particular instance. Type inference canbe helpful in telling for which schemas a given query is suit-able.Ohori, Buneman and Breazu-Tannen were probably the�rst to introduce type inference in the context of databaseprogramming languages, in their work on the language Machi-avelli [15, 14]. Machiavelli features polymorphic �eld se-lection from nested records, as well as a polymorphic joinoperator. However, the inference of principal types for full-
edged relational algebra expressions was not taken up inthat work. We should also mention the work of Stemple etal. [18], who investigated re
ective implementations of thepolymorphic relational algebra operators.Other important related work is that on the extension offunctional programming languages with polymorphic recordtypes. Some of the most sophisticated proposals in that di-rection were made by R�emy [16, 17]. This work adds recordtypes to the type system of ML, featuring polymorphic �eldselection and record concatenation. While this system cap-tures many realistic functional programs involving records,it cannot express the conditions on the types of relations im-plied by certain relational algebra expressions, such as theexample we gave earlier.If one is only interested in deciding whether a given re-lational algebra expression is typable (i.e., whether thereexists at least one schema under which the expression iswell-typed), we show that this problem can be e�ciently re-duced to the satis�ability problem for monadic �rst-orderlogic (MFO). Incidentally, type inference for functional pro-gramming languages has recently been approached using setconstraints [2, 3], and a form of set constraints has also beenlinked to MFO [4]. However, this similarity is merely coinci-dental, in view of the drastic di�erences, already mentionedearlier, between the relational algebra and functional pro-gramming languages. Set constraints show up in our casesimply because types of relations are sets (of attributes);set constraints show up in type inference for functional pro-gramming languages as a set-based generalization of uni�ca-tion, with the goal of improving the result of type inference.In a �nal section of this paper, we formally de�ne thenotion of polymorphic query. Using our type inference al-gorithm, we prove that various operators usually considered\derived," because they can be simulated using the standardrelational algebra operators (e.g., semijoin), can not be sim-ulated in a polymorphic way. Thus, our work also brings upnew issues in the design of appropriate polymorphic querylanguages.2 Preliminaries2.1 Schemas, types, and expressionsAssume given su�ciently large supplies of relation variablesand of attribute names. Relation variables will be denotedby lowercase letters from the end of the alphabet. Attribute

T (r) = �T ` r : � T ` e1 : � T ` e2 : �T ` (e1 [ e2) : �T ` e1 : � T ` e2 : �T ` (e1 � e2) : � T ` e1 : �1 T ` e2 : �2T ` (e1 1 e2) : �1 [ �2T ` e1 : �1 T ` e2 : �2 �1 \ �2 = ;T ` (e1 � e2) : �1 [ �2T ` e : � A1; : : : ; An 2 �T ` ��(A1;:::;An)(e) : �T ` e : � A1; : : : ; An 2 �T ` �A1;:::;An(e) : fA1; : : : ; AngT ` e : � A 2 � B 62 �T ` �A=B(e) : (� � fAg) [ fBg T ` e : � A 2 �T ` b�A(e) : � � fAgFigure 1: Typing rules of the relational algebra.names will be denoted by uppercase letters from the begin-ning of the alphabet.A schema is a �nite set S of relation variables. A typeis a �nite set � of attribute names. Let S be a schema. Atype assignment on S is a mapping T on S, assigning toeach r 2 S a type T (r). So, we have split the usual notionof database schema, which speci�es both the relation namesand the associated sets of attributes, in two notions.The expressions of the relational algebra are de�ned bythe following grammar:e ! rj (e [ e) j (e� e) j (e 1 e) j (e� e)j ��(A1;:::;An)(e) j �A1;:::;An(e) j �A=B(e) j b�A(e)Here e denotes an expression, r denotes a relation variable,and A, B, and Ai denote attribute names. The � denotes aselection predicate.The schema consisting of all relation variables occurringin expression e is denoted by Relvars(e).2.2 Well-typed expressionsLet S be a schema, e an expression with Relvars(e) � S, Ta type assignment on S, and � a type. The rules for whene has type � given T , denoted by T ` e : � , are given inFigure 1.We have a �rst basic de�nition:De�nition 1 Let e be an expression and let T be a typeassignment on Relvars(e). If there exists a type � such thatT ` e : � , we say that e is well-typed under T .Note that in this case � is unique and can easily be derivedfrom T by applying the rules in an order determined by thesyntax of the expression e.2.3 SemanticsWe assume given a universe U of data elements.Let � be a type. A tuple of type � is a mapping t on� , assigning to each A 2 � a data element t(A) 2 U. Arelation of type � is a �nite set of tuples of type � .Let S be a schema, and let T be a type assignment onS. A database of type T is a mapping D on S, assigning toeach r 2 S a relation D(r) of type T (r).



The semantics of well-typed relational algebra expres-sions is the well-known one. If T ` e : � , andD is a databaseof type T , then the result of evaluating e on D is a relationof type � de�ned in the well-known manner. The only oper-ator worth mentioning is perhaps the not so usual b�A, whichprojects out the attribute A, leaving all others intact.At this point a remark is in order concerning the non-redundancy of the set of relational operators we consider.We have included both the natural join 1 and the cartesianproduct �, and also both the standard projection �A1;:::;Anand the \complementary" projection b�A. It is well knownthat if the type assignment is �xed and known, 1 can besimulated using � (plus selection and renaming), and con-versely, � can be simulated using 1 (plus renaming). Also,� can be simulated by a series of b�'s, and b� can be sim-ulated by �. To illustrate the latter, if we �x the type ofr to fA;B;Cg, then �A(r) is equivalent to b�Bb�C(r), andb�A(r) is equivalent to �B;C(r). However, these simulationsare not \polymorphic," in the sense that they depend on theparticular type assignment.As a matter of fact, we will see in Proposition 3 thatpolymorphic simulations of 1 using �, or vice versa, and of� using b�, or vice versa, do not exist. Hence, from a poly-morphic point of view, our chosen set of relational algebraoperators is non-redundant.3 Typable expressionsThe central notion of this paper is de�ned as follows:De�nition 2 Expression e is called typable if there exists atype assignment T on Relvars(e) such that e is well-typedunder T .A very simple example of an expression that is not typableis �A=B(�B;C(r)).Is typability a decidable property? This question is eas-ily answered a�rmatively using monadic �rst-order logic(MFO).Indeed, we can view a schema as a vocabulary of monadic(i.e., arity-one) relation symbols. We can then view a typeassignment as a �nite structure over this vocabulary (theelements of this structure are attribute names). We cannow derive the following proposition (a proof can be foundin the Appendix):Proposition 1 For each expression e there exists an MFO-sentence  e over some monadic expansion of the vocabularyRelvars(e), whose �nite models (restricted to Relvars(e)) areprecisely the type assignments under which e has a type. Thesentence  e can be computed from e in polynomial time, andhas size O(n2) in the size of e.Thus, typability of relational algebra expressions can be ef-�ciently reduced to satis�ability of MFO sentences.1 Sincethe latter problem is known to be decidable in non-deter-ministic time 2O(n= log n) [5], we obtain:Corollary 1 Typability of relational algebra expressions isin NTIME(2O(n2= log n)).It remains open whether this complexity can be improved.Of course, we are not satis�ed simply by knowing whetheror not a given expression is typable. What we really want isa clear, concise picture of exactly under which type assign-ments it is well-typed, as well as of what type the expression1Satis�ability and �nite satis�ability are the same in the case ofMFO [5].

will have under each of these type assignments. (Note thatthere will in general be in�nitely many such type assign-ments.)In the following, we will de�ne the formalism of typeformulas, which is speci�cally tuned towards this task.4 Type formulas4.1 A �rst exampleConsider the expressione = �B=C((�A=B(r) [ s) 1 u):This expression is well-typed under exactly those type as-signments T satisfying the following two conditions:1. T (s) = (T (r)� fAg) [ fBg;2. C must belong to at least one of T (u), T (r), or T (s).Given such a T , the type of e then will equal T (s) [ T (u).All the above information is expressed by the followingtype formula for e:r : a1a2s : a1a2u : a2a3 7! e : a1a2a3A : r ^ :s A : uB : s ^ :r B : trueC : (r$ s) ^ (r _ s _ u) C : trueThis type formula will the output of our type inference al-gorithm. It can be intuitively read as follows. Expressione is well-typed under precisely all type assignments that canbe produced by the following procedure:1. Instantiate a1, a2 and a3 by any three types, on condi-tion that they are pairwise disjoint, and do not containA, nor B, nor C.2. Preliminarily assign type a1[a2 to r; a1[a2 to s; anda2 [ a3 to u.3. In this preliminary type assignment, A must be addedto the type of r, but must not be added to that of s;whether it is added to the type of u is a free choice.4. Similarly, B must be added to the type of s, not to thatof r, and freely to that of u.5. Finally, C must be added at least to one of the typesof r, s, and u, but if we add it to r we must also addit to s and vice versa.The type of e under a type assignment thus produced equalsa1 [ a2 [ a3, to which we must add B and C, and to whichwe also add A on condition that it belongs to the type of u.4.2 Some terminologyThe symbols a1, a2 and a3 are called type variables. The at-tributes A, B and C, which are explicitly mentioned by theexpression, are called the special attributes of the expression.The declaration of each relation variable as a string of typevariables (where concatenation denotes union) provides thepolymorphic basis of the type assignments under which theexpression is well-typed. An attribute constraint for eachspecial attribute then speci�es (by a Boolean formula) theallowed extensions of the polymorphic basis types with that



attribute. The declarations and constraints together formthe type context ; this is the left-hand side of the type for-mula. On the right-hand side we �nd the polymorphic basisof the output type, and again for each special attribute, anoutput condition which speci�es (by a Boolean formula) un-der which condition that attribute has to be added to theoutput type.4.3 Two more examplesThe type formula for the expressione = �A(r)� �A((�A(r)� s)� r);which the reader will recognize as the textbook expressionfor the division operator, is:r : as : a 7! e : ;A : r ^ :s A : trueSo r and s must have the same type except that r has anadditional A (which s has not). The output type is alwaysfAg.The type formula for the expression discussed in the In-troduction, e = �A<5(r 1 s) 1 ((r � u)� v);is: v : a1a2a3a4r : a1a3u : a2a4s : a3a4a5 7! e : a1a2a3a4a5A : (r _ s) ^ (r! v) ^ :(r ^ u) A : trueThe declarations specify exactly, in a manner similar to Venndiagrams, the conditions required on the types of the rela-tion variables for the expression to be well-typed.5 Type formulas and type inference | Formal de�nitionsBefore we can describe our type inference algorithm, we needprecise de�nitions of the underlying formalism. In what fol-lows, we assume given a su�ciently large supply of type vari-ables.5.1 Type contextsA type context is a structure consisting of the following com-ponents:1. A �nite set Relvars of relation variables.2. A �nite set Typevars of type variables.3. A mapping decl from Relvars to 2Typevars , called thedeclaration mapping.4. A �nite set Specattrs of attribute names (called thespecial attributes).5. A mapping constraint on Specattrs, assigning to eachspecial attribute a Boolean formula over Relvars.We will usually denote a type context by the letter � and,when necessary to avoid ambiguities, will write Relvars(�),Typevars(�), etc.

5.2 Semantics of type contextsFix a type context �. The \models" of � will be type as-signments on Relvars(�). We go from type contexts to typeassignments via the notion of instantiation. An instantiationof � is a mapping I on Typevars [ Specattrs, such that1. I assigns to each type variable a type, such that� for di�erent type variables a1 and a2, I(a1) andI(a2) are disjoint; and� for each type variable a and special attribute A;A 62 I(a).2. I assigns to each special attribute a subset of Relvars,such that� for each special attribute A,I(A) j= constraint(A):(Since constraint(A) is a Boolean formula overRelvars, and I(A) is a subset of Relvars, themeaning of I(A) j= constraint(A) is the standardmeaning from propositional logic.)If some of the Boolean formulas in � are unsatis�able, wecall also � unsatis�able. In this case, � has no instantiations.From a type context � and an instantiation I of �, wecan uniquely determine a type assignment T on Relvars,de�ned on each relation variable r as follows:T (r) :=[fI(a) j a 2 decl(r)g[fA 2 Specattrs j r 2 I(A)g:We call this type assignment T the image of � under I, andconveniently denote it by I(�).5.3 Type formulasA type formula now is a quadruple(�; e;Outvars ; outatt);where1. � is a type context;2. e is a relational algebra expression with Relvars(e) =Relvars(�), and such that Specattrs(�) consists of ex-actly the attribute names that are explicitly mentionedin e;3. Outvars is a subset of Typevars(�); and4. outatt is a mapping on Specattrs(�), assigning to eachspecial attribute a Boolean formula over Relvars(�).The way we write down concrete instances of type for-mulas has already been illustrated in Section 4.5.4 Semantics of type formulasFrom a type formula (�; e;Outvars; outatt) and an instanti-ation I of �, we can uniquely determine the following type:fI(a) j a 2 Outvarsg [ fA 2 Specattrs j I(A) j= outatt(A)g:We call this type the output type of the type formula underI. We are now ready to de�ne the following fundamentalproperty of type formulas:



De�nition 3 A type formula (�; e;Outvars; outatt) is calledprincipal for e if for every type assignment T on Relvars(e)and every type � , T ` e : �if and only if there is an instantiation I of � such that T isthe image of � under I, and such that � is the output typeof the type formula under I.It is not di�cult to see that principal type formulas areunique, modulo equivalent Boolean formulas for the attributeconstraints.The main result of this paper can now succinctly statedas follows:Theorem 1 (Type inference) For every relational alge-bra expression e, there exists a principal type formula for e,which can be e�ectively computed from e.Note that if e is untypable, any unsatis�able type formula(type formula with an unsatis�able type context) is principalfor e.We will substantiate our main theorem in the followingsections.6 Solving systems of set equationsType inference algorithms for programming languages typi-cally work by structural induction on program expressions,enforcing the typing rules \in reverse," and using some formof uni�cation to combine type formulas of subexpressions.In our case, relation types are sets, so we need a replacementfor classical uni�cation on terms. This role will be played bythe following algorithm for solving systems of set equations.Fix some universe U . In principle U can be any set, butin our intended application U is the universe of attributenames. Assume further given a su�ciently large supplyof variables. In our intended application, this role will beplayed by type variables.An equation is an expression of the form lhs = rhs, whereboth lhs and rhs are sets of variables.2 A system of equationsconsists of two disjoint sets L and R of variables, and a setof equations, such that every variable occurring at the left-hand side (right-hand side) of some equation is in L (in R).A substitution on a set S of variables is a mapping fromS to the subsets of U . A substitution is called proper ifdi�erent variables are assigned disjoint sets. A valuation ofa system � consists of a proper substitution on L and aproper subsitution on R. A valuation (fL; fR) is a solutionof � if for every equationa1 : : : am = b1 : : : bnin �, we havefL(a1) [ � � � [ fL(am) = fR(b1) [ � � � [ fR(bn):A symbolic valuation of � consists of a new set V ofvariables and a mapping g from L [ R to the subsets ofV . Take some proper substitution h on V . Now de�ne thefollowing substitution hL on L: for any a 2 L,hL(a) :=[fh(c) j c 2 g(a)g:In a completely analogous way we also de�ne the substi-tution hR on R. We call a symbolic valuation a symbolic2A note on notation: we will write a set fa1; : : : ; ang as a1 : : : an.

solution of � if for every proper substitution h on V , thepair (hL; hR) is a solution of �, and conversely, every solu-tion of � can be written in this way. So, a symbolic solutionis a �nite representation of the set of all solutions.As a trivial example, consider the trivial system of equa-tions where L = fag, R = fbg, and without any equations.Any valuation is also a solution. A symbolic solution is givenby V = fc1; c2; c3g andg(a) = c1c2 and g(b) = c2c3:Theorem 2 Every system of equations � has a symbolicsolution, which can be computed from � in polynomial time.Proof. LetV := f�a j a 2 Lg [ f�b j b 2 Rg [ f(�a;�b) j (a; b) 2 (L�R)g;and de�ne the following symbolic valuation g with V as itsset of variables: for each a 2 L,g(a) := f(�a;�b) j b 2 Rg [ f�agand for each b 2 R,g(b) := f(�a;�b) j a 2 Lg [ f�bg:Then de�ne the subset V0 � V as follows. An element c 2 Vis in V0 if there is an equationa1 : : : am = b1 : : : bnin � such that c belongs to one of the following two sets butnot to the other:m[i=1 g(ai) and n[j=1 g(bj):Now consider the symbolic valuation g0 with V 0 := V �V0as its set of variables, de�ned by g0(x) := g(x)� V0. In theAppendix, we show that g0 is indeed a symbolic solution of�. Moreover, g0 can clearly be constructed in polynomialtime.A worked-out example of this solution method can befound in the Appendix.7 Principal type inference algorithmWe are now ready to describe our algorithm. A worked-out \run" of the algorithm on the example expression ofSection 4 can be found in the Appendix.7.1 Two subroutines7.1.1 Extending a type formula with extra special attributesThe following construction will be used as a subroutine inour algorithm. Let (�; e;Outvars ; outatt) be a type formula,and let A be an attribute name not in Specattrs. By extend-ing this type formula with A, we mean the following:1. add A to Specattrs;2. de�ne constraint(A) as(_r r)! _a2Typevars( ^a2decl(r) r ^ ^a 62decl(r):r);3. de�ne outatt(A) as_fr j decl(r) � Outvarsg:



7.1.2 Conjugating two type contexts.This is another subroutine that will be used. Two typecontexts �1 and �2 are called compatible if (i) Typevars1 =Typevars2; (ii) decl1 and decl2 agree on Relvars1\Relvars2;and (iii) Specattrs1 = Specattrs2. By the conjunction oftwo compatible type contexts �1 and �2, we mean the typecontext de�ned as follows:1. Relvars := Relvars1 [ Relvars2.2. Typevars := Typevars1 (= Typevars2).3. decl := decl1 [ decl2.4. Specattrs := Specattrs1 (= Specattrs2).5. for each A 2 Specattrs,constraint(A) := constraint1(A) ^ constraint2(A):7.2 The algorithm7.2.1 Base caseOur algorithm proceeds by induction on the structure of theexpression. The base case, where e is a relation variable r,is trivial: r : a 7! r : a:7.2.2 UnionLet e = (e1 [ e2). By induction, for i = 1; 2, we have princi-pal type formulas (�i; ei;Outvars i; outatt i). We may assumethat Typevars1 and Typevars2 are disjoint. We perform thefollowing steps:1. For each A in Specattrs1 not in Specattrs2, extend thetype formula for e2 by A. Conversely, for each A inSpecattrs2 not in Specattrs1, extend the type formulafor e1 by A. We now have Specattrs1 = Specattrs2,which we denote by Specattrs.2. Now consider the system of set equations � with L =Typevars1, R = Typevars2, and the set of equationsfdecl1(r) = decl2(r) j r 2 Relvars1 \ Relvars2g[ fOutvars1 = Outvars2g:Find a symbolic solution to this system, and apply it tothe two type formulas. Denote the result of applyingthe solution to Outvars1 by Outvars; by the equationOutvars1 = Outvars2, this is the same as the result ofapplying the solution to Outvars2.3. The two type contexts �1 and �2 have now becomecompatible; in particular, they have the same set oftype variables, which we denote by Typevars. Taketheir conjunction �. The resulting set of relation vari-ables is denoted by Relvars. The resulting constraintmapping is denoted by constraint 0.4. For each A in Specattrs , de�ne constraint(A) asconstraint 0(A) ^ (outatt1(A)$ outatt2(A));and de�ne outatt(A) as outatt1(A).The result is a principal type formula (�; e;Outvars ; outatt)for e.

7.2.3 Di�erenceThe case e = (e1� e2) is treated in exactly the same way asthe case e = (e1 [ e2).7.2.4 Natural joinThe case e = (e1 1 e2) is treated as the case e = (e1 [ e2),except for the following important di�erences in two of thesteps:2. We omit the equation Outvars1 = Outvars2 from thesystem of equations. We now de�ne Outvars as theunion of the results of applying the symbolic solutionto Outvars1 and Outvars2.4. For each A in Specattrs, constraint(A) is now the sameas constraint 0(A), and outatt(A) is now de�ned asoutatt1(A) _ outatt2(A):7.2.5 Cartesian productThe case e = (e1 � e2) is treated as the case e = (e1 1 e2),except for the following two di�erences, again in steps 2 and4: 2. In the computation of the symbolic solution, we putevery pair (�a;�b) with a 2 Outvars1 and b 2 Outvars2by default in V0 (cf. the solution method describedin the proof of Theorem 2). This will guarantee thatthe results of applying the solution to Outvars1 andOutvars2 will be disjoint.4. For each A in Specattrs, de�ne constraint(A) asconstraint 0(A) ^ :(outatt1(A) ^ outatt2(A)):7.2.6 SelectionLet e = ��(A1;:::;An)(e0).1. Initialize the desired type formula(�; e;Outvars; outatt)to the principal type formula (�0; e0;Outvars 0; outatt 0)for e0 (which we already have by induction).2. For i = 1; : : : ; n, if Ai is not yet in Specattrs, extendthe type formula with Ai.3. for i = 1; : : : ; n, replace constraint(Ai) byconstraint(Ai) ^ outatt(Ai):4. For i = 1; : : : ; n, put outatt(Ai) := true.7.2.7 ProjectionFor the case e = �A1;:::;An(e0) we do the same as for the casee = ��(A1;:::;An)(e0). In addition, we set� outatt(A) := false for each A inSpecattrs � fA1; : : : ; Ang;and� Outvars := ;.



7.2.8 RenamingThe case e = �A=B(e0) is treated similarly to the case e =��(A;B)(e0), except that we treat B di�erently from A instep 3, as follows:3. Replace constraint(B) byconstraint(B) ^ :outatt(B):Furthermore, step 4 is changed as follows:4. Put outatt(A) := false, and outatt(B) := true.7.2.9 Projecting outFinally, the case e = b�A(e0) is treated similarly to e =��(A)(e0), with the exception that we set outatt(A) := falseinstead of true.7.3 Complexity and typabilitySince every step of the induction can be implemented intime polynomial in the size of the output of its child steps, arough upper bound on the time complexity of our algorithmis 22O(n) . It remains open whether this complexity can beimproved. Note that type formulas can be exponentiallylarge; for example, the type formula for r1 1 (r2 1 (� � � 1rm) � � �) uses O(2m) di�erent type variables.If the input expression was untypable, the algorithm willoutput an unsatis�able type formula. Hence, instead of us-ing Proposition 1 for checking typability, an alternative wayis to check satis�ability of the principal type formula. We donot have to wait until the end, however, to test satis�ability.In principle, as soon as an unsatis�able attribute constraintarises during type inference, the algorithm can stop and re-port that the expression is untypable. This is more useful,since it tells exactly where the expression breaks down. Ina practical implementation, one could do this by keepingthe attribute constraints in disjunctive normal form. Doingthis might actually have a better complexity than expected,since the attribute constraints generated by the algorithmhave a quite special form, which might be exploited.Note that unsatis�able attribute constraints can only begenerated in the following places:� Step 4 of cases [ and �, and its adaptation for case �.A simple example of a type error that will be spottedin this place is �A(r) [ �B(s).� Step 3 of case �, and its analogues for �, �, and b�. Asimple example of a type error that will be spotted inthis place is ��(A)(�B(r)).Since the above-mentioned steps in the algorithm are clearlyonly executed if there are special attributes, we thus have:Proposition 2 Every expression without special attributesis typable.The reader might wonder about contrived examples such as(r � s) 1 (r [ s);which has no special attributes, but does not seem typable.However, this expression is well-typed under the type as-signment by which the types of r and s are empty.

8 Polymorphic queriesUsually, a query is de�ned as a mapping from databases ofsome �xed type to relations of some �xed type. We cande�ne a polymorphic generalization of the notion of query,to allow databases of di�erent types as input. Fix a schemaS.De�nition 4 1. Let T be a type assignment on S, andlet � be a type. A query of type T ! � is a mappingfrom databases of type T to relations of type � .2. An input-output type family is a partial function Ffrom all type assignments on S to all types. We denotethe de�nition domain of F by domF .3. A polymorphic query of type F is a family (QT )T 2domFof queries, where each QT is a query of type T !F (T ).Viewed from this perspective, a type formula 
 with typecontext � is, of course, nothing but a speci�cation of aninput-output family F
 : we have domF
 = fI(�) j I aninstantiation of �g, and F
(I(�)) equals the output type of
 under I. As a consequence, every relational algebra ex-pression e expresses a polymorphic query of type F
 , where
 is the principal type formula for e.The following notion now naturally presents itself:De�nition 5 Two relational algebra expressions e1 and e2are polymorphically equivalent if they express the same poly-morphic query.For example, the equivalence�A=B(r � �A;B;C(s)) � r � �A=B�A;B;C(s)is polymorphic, but the equivalence�A(r 1 �A;B(s)) � �A(r 1 s)is not, as it is only valid under a type assignment T suchthat T (r) \ T (s) is a subset of fA;Bg.We are now weaponed to return to the issue of non-redundancy already touched upon at the end of Section 2.Proposition 3 1. There is no expression not using 1that is polymorphically equivalent to r 1 s. We saythat 1 is polymorphically non-redundant. The sameholds for the operator �.2. There is no expression not using � that is polymorphi-cally equivalent to �A(r). So, also � is polymorphicallynon-redundant. The same holds for the operator b�.Proof. (Sketch) Any expression e polymorphically equiva-lent to r 1 s must have principal typer : a1a2s : a2a3 7! e : a1a2a3:Inspecting the principal type inference algorithm, we seethat a type formula where Outvars contains the union ofdecl(r) and decl(s), where the latter two sets are di�erentand have a non-empty intersection, can only be produced inthe case of 1. An analogous argument (omitted) deals with�. As for �A(r), any polymorphically equivalent expressione must have principal typer : a 7! e : ;A : r A : true :



Inspecting the principal type inference algorithm, we seethat a type formula where Outvars is made empty, depend-ing on some special attribute, can only be produced in thecase of �. An analogous argument (omitted) deals with b�.We can also show polymorphic inexpressibility results forthe full language. For example:Proposition 4 The semijoin r n s is not polymorphicallyexpressible in the standard relational algebra.Proof. (Sketch) Suppose e is an expression polymorphicallyequivalent to r n s. The principal type of e must ber : a1a2s : a2a3 7! e : a1a2:Since there are no special attributes, the operators �, �,b�, and � cannot occur in e, except for �; (projection onthe empty sequence of attributes). Now consider the typeassignment T on fr; sg given by T (r) = fA;Bg and T (s) =fB;Cg, and the database D of type T de�ned by D(r) =f[A : x;B : y]; [A : u;B : v]g and D(s) = f[B : y; C :z]g. Given T , the type of e is fA;Bg. Using the aboveknowledge of e, we can see that in the value of e on D,either [A : x;B : y] and [A : u; B : v] both occur, or none ofthem occurs. However, this is in contradiction with the factthat e is equivalent to r n s. Hence, e does not exist.Thus, a classical \derived" operator of the standard rela-tional algebra becomes primitive in the polymorphic setting.The same holds for many other such operators. Note thatit is actually easy to extend our type inference algorithm toinclude semijoin and similar operators, so the above propo-sition should not be misinterpreted as a negative result.Rather, it indicates that the new issue arises as to how abasic polymorphic query language should be designed. Thisis an interesting direction for further work.As already mentioned in the Introduction, other obvi-ous directions for further work include (i) applying typeinference in practice to SQL rather than to the relationalalgebra; (ii) developing type inference in the context of semi-structured data models rather than the relational data model;or (iii) to do the same for object-oriented query languagessuch as OQL. When moving to the OO context, one hasto deal with the additional subtilities created by inheritanceand subtyping. Current research in programming languagesis giving these issues considerable attention.AcknowledgmentWe thank Serge Abiteboul, who suggested the idea of typeinference for relational algebra to the second author manyyears ago, and Didier R�emy and Limsoon Wong, for helpfulconversations.References[1] A.V. Aho, R. Sethi, and J.D. Ullman. Compilers.Addison-Wesley, 1986.[2] A. Aiken and E. Wimmers. Type inclusion constraintsand type inference. In Proceedings FPCA'93 Confer-ence on Functional Programming Languages and Com-puter Architecture, pages 31{41. ACM Press, 1993.
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[19] J. Tiuryn. Type inference problems: a survey. InB. Rovan, editor, Mathematical Foundations of Com-puter Science, volume 452 of Lecture Notes in ComputerScience, pages 105{120, 1990.[20] G.S. Tseitin. On the complexity of derivation in propo-sitional calculus. In J. Siekmann and G. Wrightson,editors, Automation of Reasoning, volume 2, pages 466{486. Springer, 1983.[21] J.D. Ullman. Elements of ML Programming. Prentice-Hall, 1998.AppendixProof of Proposition 1Given e, we construct a sentence  e over the vocabulary thatexpands Relvars(e) with nullary relation symbols Pe0 andunary relation symbols Qe0 , for all subexpressions e0 of e,plus constant symbols cA for all attribute names that occurin e. Intuitively, Pe0 says that e0 is well-typed, and Qe0 holdsthe type of e0 (provided it is well-typed). The construction isinspired by a reduction method from Bachmair, Ganzingerand Waldmann [4], who in turn cite Tseitin [20] as theirsource of inspiration. The sentence  e is the conjunction ofthe following sentences (we have exactly one line for Pe0 andone line for Qe0 for each subexpression e0 of e):Â6=B cA 6= cBPr $ true8x(Qr(x)$ r(x))Pe1[e2 $ Pe1 ^ Pe2 ^ 8x(Qe1 (x)$ Qe2(x))8x(Qe1[e2(x)$ Qe1(x))Pe1�e2 $ Pe1 ^ Pe2 ^ 8x(Qe1(x)$ Qe2(x))8x(Qe1�e2(x)$ Qe1(x))Pe11e2 $ Pe1 ^ Pe28x(Qe11e2(x)$ Qe1(x) _Qe2(x))Pe1�e2 $ Pe1 ^ Pe2 ^ :(9x)(Qe1(x) ^Qe2(x))8x(Qe1�e2(x)$ Qe1(x) _Qe2(x))P��(A1;:::;An)(e0) $ Pe0 ^Qe0(cA1) ^ � � � ^Qe0 (cAn)8x(Q��(A1;:::;An)(e0)(x)$ Qe0(x))P�A=B(e0) $ Pe0 ^Qe0(cA) ^ :Qe0(cB)8x(Q�A=B(e0)(x)$ (Qe0(x) ^ x 6= cA) _ x = cB)P�A1;:::;An (e0) $ Pe0 ^Qe0(cA1 ) ^ � � � ^Qe0(cAn)8x(Q�A1;:::;An (e0)(x)$ x = cA1 _ � � � _ x = cAn)Pb�A(e0) $ Pe0 ^Qe0(cA)8x(Qb�A(e0)(x)$ Qe0(x) ^ x 6= cA)Let m be the number of attribute names that occur in e.Then the �rst line consists of O(m2) inequalities. The num-ber of subexpressions of e is O(n), if n is the size of e (codedin bits). Hence, the number of lines with equivalences aboveis O(n). Each line has O(m) symbols. Now an expressioncoded in bits of size n can contain at most O(n= log n) dif-ferent symbols; in particular, m = O(n= log n). Summingup, the total number of symbols in  e is O(n2= log n), andsince each symbol can be coded by O(log n) bits, the totalsize of  e is thus O(n2).

Proof of Theorem 2 (continued)Let h be a proper substitution on V 0, and let a1 : : : am =b1 : : : bn be an equation. By de�nition of g0, for every i 2f1; : : : ; mg and every c 2 g0(ai), there is a j 2 f1; : : : ; ngsuch that c 2 g0(bj), and vice versa, for every j 2 f1; : : : ; ngand every c 2 g0(bj), there is an i 2 f1; : : : ; ng such thatc 2 g0(ai). Hence,m[i=1[fh(c) j c 2 g0(ai)g| {z }hL(ai) = m[j=1[fh(c) j c 2 g0(bj)g| {z }hR(bj)and thus (hL; hR) is a solution of �.Conversely, let (fL; fR) be a solution of �. Then de�nethe following proper valuation h on V : for a 2 L,h(�a) := fL(a)�[ fR(R);for b 2 R, h(�b) := fR(b)�[ fL(L);and for (a; b) 2 (L�R),h(�a;�b) := fL(a) \ fR(b):Clearly, for each a 2 L,fL(a) =[fh(�a;�b) j b 2 Rg [ h(�a);and for each b 2 R,fR(b) =[fh(�a;�b) j a 2 Lg [ h(�b):Put di�erently, fL(a) =[fh(c) j c 2 g(a)gfor each a, and fR(b) =[fh(c) j c 2 g(b)gfor each b. Since we want to show that g0 is a symbolicsolution, we would like to show the last two equalities withg0 instead of g. Since g0(x) = g(x) � V0, it su�ces to showthat h(c) is empty for each c 2 V0,To see that these sets are indeed empty, we consider thethree possibilities for an element of V to be in V0. If �a 2 V0with a 2 L, this means that there is some equationa1 : : : am = b1 : : : bnwhere a is one of the a1, . . . , am. Since (fL; fR) is a solution,fL(a) � m[j=1 fR(b);so in particular, since h(�a) � fL(a),h(�a) � m[j=1 fR(b):However, by de�nition of h, h(�a) is disjoint from each fR(b).Hence, h(�a) must be empty.



Analogously we see that if �b 2 V0 with b 2 R, then h(�b)is empty.So �nally, assume (�a;�b) 2 V0 with (a; b) 2 (L�R). Thismeans that there is either an equation of the form: : : a : : : = : : :with b not occurring in the right-hand side, or of the form: : : = : : : b : : :with a not occurring in the left-hand side. Let us focus onthe �rst possibility (the second is analogous) and write theequation in more detail as: : : a : : : = b1 : : : bm:Since (fL; fR) is a solution, fL(a), and in particular fL(a)\fR(b), is contained in Smj=1 fR(bj). However, since b is notamong b1, . . . , bm, and each fR(bj) is disjoint from fR(b),this can only be if fL(a)\fR(b), which is the same as h(�a;�b),is empty.An equation-solving exampleConsider � with L = fa1; a2; a3g, R = fb1; b2; b3g, and theequations a1 = b1 and a2 = b1b2:From the �rst equation we deduce that�a1; (�a1;�b2); (�a1;�b3)as well as �b1; (�a2;�b1); (�a3;�b1)are in V0. From the second equation we deduce that�a2; (�a2;�b3)as well as (�a1;�b1); �b2; (�a3;�b2)are also in V0. SoV � V0 = f�a3;�b3; (�a2;�b2); (�a3;�b3)g;and the symbolic solution g0 is given byg0(a1) = ; g0(b1) = ;g0(a2) = (�a2;�b2) g0(b2) = (�a2;�b2)g0(a3) = �a3; (�a3;�b3) g0(b3) = �b3; (�a3;�b3):If we rename the variables for added clarity, we obtain thesymbolic solution a1 = ; b1 = ;a2 = c1 b2 = c1a3 = c2c3 b3 = c3c4which can be interpreted as specifying that the only solu-tions to � are those where we assign the same set to a2 andb2, which is disjoint from the sets assigned to a3 and b3 (thelatter two sets need not be disjoint), and where a1 and b1are empty.

Type inference exampleLet us illustrate the working of our algorithm on the expres-sion e = �B=C ((�A=B(r)| {z }e1 [s)| {z }e2 1 u)| {z }e3 :We will encounter only rather trivial systems of equations indoing this example; the reader is invited to try the exampleexpression discussed in the Introduction for more interestingsystems of equations.To �nd the type formula for e1, we start from the trivaltype formula r : a 7! r : a for r. Extending this type formulawith A and B yieldsr : a 7! r : aA : r! r A : rB : r! r B : r:Then we change the constraint r ! r (or simply true) forA by true^r, or simply r, and we change the constraint forB by true ^ :r, or :r. Finally, we set outatt(A) to falseand outatt(B) to true, yielding:r : a 7! e1 : aA : r A : falseB : :r B : true:To �nd the type formula for e2, we start from that for e1and the trivial formula for s, which we extend with A andB as s : b 7! s : bA : true A : sB : true B : s:We now consider the rather trivial system of set equationswith L = fag, R = fbg, and the single equation a = b.The symbolic solution is obviously a = c; b = c. Applyingthis solution to the two type formulas simply changes botha and b into c. Conjugating the two type contexts yields theconstraint r ^ true for A, which can be simpli�ed to r, andthe constraint :r ^ true for B, which can be simpli�ed to:r. Then we add the conjunct false $ s to the constraintfor A, yielding r ^ :s, and we add the conjunct true $ sfor B, yielding :r^ s. Finally, outatt(A) is set to false, andoutatt(B) to true, yielding:r : cs : c 7! e2 : cA : r ^ :s A : falseB : s ^ :r B : true:To �nd the type formula for e3, we start from the onefor e2 and the trivial formula for u, which we extend withA and B as u : d 7! u : dA : true A : uB : true B : u:We now get the even more trivial system of set equationswith L = fcg, R = fdg, and no equations, which has assymbolic solution c = c1c2; d = c2c3. We set Outvars toc1c2c3. Conjugating the two type contexts (after having�lled in the solution) yields nothing surprising. Finally we



set outatt(A) to false _ u, which simpli�es to u, and setoutatt(B) to true _ u, or simply true, yielding:r : c1c2s : c1c2u : c2c3 7! e3 : c1c2c3A : r ^ :s A : uB : s ^ :r B : true:Finally, to �nd the type formula for e itself, we �rst ex-tend the one for e3 with C:r : c1c2s : c1c2u : c2c3 7! e3 : c1c2c3A : r ^ :s A : uB : s ^ :r B : trueC : ' C : r _ s _ u:Here, ' is the formula(r _ s _ u)! ((r ^ s ^ :u) _ (r ^ s ^ u) _ (:r ^ :r ^ u));or simply r $ s. Then we add the conjunct true to theconstraint for B (which has no e�ect), and the conjunct(r_s_u) to the constraint for C. Finally, we set outatt(B) =outatt(C) = true, yielding indeed the type formula we gavefor e in Section 4 (modulo renaming of type variables).


