
A Random Matrix Framework
for BigData Machine Learning

(Groupe Deep Learning, DigiCosme)

Romain COUILLET

CentraleSupélec, France

June, 2017

1 / 63



Outline

Basics of Random Matrix Theory
Motivation: Large Sample Covariance Matrices
Spiked Models

Applications
Reminder on Spectral Clustering Methods
Kernel Spectral Clustering
Semi-supervised Learning
Random Feature Maps, Extreme Learning Machines, and Neural Networks

Perspectives

2 / 63



Basics of Random Matrix Theory/ 3/63

Outline

Basics of Random Matrix Theory
Motivation: Large Sample Covariance Matrices
Spiked Models

Applications
Reminder on Spectral Clustering Methods
Kernel Spectral Clustering
Semi-supervised Learning
Random Feature Maps, Extreme Learning Machines, and Neural Networks

Perspectives

3 / 63



Basics of Random Matrix Theory/Motivation: Large Sample Covariance Matrices 4/63

Outline

Basics of Random Matrix Theory
Motivation: Large Sample Covariance Matrices
Spiked Models

Applications
Reminder on Spectral Clustering Methods
Kernel Spectral Clustering
Semi-supervised Learning
Random Feature Maps, Extreme Learning Machines, and Neural Networks

Perspectives

4 / 63



Basics of Random Matrix Theory/Motivation: Large Sample Covariance Matrices 5/63

Context

Baseline scenario: y1, . . . , yn ∈ Cp (or Rp) i.i.d. with E[y1] = 0, E[y1y∗1 ] = Cp:

I If y1 ∼ N (0, Cp), ML estimator for Cp is the sample covariance matrix (SCM)

Ĉp =
1

n
YpY

∗
p =

1

n

n∑
i=1

yiy
∗
i

(Yp = [y1, . . . , yn] ∈ Cp×n).
I If n→∞, then, strong law of large numbers

Ĉp
a.s.−→ Cp.

or equivalently, in spectral norm∥∥∥Ĉp − Cp∥∥∥ a.s.−→ 0.

Random Matrix Regime

I No longer valid if p, n→∞ with p/n→ c ∈ (0,∞),∥∥∥Ĉp − Cp∥∥∥ 6→ 0.

I For practical p, n with p ' n, leads to dramatically wrong conclusions
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Random Matrix Regime

I No longer valid if p, n→∞ with p/n→ c ∈ (0,∞),∥∥∥Ĉp − Cp∥∥∥ 6→ 0.
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The Marc̆enko–Pastur law
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Figure: Histogram of the eigenvalues of Ĉp for p = 500, n = 2000, Cp = Ip.
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The Marc̆enko–Pastur law

Definition (Empirical Spectral Density)
Empirical spectral density (e.s.d.) µp of Hermitian matrix Ap ∈ Cp×p is

µp =
1

p

p∑
i=1

δλi(Ap).

Theorem (Marc̆enko–Pastur Law [Marc̆enko,Pastur’67])
Xp ∈ Cp×n with i.i.d. zero mean, unit variance entries.
As p, n→∞ with p/n→ c ∈ (0,∞), e.s.d. µp of 1

n
XpX∗p satisfies

µp
a.s.−→ µc

weakly, where

I µc({0}) = max{0, 1− c−1}
I on (0,∞), µc has continuous density fc supported on [(1−

√
c)2, (1 +

√
c)2]

fc(x) =
1

2πcx

√
(x− (1−

√
c)2)((1 +

√
c)2 − x).
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The Marc̆enko–Pastur law
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Figure: Marc̆enko-Pastur law for different limit ratios c = limp→∞ p/n.
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Spiked Models

If we break:
I Small rank Perturbation: Cp = IP + P , P of low rank.

1 + ω1 + c
1+ω1
ω1

, 1 + ω2 + c
1+ω2
ω2

0

0.2

0.4

0.6

0.8

{λi}
n
i=1

µ

Figure: Eigenvalues of 1
nYpY

∗
p , Cp = diag(1, . . . , 1︸ ︷︷ ︸

p−4

, 2, 2, 3, 3), p = 500, n = 1500.
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Spiked Models

Theorem (Eigenvalues [Baik,Silverstein’06])

Let Yp = C
1
2
p Xp, with

I Xp with i.i.d. zero mean, unit variance, E[|Xp|4ij ] <∞.

I Cp = Ip + P , P = UΩU∗, where, for K fixed,

Ω = diag (ω1, . . . , ωK) ∈ RK×K , with ω1 ≥ . . . ≥ ωK > 0.

Then, as p, n→∞, p/n→ c ∈ (0,∞), denoting λm = λm( 1
n
YpY ∗p ) (λm > λm+1),

λm
a.s.−→

{
1 + ωm + c 1+ωm

ωm
> (1 +

√
c)2 , ωm >

√
c

(1 +
√
c)2 , ωm ∈ (0,

√
c].
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Spiked Models

Theorem (Eigenvectors [Paul’07])

Let Yp = C
1
2
p Xp, with

I Xp with i.i.d. zero mean, unit variance, E[|Xp|4ij ] <∞.

I Cp = Ip + P , P = UΩU∗ =
∑K
i=1 ωiuiu

∗
i , ω1 > . . . > ωM > 0.

Then, as p, n→∞, p/n→ c ∈ (0,∞), for a, b ∈ Cp deterministic and ûi eigenvector
of λi(

1
n
YpY ∗p ),

a∗ûiû
∗
i b−

1− cω−2
i

1 + cω−1
i

a∗uiu
∗
i b · 1ωi>

√
c

a.s.−→ 0

In particular,

|û∗i ui|2
a.s.−→

1− cω−2
i

1 + cω−1
i

· 1ωi>
√
c.
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Spiked Models
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Figure: Simulated versus limiting |û∗1u1|2 for Yp = C
1
2
p Xp, Cp = Ip + ω1u1u

∗
1 , p/n = 1/3,

varying ω1.
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Other Spiked Models

Similar results for multiple matrix models:

I Yp = 1
n
XpX∗p + P

I Yp = 1
n
X∗p (I + P )X

I Yp = 1
n

(Xp + P )∗(Xp + P )

I Yp = 1
n
TX∗p (I + P )XpT

I etc.
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Reminder on Spectral Clustering Methods

Context: Two-step classification of n objects based on similarity A ∈ Rn×n:
1. extraction of eigenvectors U = [u1, . . . , u`] with “dominant” eigenvalues

2. classification of n rows U1,·, . . . , Un,· ∈ R` using k-means/EM.

0 spikes

⇓ Eigenvectors ⇓
(in practice, shuffled)

E
ig

en
v.

1
E

ig
en

v.
2
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Reminder on Spectral Clustering Methods

E
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en
v.

1
E

ig
en

v.
2

⇓ `-dimensional representation ⇓
(shuffling no longer matters)

Eigenvector 1

E
ig

en
ve

ct
or

2

⇓
EM or k-means clustering.
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Kernel Spectral Clustering

Problem Statement
I Dataset x1, . . . , xn ∈ Rp
I Objective: “cluster” data in k similarity classes C1, . . . , Ck.

I Kernel spectral clustering based on kernel matrix

K = {κ(xi, xj)}ni,j=1

I Usually, κ(x, y) = f(xTy) or κ(x, y) = f(‖x− y‖2)
I Refinements:

I instead of K, use D −K, In −D−1K, In −D−
1
2KD−

1
2 , etc.

I several steps algorithms: Ng–Jordan–Weiss, Shi–Malik, etc.

Intuition (from small dimensions)

I K essentially low rank with class structure in eigenvectors.
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Kernel Spectral Clustering

Figure: Leading four eigenvectors of D−
1
2KD−

1
2 for MNIST data.
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Model and Assumptions

Gaussian mixture model:
I x1, . . . , xn ∈ Rp,
I k classes C1, . . . , Ck,
I x1, . . . , xn1 ∈ C1, . . . , xn−nk+1, . . . , xn ∈ Ck,
I xi ∼ N (µgi , Cgi ).

Assumption (Convergence Rate)
As n→∞,

1. Data scaling: p
n
→ c0 ∈ (0,∞),

2. Class scaling: na
n
→ ca ∈ (0, 1),

3. Mean scaling: with µ◦ ,
∑k
a=1

na
n
µa and µ◦a , µa − µ◦, then

‖µ◦a‖ = O(1)

4. Covariance scaling: with C◦ ,
∑k
a=1

na
n
Ca and C◦a , Ca − C◦, then

‖Ca‖ = O(1), trC◦a = O(
√
p), trC◦aC

◦
b = O(p)

Remark: For 2 classes, this is

‖µ1 − µ2‖ = O(1), tr (C1 − C2) = O(
√
p), ‖Ci‖ = O(1), tr ([C1 − C2]2) = O(p).

22 / 63
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I x1, . . . , xn1 ∈ C1, . . . , xn−nk+1, . . . , xn ∈ Ck,
I xi ∼ N (µgi , Cgi ).

Assumption (Convergence Rate)
As n→∞,

1. Data scaling: p
n
→ c0 ∈ (0,∞),

2. Class scaling: na
n
→ ca ∈ (0, 1),

3. Mean scaling: with µ◦ ,
∑k
a=1

na
n
µa and µ◦a , µa − µ◦, then

‖µ◦a‖ = O(1)

4. Covariance scaling: with C◦ ,
∑k
a=1

na
n
Ca and C◦a , Ca − C◦, then

‖Ca‖ = O(1), trC◦a = O(
√
p), trC◦aC
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Model and Assumptions

Kernel Matrix:

I Kernel matrix of interest:

K =

{
f

(
1

p
‖xi − xj‖2

)}n
i,j=1

for some sufficiently smooth nonnegative f (f( 1
p
xT
i xj) simpler).

I We study the normalized Laplacian:

L = nD−
1
2

(
K −

ddT

dT1n

)
D−

1
2

with d = K1n, D = diag(d).

23 / 63



Applications/Kernel Spectral Clustering 23/63

Model and Assumptions

Kernel Matrix:

I Kernel matrix of interest:

K =

{
f

(
1

p
‖xi − xj‖2

)}n
i,j=1

for some sufficiently smooth nonnegative f (f( 1
p
xT
i xj) simpler).

I We study the normalized Laplacian:

L = nD−
1
2

(
K −

ddT

dT1n

)
D−

1
2

with d = K1n, D = diag(d).

23 / 63



Applications/Kernel Spectral Clustering 24/63

Random Matrix Equivalent

I Key Remark: Under our assumptions, uniformly on i, j ∈ {1, . . . , n},

1

p
‖xi − xj‖2

a.s.−→ τ > 0.

I Allows for Taylor expansion of K:

K = f(τ)1n1T
n︸ ︷︷ ︸

O‖·‖(n)

+
√
nK1︸ ︷︷ ︸

low rank, O‖·‖(
√
n)

+ K2︸︷︷︸
informative terms, O‖·‖(1)

However not the (small dimension) intuitive behavior.
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Random Matrix Equivalent

Theorem (Random Matrix Equivalent [Couillet, Benaych’2015])
As n, p→∞,

∥∥∥L− L̂∥∥∥ a.s.−→ 0, o

L = nD−
1
2

(
K −

ddT

dT1n

)
D−

1
2 , avec Kij = f

(
1

p
‖xi − xj‖2

)
L̂ = −2

f ′(τ)

f(τ)

[
1

p
ΠWTWΠ +

1

p
JBJT + ∗

]
et W = [w1, . . . , wn] ∈ Rp×n (xi = µa + wi), Π = In − 1

n
1n1T

n,

J = [j1, . . . , jk], jT
a = (0 . . . 0, 1na , 0, . . . , 0)

B = MTM +

(
5f ′(τ)

8f(τ)
−
f ′′(τ)

2f ′(τ)

)
ttT −

f ′′(τ)

f ′(τ)
T + ∗.

Recall M = [µ◦1, . . . , µ
◦
k], t = [ 1√

p
trC◦1 , . . . ,

1√
p

trC◦k ], T =
{

1
p

trC◦aC
◦
b

}k
a,b=1

.
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Isolated eigenvalues: Gaussian inputs

0 1 2 3 4

Eigenvalues of L

0 1 2 3 4

Eigenvalues of L̂

Figure: Eigenvalues of L and L̂, k = 3, p = 2048, n = 512, c1 = c2 = 1/4, c3 = 1/2,
[µa]j = 4δaj , Ca = (1 + 2(a− 1)/

√
p)Ip, f(x) = exp(−x/2).
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Theoretical Findings versus MNIST

0 10 20 30 40 50
0

5 · 10−2

0.1

0.15

0.2

Eigenvalues of L

Figure: Eigenvalues of L (red) and (equivalent Gaussian model) L̂ (white), MNIST data, p = 784,
n = 192.
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Theoretical Findings versus MNIST

Figure: Leading four eigenvectors of D−
1
2KD−

1
2 for MNIST data (red) and theoretical findings

(blue).
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Theoretical Findings versus MNIST

−.09 −.08 −.07 −.06

−0.1
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0.1

Eigenvector 2/Eigenvector 1

−0.1 0 0.1

−0.1

0

0.1

0.2

Eigenvector 3/Eigenvector 2

Figure: 2D representation of eigenvectors of L, for the MNIST dataset. Theoretical means and 1-
and 2-standard deviations in blue. Class 1 in red, Class 2 in black, Class 3 in green.
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The suprising f ′(τ) = 0 case

−3 −2 −1 0 1 2 3
0

0.1

0.2

0.3

0.4

0.5

f ′(τ)

C
la

ss
ifi

ca
ti

o
n

er
ro

r

p = 512

p = 1024

Theory

Figure: Classification performance, polynomial kernel with f(τ) = 4, f ′′(τ) = 2, xi ∈ N (0, Ca),

with C1 = Ip, [C2]i,j = .4|i−j|, c0 = 1
4 .
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Outline

Basics of Random Matrix Theory
Motivation: Large Sample Covariance Matrices
Spiked Models

Applications
Reminder on Spectral Clustering Methods
Kernel Spectral Clustering
Semi-supervised Learning
Random Feature Maps, Extreme Learning Machines, and Neural Networks

Perspectives
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Problem Statement

Context: Similar to clustering:

I Classify x1, . . . , xn ∈ Rp in k classes, with nl labelled and nu unlabelled data.

I Problem statement: give scores Fia (di = [K1n]i)

F = argminF∈Rn×k

k∑
a=1

∑
i,j

Kij(Fiad
α−1
i − Fjadα−1

j )2

such that Fia = δ{xi∈Ca}, for all labelled xi.

I Solution: for F (u) ∈ Rnu×k, F (l) ∈ Rnl×k scores of unlabelled/labelled data,

F (u) =
(
Inu −D

−α
(u)

K(u,u)D
α−1
(u)

)−1
D−α

(u)
K(u,l)D

α−1
(l)

F (l)

where we naturally decompose

K =

[
K(l,l) K(l,u)

K(u,l) K(u,u)

]
D =

[
D(l) 0

0 D(u)

]
= diag {K1n} .
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MNIST Data Example

0 50 100 150

0.8

1

1.2

Index

F
(
u

)
·,
a

[F(u)]·,1 (Zeros)

Figure: Vectors [F (u)]·,a, a = 1, 2, 3, for 3-class MNIST data (zeros, ones, twos), n = 192,
p = 784, nl/n = 1/16, Gaussian kernel.
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MNIST Data Example
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Figure: Centered Vectors [F◦(u)]·,a = [F(u) − 1
kF(u)1k1

T
k]·,a, 3-class MNIST data (zeros, ones,

twos), α = 0, n = 192, p = 784, nl/n = 1/16, Gaussian kernel.
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Main Results

Results: Assuming nl/n→ cl ∈ (0, 1), by previous Taylor expansion,

I In the first order,

F
(u)
·,a = C

nl,a

n

[
v︸︷︷︸

O(1)

+α
ta1nu√

n︸ ︷︷ ︸
O(n
− 1

2 )

]
+ O(n−1)︸ ︷︷ ︸

Informative terms

where v = O(1) random vector (entry-wise) and ta = 1√
p

trC◦a .

I Consequences:
I Random non-informative bias v

I Strong Impact of nl,a

F
(u)
·,a to be scaled by nl,a

I Additional per-class bias αta1nu

α = 0 + β√
p .
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Main Results

As a consequence of the remarks above, we take

α =
β
√
p

and define

F̂
(u)
i,a =

np

nl,a
F

(u)
ia .

Theorem
For xi ∈ Cb unlabelled,

F̂i,· −Gb → 0, Gb ∼ N (mb,Σb)

where mb ∈ Rk, Σb ∈ Rk×k given by

(mb)a = −
2f ′(τ)

f(τ)
M̃ab +

f ′′(τ)

f(τ)
t̃a t̃b +

2f ′′(τ)

f(τ)
T̃ab −

f ′(τ)2

f(τ)2
tatb + β

n

nl

f ′(τ)

f(τ)
ta +Bb

(Σb)a1a2 =
2trC2

b

p

(
f ′(τ)2

f(τ)2
−
f ′′(τ)

f(τ)

)2

ta1 ta2 +
4f ′(τ)2

f(τ)2

(
[MTCbM ]a1a2 +

δa2
a1 p

nl,a1

Tba1

)
with t, T,M as before, X̃a = Xa −

∑k
d=1

nl,d
nl

X◦d and Bb bias independent of a.
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Main Results

Corollary (Asymptotic Classification Error)
For k = 2 classes and a 6= b,

P (F̂i,a > F̂ib | xi ∈ Cb)−Q
(

(mb)b − (mb)a√
[1,−1]Σb[1,−1]T

)
→ 0.

Some consequences:

I non obvious choices of appropriate kernels

I non obvious choice of optimal β (induces a possibly beneficial bias)

I importance of nl versus nu.
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MNIST Data Example
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Figure: Performance as a function of α, for 3-class MNIST data (zeros, ones, twos), n = 192,
p = 784, nl/n = 1/16, Gaussian kernel.
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Figure: Performance as a function of α, for 2-class MNIST data (zeros, ones), n = 1568,
p = 784, nl/n = 1/16, Gaussian kernel.
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Outline

Basics of Random Matrix Theory
Motivation: Large Sample Covariance Matrices
Spiked Models

Applications
Reminder on Spectral Clustering Methods
Kernel Spectral Clustering
Semi-supervised Learning
Random Feature Maps, Extreme Learning Machines, and Neural Networks
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Random Feature Maps and Extreme Learning Machines

Context: Random Feature Map
I (large) input x1, . . . , xT ∈ Rp

I random W =

wT
1
. . .
wT
n

 ∈ Rn×p

I non-linear activation function σ.

Neural Network Model (extreme learning machine): Ridge-regression learning
I small output y1, . . . , yT ∈ Rd
I ridge-regression output β ∈ Rn×d
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Random Feature Maps and Extreme Learning Machines

Objectives: evaluate training and testing MSE performance as n, p, T →∞

I Training MSE:

Etrain =
1

T

T∑
i=1

‖yi − βTσ(Wxi)‖2 =
1

T
‖Y − βTΣ‖2F

with

Σ = σ(WX) =
{
σ(wT

i xj)
}

1≤i≤n
1≤j≤T

β=
1

T
Σ

(
1

T
ΣTΣ + γIT

)−1

Y .

I Testing MSE: upon new pair (X̂, Ŷ ) of length T̂ ,

Etest =
1

T̂
‖Ŷ − βTΣ̂‖2F .

where Σ̂ = σ(WX̂).
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Technical Aspects

Preliminary observations:

I Link to resolvent of 1
T

ΣTΣ:

Etrain =
γ2

T
trY TY Q2 = −γ2 ∂

∂γ

1

T
trY TY Q

where Q = Q(γ) is the resolvent

Q ≡
(

1

T
ΣTΣ + γIT

)−1

with Σij = σ(wT
i xj).

Central object: resolvent E[Q].
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Main Technical Result

Theorem [Asymptotic Equivalent for E[Q]]
For Lipschitz σ, bounded ‖X‖, ‖Y ‖, W = f(Z) (entry-wise) with Z standard
Gaussian, we have, for all ε > 0,∥∥E[Q]− Q̄

∥∥ < Cnε−
1
2

for some C > 0, where

Q̄ =

(
n

T

Φ

1 + δ
+ γIT

)−1

Φ ≡ E
[
σ(XTw)σ(wTX)

]
with w = f(z), z ∼ N (0, Ip), and δ > 0 the unique positive solution to

δ =
1

T
tr ΦQ̄.

Proof arguments:
I σ(WX) has independent rows but dependent columns
I breaks the “trace lemma” argument (i.e., 1

p
wTXAXTw ' 1

p
trXAXT)

Concentration of measure lemma: 1
p
σ(wTX)Aσ(XTw) ' 1

p
tr ΦA
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Main Technical Result

I Values of Φ(a, b) for w ∼ N (0, Ip),

σ(t) Φ(a, b)

max(t, 0) 1
2π
‖a‖‖b‖

(
∠(a, b) acos(−∠(a, b)) +

√
1− ∠(a, b)2

)
|t| 2

π
‖a‖‖b‖

(
∠(a, b) asin(∠(a, b)) +

√
1− ∠(a, b)2

)
erf(t) 2

π
asin

(
2aTb√

(1+2‖a‖2)(1+2‖b‖2)

)
1{t>0}

1
2
− 1

2π
acos(∠(a, b))

sign(t) 1− 2
π

acos(∠(a, b))

cos(t) exp(− 1
2

(‖a‖2 + ‖b‖2)) cosh(aTb).

where ∠(a, b) ≡ aTb
‖a‖‖b‖ .

I Value of Φ(a, b) for wi i.i.d. with E[wki ] = mk (m1 = 0), σ(t) = ζ2t2 + ζ1t+ ζ0

Φ(a, b) = ζ2
2

[
m2

2

(
2(aTb)2 + ‖a‖2‖b‖2

)
+ (m4 − 3m2

2)(a2)T(b2)
]

+ ζ2
1m2a

Tb

+ ζ2ζ1m3

[
(a2)Tb+ aT(b2)

]
+ ζ2ζ0m2

[
‖a‖2 + ‖b‖2

]
+ ζ2

0

where (a2) ≡ [a2
1, . . . , a

2
p]T.
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Main Results

Theorem [Asymptotic Etrain]
For all ε > 0,

n
1
2
−ε (Etrain − Ētrain

)
→ 0

almost surely, where

Etrain =
1

T

∥∥∥Y T − ΣTβ
∥∥∥2

F
=
γ2

T
trY TY Q2

Ētrain =
γ2

T
trY TY Q̄

[
1
n

tr ΨQ̄2

1− 1
n

tr (ΨQ̄)2
Ψ + IT

]
Q̄

with Ψ ≡ n
T

Φ
1+δ

.

46 / 63



Applications/Random Feature Maps, Extreme Learning Machines, and Neural Networks 47/63

Main Results

I Letting X̂ ∈ Rp×T̂ , Ŷ ∈ Rd×T̂ satisfy “similar properties” as (X,Y ),

Claim [Asymptotic Etest]
For all ε > 0,

n
1
2
−ε (Etest − Ētest

)
→ 0

almost surely, where

Etest =
1

T̂

∥∥∥Ŷ T − Σ̂Tβ
∥∥∥2

F

Ētest =
1

T̂

∥∥∥Ŷ T −ΨT
XX̂

Q̄Y T
∥∥∥2

F

+
1
n

trY TY Q̄ΨQ̄

1− 1
n

tr (ΨQ̄)2

[
1

T̂
tr ΨX̂X̂ −

1

T̂
tr (IT + γQ̄)(ΨXX̂ΨX̂XQ̄)

]

with ΨAB = n
T

ΦAB
1+δ

, ΦAB = E[σ(ATw)σ(wTB)].
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Simulations on MNIST: Lipschitz σ(·)

10−4 10−3 10−2 10−1 100 101 102

10−1

100

σ(t) = t

γ

M
S

E
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Figure: Neural network performance for Lipschitz continuous σ(·), as a function of γ, for 2-class

MNIST data (sevens, nines), n = 512, T = T̂ = 1024, p = 784.
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Simulations on MNIST: non Lipschitz σ(·)
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Figure: Neural network performance for σ(·) either discontinuous or non Lipschitz, as a function of

γ, for 2-class MNIST data (sevens, nines), n = 512, T = T̂ = 1024, p = 784.
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Simulations on “tuned” Gaussian mixture

Gaussian mixture classification
I X = [X1, X2], with {X1}i ∼ N (0, C1), {X2}i ∼ N (0, C2), trC1 = trC2

I We can prove that, for σ(t) = ζ2t2 + ζ1t+ ζ0 and E[Wk
ij ] = mk,

−→ Classification only possible if m4 6= m2
2
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Simulations on “tuned” Gaussian mixture

I Interpretation in eigenstructure of Φ: no information carried in dominant
eigenmodes if m4 = m2

2.

close

spike no spike
far

spike

Wij ∼ N (0, 1) Wij ∼ Bern Wij ∼ Stud
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Summary of Results and Perspectives I

Random Neural Networks.

4 Extreme learning machines (one-layer random NN)

4 Linear echo-state networks (ESN)

. Logistic regression and classification error in extreme learning machines (ELM)

. Further random feature maps characterization

. Generalized random NN (multiple layers, multiple activations)

. Random convolutional networks for image processing

­ Non-linear ESN

Deep Neural Networks (DNN).

. Backpropagation in NN (σ(WX) for random X, backprop. on W )

­ Statistical physics-inspired approaches (spin-glass models, Hamiltonian-based
models)

­ Non-linear ESN

DNN performance of physics-realistic models (4th-order Hamiltonian, locality)
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Summary of Results and Perspectives II
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Summary of Results and Perspectives III
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Summary of Results and Perspectives I

Kernel methods.

4 Spectral clustering

4 Subspace spectral clustering (f ′(τ) = 0)

. Spectral clustering with outer product kernel f(xTy)

4 Semi-supervised learning, kernel approaches.

4 Least square support vector machines (LS-SVM).

. Support vector machines (SVM).

­ Kernel matrices based on Kendall τ , Spearman ρ.

Applications.

4 Massive MIMO user subspace clustering (patent proposed)

­ Kernel correlation matrices for biostats, heterogeneous datasets.

­ Kernel PCA.

­ Kendall τ in biostats.
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Summary of Results and Perspectives II
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Summary of Results and Perspectives I

Community detection.

4 Heterogeneous dense network clustering.

. Semi-supervised clustering.

­ Sparse network extensions.

­ Beyond community detection (hub detection).

Applications.

4 Improved methods for community detection.

. Applications to distributed optimization (network diffusion, graph signal
processing).
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Summary of Results and Perspectives I

Robust statistics.

4 Tyler, Maronna (and regularized) estimators

4 Elliptical data setting, deterministic outlier setting

4 Central limit theorem extensions

­ Joint mean and covariance robust estimation

­ Robust regression (preliminary works exist already using strikingly different
approaches)

Applications.

4 Statistical finance (portfolio estimation)

4 Localisation in array processing (robust GMUSIC)

4 Detectors in space time array processing

­ Correlation matrices in biostatistics, human science datasets, etc.
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Other works and ideas.

4 Spike random matrix sparse PCA

. Non-linear shrinkage methods

. Sparse kernel PCA

. Random signal processing on graph methods.

. Random matrix analysis of diffusion networks performance.

Applications.

4 Spike factor models in portfolio optimization

. Non-linear shrinkage in portfolio optimization, biostats
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The End

Thank you.
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