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Baseline scenario: y1,...,yn € CP (or RP) i.i.d. with E[y1] =0, E[y1y7] = Cp:
> If y1 ~ N(0,Cp), ML estimator for Cj, is the sample covariance matrix (SCM)

A 1
Cp =

1 n
,7yy*:7§ yF
n Pt ni:lyzyz

(Yp = [y1,---,yn] € CPX™).
> If n — oo, then, strong law of large numbers

ép a.s, Cp,
or equivalently, in spectral norm
es -] =50

Random Matrix Regime

> No longer valid if p,n — oo with p/n — ¢ € (0, 00),

Cyp —CpH 0.

> For practical p,n with p >~ n, leads to dramatically wrong conclusions



The Maréenko—Pastur law
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Figure: Histogram of the eigenvalues of C'p for p = 500, n = 2000, Cp, = I,.

6/63



The Maréenko—Pastur law

Definition (Empirical Spectral Density)
Empirical spectral density (e.s.d.) up of Hermitian matrix A, € CPX? is

12
= 0D i(ap):
Pz



The Maréenko—Pastur law

Definition (Empirical Spectral Density)

Empirical spectral density (e.s.d.) up of Hermitian matrix A, € CPX? is

12
o =D 0xi(ap)-
)

Theorem (Margenko—Pastur Law [Mar€enko,Pastur’67])

Xp € CPX™ with i.i.d. zero mean, unit variance enttries.
As p,n — oo with p/n — ¢ € (0,00), e.s.d. pp of %XPX; satisfies

a.s,

Hp — He

weakly, where
> 1e({0}) = max{0,1— ¢~}



The Maréenko—Pastur law

Definition (Empirical Spectral Density)

Empirical spectral density (e.s.d.) up of Hermitian matrix A, € CPX? is

12
o =D 0xi(ap)-
)

Theorem (Margenko—Pastur Law [Mar€enko,Pastur’67])
Xp € CPX™ with i.i.d. zero mean, unit variance enttries.
As p,n — oo with p/n — ¢ € (0,00), e.s.d. pp of %XPX; satisfies

a.s,

Hp — He

weakly, where
> 1e({0}) = max{0,1 — 1}
> on (0,00), pe has continuous density f. supported on [(1 — +/c)?, (1 + +/c)?]

fol@) = —— /@ — (1= VO (1 +v)? — ).
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The Maréenko—Pastur law
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The Maréenko—Pastur law
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Spiked Models

If we break:
> Small rank Perturbation: C), = Ip + P, P of low rank.

T

X {Xx; :l:1
0.8 u i

14wy +clz‘;1, 14 wo +clt;2
Figure: Eigenvalues of %Ypr*, Cp = diag(1,...,1,2,2,3,3), p =500, n = 1500.
——
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Spiked Models

Theorem (Eigenvalues [Baik,Silverstein’06])

Let Y, = CF Xy, with
> X, with iid. zero mean, unit variance, E[| X, ?j] < 00.
» Cp =1, + P, P=UQU*, where, for K fixed,

Q = diag (w1, . ..,wx) € REXK with wy > ... > wg > 0.
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Let Y, = CF Xy, with
> X, with iid. zero mean, unit variance, E[| X, ?j] < 00.
» Cp =1, + P, P=UQU*, where, for K fixed,

Q = diag (w1, . ..,wx) € REXK with wy > ... > wg > 0.
. _ 1 *
Then, as p,n — o0, p/n — ¢ € (0,00), denoting Am = Am (:YpYy) (Am > Am+1),

P Lt wm +cE2m > (140)2 , wn > Ve
1+ ve)? , wm € (0,/¢].
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Spiked Models

Theorem (Eigenvectors [Paul’07])
1
Let Yy = CF X, with
> X, with i.id. zero mean, unit variance, E[| X Lilj} < 00.

> Cp:IerP,P:UQU*=Zfilwiuiuf,w1 > ... >wy > 0.

Then, as p,n — oo, p/n — ¢ € (0,00), for a,b € CP deterministic and 1, eigenvector

1 *
of \i(;YpY)),
-2
1—cw,; S
a*4;07b — ——tgatuuib- 1, o %0

1+ cw;

In particular,
-2
Ak 12 a.s, 1- Cw,

— 1, .
1+cw;1 wizve



Spiked Models
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Figure: Simulated versus limiting |4} u1|? for Y, = C2 X,p, Cp = I + wiuiu}, p/n =1/3,
varying wi.



Other Spiked Models

Similar results for multiple matrix models:

»Y,=1X,X;+P
» Y, =1lxx(14+P)X
> Y, = %(XP‘FP)*(XP‘FP)

» Y, = 2TX}(I+ P)X,T

n
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Context: Two-step classification of n objects based on similarity A € R*X":
1. extraction of eigenvectors U = [u1, ..., uy] with “"dominant” eigenvalues
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Reminder on Spectral Clustering Methods

Context: Two-step classification of n objects based on similarity A € R*X":

1. extraction of eigenvectors U = [uy, .

.., upg] with “dominant” eigenvalues

2. classification of n rows Uy ,.,...,Un,. € R’ using k-means/EM.
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U

EM or k-means clustering.
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Kernel Spectral Clustering

Problem Statement
» Dataset z1,...,zn € RP
> Objective: “cluster” data in k similarity classes C1,...,Ck.
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Kernel Spectral Clustering

Problem Statement
» Dataset z1,...,zn € RP
> Objective: “cluster” data in k similarity classes C1,...,Ck.

> Kernel spectral clustering based on kernel matrix

K = {n(zi,2j)}] oy

> Usually, (z,y) = f(zy) or r(z,y) = f(|lz —yl?)
» Refinements:

1 1
> instead of K,use D — K, I, — D 'K, I, — D 2KD 2, etc.

> several steps algorithms: Ng—Jordan—Weiss, Shi-Malik, etc.

e ()
>> 1 ]Cl

Intuition (from small dimensions)

» K essentially low rank with class structure in eigenvectors.
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Kernel Spectral Clustering

1 1
Figure: Leading four eigenvectors of D™ 2 KD~ 2 for MNIST data.
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Model and Assumptions

Gaussian mixture model:
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k classes Cq,...,Cg,
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Model and Assumptions

Gaussian mixture model:

T1,...,Tn € RP,

k classes Cq,...,Cg,

T1,.-3Tng €C1,ev o, Tnny+1,---,%n € Cg,

z; ~ N(pg;, Cg;)-

vyvyyy

Assumption (Convergence Rate)
Asn — oo,
1. Data scaling: 2 — ¢o € (0, 00),
2. Class scaling: = — ¢, € (0,1),
3. Mean scaling: with u° 2 S°F T yiq and pg £ pia — pu°, then

a=1
luall = O(1)
4. Covariance scaling: with C° S 22:1 %Ca and C§ £ (0, — C°, then

[Call = O1),  trCG =0(/p), trCCy =O(p)

Remark: For 2 classes, this is

lp1 = p2ll = 0(1), tr(C1—C2) =0(p), [Cill=0(1), tr([C1—C2]?)=0(p).



Model and Assumptions

Kernel Matrix:

» Kernel matrix of interest:

K= {f (Hm ij||2)}
p i,j=1

for some sufficiently smooth nonnegative f (f(%w;rzj) simpler).
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Model and Assumptions

Kernel Matrix:

» Kernel matrix of interest:

1 . n
K ={7 (Sl - 1) |
p i,j=1
for some sufficiently smooth nonnegative f (f(% Ta:j) simpler)

» We study the normalized Laplacian:

with d = K1,,, D = diag(d).
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Random Matrix Equivalent

> Key Remark: Under our assumptions, uniformly on 4,5 € {1,...,n},
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i — =) 2 7> 0.
p
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Random Matrix Equivalent

> Key Remark: Under our assumptions, uniformly on 4,5 € {1,...,n},

1 a.s
i — =) 2 7> 0.
p

> Allows for Taylor expansion of K:

K=fMll+ VK  + K>
N— ~—— ~~
Oy (n) low rank, Oy (v/m)  informative terms, Oy (1)

’ However not the (small dimension) intuitive behavior.
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Random Matrix Equivalent

Theorem (Random Matrix Equivalent [Couillet, Benaych’'2015])
Asn,p — oo, HL—I:H 2%0,0

1 ddT> 1 (1 5
L=nD"2 (K — D72, avec K;j = f | —||lzi — z;
(5= ) 074 avee #65 = £ (s - 51
!/
£:_2f(7)

FHWTWH + LT + *]
f(r) Lp P

et W =[wi,...,wp] € RPX" (z; = pg +w;), I =1, — %lnll,
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Random Matrix Equivalent

Theorem (Random Matrix Equivalent [Couillet, Benaych’'2015])
Asn,p — oo, HL—I:H 2%0,0

T 1
L=nD"3% (K— du_lrdl ) D_%, avec K;j = f (;Hzl —:c]-||2)
!/
i _of/™
f()

et W =[wi,...,wp] € RPX" (z; = pg +w;), I =1, — %lnll,

{ owTwi + LBt + *]

J = [jlw"?jk}v ]I: (0"'0717La707"'70)
00 r 0

870 2f'(r) Fen

B:MTM+<

Recall M = (i3, 3], t = [t Y, ..., LurCR), T = { trC’OC"}ab R
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Isolated eigenvalues: Gaussian inputs

T
[N Eigenvalues of L [ Eigenvalues of L

Figure: Eigenvalues of L and L, k=3, p=2048, n =512, ¢c; =co =1/4, c3 =1/2,
(talj =46a;, Ca = (1 +2(a = 1)//P)Ip, f(z) = exp(—2z/2).
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Theoretical Findings

0.2

versus MNIST

5.102

Figure: Eigenvalues of L (red) and (equivalent Gaussian model) L (white), MNIST data, p = 784,

n = 192.
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Theoretical Findings versus MNIST
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Figure: Eigenvalues of L (red) and (equivalent Gaussian model) L (white), MNIST data, p = 784,
n = 192.



Theoretical Findings versus MNIST

1 1
Figure: Leading four eigenvectors of D~ 2 KD~ 2 for MNIST data (red) and theoretical findings
(blue).
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Theoretical Findings versus MNIST

1 1
Figure: Leading four eigenvectors of D~ 2 KD~ 2 for MNIST data (red) and theoretical findings

(blue).
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Theoretical Findings versus MNIST

Eigenvector 2/Eigenvector 1 Eigenvector 3/Eigenvector 2

0.1 —

| | | | | | |
—.09 —.08 —.07 —.06 —0.1 0 0.1

Figure: 2D representation of eigenvectors of L, for the MNIST dataset. Theoretical means and 1-
and 2-standard deviations in blue. Class 1 in red, Class 2 in black, Class 3 in green.
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The suprising f/(7) = 0 case

Classification error

Figure: Classification performance, polynomial kernel with f(7) =4, f''(7) = 2, z; € N(0,C,),
with C1 = I, [Ca]i,; = 41", ¢g = 1.
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Problem Statement

Context: Similar to clustering:

> Classify z1,...,2n € RP in k classes, with n; labelled and n,, unlabelled data.

> Problem statement: give scores Fj, (d; = [K1n]s)

k
= s e 3 30 Ko (Fuad ™~ Fyads 2
a=1 4,5

such that F;, = é{zieca}, for all labelled z;.

» Solution: for F(¥) ¢ Rruxk p) ¢ RriXk geores of unlabelled/labelled data,

u - a—1 (1
FO = (1o, - D()K(uu)D(u)) DKy Do FD

(w) ()

where we naturally decompose
K K
% - [ Kan (l,u):|
[K<u,1> K (u,u)

D 0 .
D= [ é” D(“)} = diag {K1,}.



MNIST Data Example
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Figure: Vectors [F(“')],,a, a =1,2,3, for 3-class MNIST data (zeros, ones, twos), n = 192,
p = 784, n;/n = 1/16, Gaussian kernel.
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p = 784, n;/n = 1/16, Gaussian kernel.



MNIST Data Example
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Figure: Vectors [F(“')],,a, a =1,2,3, for 3-class MNIST data (zeros, ones, twos), n = 192,
p = 784, n;/n = 1/16, Gaussian kernel.



MNIST Data Example
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Figure: Centered Vectors [F<°u>].,a = [Fru) — +Fw 1k 17]..a, 3-class MNIST data (zeros, ones,
twos), « = 0, n = 192, p = 784, n;/n = 1/16, Gaussian kernel.



MNIST Data Example
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Figure: Centered Vectors [F(,)].,a = [F(u) — +Fuylk 17]..a, 3-class MNIST data (zeros, ones,
twos), « = 0, n = 192, p = 784, n;/n = 1/16, Gaussian kernel.
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MNIST Data Example
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Figure: Centered Vectors [F(,)].,a = [F(u) — +Fuylk 17]..a, 3-class MNIST data (zeros, ones,

twos), « = 0, n = 192, p = 784, n;/n = 1/16, Gaussian kernel.
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Main Results

Results: Assuming n;/n — ¢; € (0,1), by previous Taylor expansion,

> |In the first order,

tal
F(f;) _ Cnl‘a [ v +a almn, ] + O(n_l)
n L~~~ n ——
o) H/T’ Informative terms
O(n~ 2)
where v = O(1) random vector (entry-wise) and t, = ﬁtr Ccy.
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Main Results
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> |In the first order,
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O(n~ 2)
where v = O(1) random vector (entry-wise) and t, = —=tr C2.
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Main Results

Results: Assuming n;/n — ¢; € (0,1), by previous Taylor expansion,

> |In the first order,

n tal
F,(’Z) — glbae [ v 4ol ] + O™
n L~~~ \/ﬁ ——
o) \“/T’ Informative terms
O(n~ 2)
where v = O(1) random vector (entry-wise) and t, = ﬁtr Ccy.

» Consequences:
» Random non-informative bias v

> Strong Impact of n;

F_(_'Z) to be scaled by n; 4

> Additional per-class bias atq1y,,
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Main Results

As a consequence of the remarks above, we take

B

o= —

VP

and define

P _ P o)

N,a
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Main Results

As a consequence of the remarks above, we take

_ B
o=
VP
and define
ﬁ-i(lg) _ ﬁFi(;)'
Nni,a
Theorem

For x; € Cy unlabelled,

F,L — Gb — 0, Gb NN(mb,Zb)

where my, € RE, &, € RF*k given by

_ 27 ') 2 (D) s ()P n f'(1)
(m)a = =5y Moo & Ty el + gy T T R e T iy e P
C2rCE (M2 (M) 4f' ()2 T 632p
(Zb)alaQ = » (f(T)2 - f(T) ) ta1ta2 + f(T)2 ([M CbM]a1a2 + oy Tbal)

with t, T, M as before, X, = Xq — 25:1 %X; and By, bias independent of a.
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Main Results

Corollary (Asymptotic Classification Error)
For k = 2 classes and a # b,

P(Fz,a > Fjp ‘ i Ecb) Q( [17_1}21)[17_1]1_) — 0.
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Main Results

Corollary (Asymptotic Classification Error)
For k = 2 classes and a # b,

P(Fi@ > Fib ‘ x; € Cb) — Q <WI—> — 0.

[1,-1]3[1, -1

Some consequences:
> non obvious choices of appropriate kernels
> non obvious choice of optimal 3 (induces a possibly beneficial bias)

> importance of n; versus ny,.
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MNIST Data Example

Simulations

Probability of correct classification

| | |
-1 —0.5 0 0.5 1

Index

Figure: Performance as a function of «, for 3-class MNIST data (zeros, ones, twos), n = 192,
p = 784, n;/n = 1/16, Gaussian kernel.
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Figure: Performance as a function of «, for 3-class MNIST data (zeros, ones, twos), n = 192,

p = 784, n;/n = 1/16, Gaussian kernel.
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MNIST Data Example

1

0.8 -

0.6 —

Probability of correct classification

| | |

-1 —0.5 0 0.5

Index

Figure: Performance as a function of «, for 2-class MNIST data (zeros, ones), n = 1
p =784, n;/n = 1/16, Gaussian kernel.
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MNIST Data Example

0.8 -

Probability of correct classification

Simulations

Theory as if Gaussian

Figure: Performance as a function of «, for 2-class MNIST data (zeros, ones), n = 1568,

p = 784, n;/n = 1/16, Gaussian kernel.
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Outline

Applications

Random Feature Maps, Extreme Learning Machines, and Neural Networks
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Random Feature Maps and Extreme Learning Machines

Context: Random Feature Map

> (large) input z1,...,zp € RP
w]
» random W = |[...| € R®XP
B
» non-linear activation function o.

n neurons

0000000

O'(Wll?t)
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Random Feature Maps and Extreme Learning Machines

Context: Random Feature Map

> (large) input z1,...,zp € RP
w]

» random W = |[...| € R®XP
wy,

» non-linear activation function o.

Neural Network Model (extreme learning machine): Ridge-regression learning

> small output y1,...,yr € R?
> ridge-regression output 8 € R™*4
7. neurons
O
SN @)
O @)
p O O d
O O
O O
O 7yT]

U(Wll?t)
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Random Feature Maps and Extreme Learning Machines

Objectives: evaluate training and testing MSE performance as n,p,T — oo



Random Feature Maps and Extreme Learning Machines

Objectives: evaluate training and testing MSE performance as n,p,T — oo
» Training MSE:

Etrain = —Zuyz o(Way)||?> = ||Y—5T2||‘f;

with

X= G(WX) = {U(w x])}1<z<n
1<5;<T

1 17 -t
p= 23 (588400 ) Y.



Random Feature Maps and Extreme Learning Machines

Objectives: evaluate training and testing MSE performance as n,p,T — oo
» Training MSE:

Etrain = —Zuyz o(Way)||?> = ||Y—/3T2||‘f;

with

X= O(WX) = {U(w x])}1<z<n
1<5;<T

5712 12T2+ I _ly
=T T YiT .
> Testing MSE: upon new pair (X’,Y) of length T,
Etest = l”YAv - BTSHQ .
7 F

where 3 = o(W X).



Technical Aspects

Preliminary observations:
> Link to resolvent of %ZTE:

Eirain = —=trY ' YQ* = =y ——=trY Y Q
trad T oy T
where Q = Q(’y) is the resolvent

1 -1
=(=2TY 441
Q (T + T)

with ;5 = o(w] z;).
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Technical Aspects

Preliminary observations:
> Link to resolvent of %ETE:

Eirain = —=trY ' YQ* = =y ——=trY Y Q
trad T 8’)/ T
where Q = Q(’y) is the resolvent

1 -1
=(=2TY 441
Q (T + T)

with ;5 = o(w] z;).

Central object: resolvent E[Q)]. ‘
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Main Technical Result

Theorem [Asymptotic Equivalent for E[Q]]

For Lipschitz o, bounded || X||, |Y||, W = f(Z) (entry-wise) with Z standard
Gaussian, we have, for all ¢ > 0,

|EIQ] - Q| < Cnez

for some C' > 0, where

~ n & -1

L

@ (T 1vs 7 T)
d=F {O'(XTU))O'(’U)TX)]

with w = f(2), z ~ N (0, I), and § > 0 the unique positive solution to

0= %tr Q.
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Main Technical Result

Theorem [Asymptotic Equivalent for E[Q]]

For Lipschitz o, bounded || X||, |Y||, W = f(Z) (entry-wise) with Z standard
Gaussian, we have, for all ¢ > 0,

|EIQ] - Q| < Cnez

for some C' > 0, where

T1+46
d=F {O'(XTU))O'(’(UTX)]

-1
Q= (Ei "F'VIT)

with w = f(2), z ~ N (0, I), and § > 0 the unique positive solution to

0= %tr Q.

Proof arguments:
» o(WX) has independent rows but dependent columns
> breaks the “trace lemma” argument (i.e., %wTXAXTw ~ %trXAXT)
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Main Technical Result

Theorem [Asymptotic Equivalent for E[Q]]

For Lipschitz o, bounded || X||, |Y||, W = f(Z) (entry-wise) with Z standard
Gaussian, we have, for all ¢ > 0,

|EIQ] - Q| < Cnez

for some C' > 0, where

T1+46
d=F {O'(XTU))O'(’U)TX)]

1
Q= (Ei "F'VIT)

with w = f(2), z ~ N (0, I), and § > 0 the unique positive solution to
1 _
6 = —tr Q.
T Q
Proof arguments:

» o(WX) has independent rows but dependent columns
> breaks the “trace lemma” argument (i.e., %wTXAXTw ~ %trXAXT)

Concentration of measure lemma: I%a(wTX)Aa(XTw) ~ Il)tr DA
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Main Technical Result

> Values of ®(a,b) for w ~ N (0, 1),

o(t) P(a,b)

Z(a, b) acos(—Z(a, b)) + /1 = Z(a, b)2>

Z(a,b) asin(Z(a, b)) + /I — Z(a, b)2)

S

max(t,0)  5[lal|[b]

1t 2lall o) (

£ 2 2a"b
erf(t) = SR\ VI a2
Lit>o} 27 acos(Z(a, b))
sign(t) 1 — = acos(4(a, b))
cos(t) exp(—% ([lall? + [[b]|?)) cosh(aTb).

T
where Z(a,b) = m.
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Main Technical Result

> Values of ®(a,b) for w ~ N (0, 1),
o(t) P(a,b)
Z(a, b) acos(—Z(a, b)) + /1 = Z(a, b)2>

Z(a,b) asin(Z(a, b)) + /I — Z(a, b)2)

S

max(t,0)  5[lal|[b]

1t 2lall o) (

£ 2 2a"b
erf(t) = SR\ VI a2
Lit>o} 27 acos(Z(a, b))
sign(t) 1 — = acos(4(a, b))
cos(t) exp(—% ([lall? + [[b]|?)) cosh(aTb).

T
where Z(a,b) = m.

> Value of ®(a,b) for w; i.i.d. with E[wk] = my, (m1 =0), o(t) = (ot + Gt + o

®(a,b) = 3 [m3 (2(a6)? + [lal [bl]?) + (ma — 3m3)(a?)T(?)] + (FmoaTd
+ C2Cims [(aQ)Tb + aT(bz)] + C2Coma [llall® + [Ib1*] + ¢5

where (a?) = [a2,. .., a%]T.
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Main Results

Theorem [Asymptotic Eipain]
For all € > 0,
1 _

n2"°¢ (Etrain - Etrain) —0
almost surely, where

1 2 ~?

Burain = 3 |YT =278 = LeryTYQ?

%tr Q2 _

2
— ’y —
Birain = - trY Y Q L et | @
n
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Main Results

> Letting X € ]RPXT, vV € RIXT satisfy “similar properties” as (X,Y),

Claim [Asymptotic Eyegt]
For all € > 0,

n%75 (Etest - Etest) —0

almost surely, where

1 N ~ 2

Buost = = ||¥7 - £74|
T F

Brest = = |77 = 9T gy’

test — T XX P
1 TNvVOwo
“trY'YQUQ [1 1 _ _
Jrni_ —trVoo — —<tr(Ip + U, U,

1_%”(\1,6;))2 [T XX 7 (T 'YQ)( XX XXQ)]

with W5 = 2348, @ o5 = Elo(ATw)o(w' B)).
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Simulations on MNIST: Lipschitz o(-)

100 T TTTTTT T \\\HH‘ T \\\HH‘ T \\\HH‘ T \\\HH‘ T T TTTT0T
. _ -
Etrain B
[~ ___'Etest 1
| O PEtrain )
£ x Etest N
(<]
I X |
X x N 6
L X o [¢) i
X x o)
w XX ox x x x x X0
0 (@]
= [ @] 1
o
o(t) =t [¢]
5©
o
0O
o
o
-1 |- o) (@] O |
e ]
- B
[
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10~4 1073 10—2 10~1! 10° 10t 102

~

Figure: Neural network performance for Lipschitz continuous o (-), as a function of ~, for 2-class
MNIST data (sevens, nines), n = 512, T = T' = 1024, p = 784.
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Figure: Neural network performance for Lipschitz continuous o (-), as a function of ~, for 2-class
MNIST data (sevens, nines), n = 512, T'=T = 1024, p = 784.
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Simulations on MNIST: Lipschitz o(-)
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Figure: Neural network performance for Lipschitz continuous o (-), as a function of ~, for 2-class
MNIST data (sevens, nines), n = 512, T = T' = 1024, p = 784.
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Simulations on MNIST: Lipschitz o(-)
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Figure: Neural network performance for Lipschitz continuous o (-), as a function of ~, for 2-class
MNIST data (sevens, nines), n = 512, T = T' = 1024, p = 784.
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Simulations on MNIST: Lipschitz o(-)
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Figure: Neural network performance for Lipschitz continuous o (-), as a function of ~, for 2-class
MNIST data (sevens, nines), n = 512, T'=T = 1024, p = 784.
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Simulations on MNIST: non Lipschitz o(+)
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Figure: Neural network performance for o () either discontinuous or non Lipschitz, as a function of

v, for 2-class MNIST data (sevens, nines), n = 512, T'= T = 1024, p = 784.



Simulations on “tuned” Gaussian mixture

Gaussian mixture classification
> X = [Xl,XQ], with {Xl}z '\-/./\/(07 01), {X2}z NN(O,CQ), trC1 =trCy
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Simulations on “tuned” Gaussian mixture

Gaussian mixture classification
> X = [Xl,XQ], with {Xl}z '\-/./\/(07 01), {X2}z NN(O,CQ), trC1 =trCy
> We can prove that, for o(t) = Cat? 4 C1t + o and E[Wl’z] = my,

— Classification only possible if m4 # mj3
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Simulations on “tuned” Gaussian mixture

Gaussian mixture classification
> X = [X1,X2], with {X1}; ~N(0,C1), {X2}i ~N(0,C2), trC1 = trCo
> We can prove that, for o(t) = Cat? 4 C1t + o and E[Wl’;] = my,

— Classification only possible if m4 # m%

I 1 1 1 A e e e R R
Etrain
| ===~ Btest
es F > o
O Etrain Xx\
X Btest XXX
=% XK % X
* XX i Xy
100 Fmmmmmmeeaa 22
XXX XX XX x
w =22
(%2}
=
Vl‘ o
W;; ~ Bern ~ N(0,1
10-0:5 |- N ©, ,)
Wij ~ Stud
T T Y I I | I I AT I M M 111 B S W RN
10=* 107 1072 107! 10° 10t 102

vy
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Simulations on “tuned” Gaussian mixture

> Interpretation in eigenstructure of ®: no information carried in dominant
eigenmodes if my = mg.

close

spike

Wi ~N(0,1)

no spike

AL Ut

W;; ~ Bern

Wij ~ Stud
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Perspectives



Summary of Results and Perspectives |

Random Neural Networks.
v Extreme learning machines (one-layer random NN)
v Linear echo-state networks (ESN)
% Logistic regression and classification error in extreme learning machines (ELM)
% Further random feature maps characterization
% Generalized random NN (multiple layers, multiple activations)
% Random convolutional networks for image processing
Q@ Non-linear ESN

Deep Neural Networks (DNN).
% Backpropagation in NN (o(WX) for random X, backprop. on W)

Q Statistical physics-inspired approaches (spin-glass models, Hamiltonian-based
models)

Q Non-linear ESN

DNN performance of physics-realistic models (4th-order Hamiltonian, locality) ‘
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Kernel methods.
v/ Spectral clustering
v Subspace spectral clustering (f/(7) = 0)
% Spectral clustering with outer product kernel f(zTy)
v/ Semi-supervised learning, kernel approaches.
v Least square support vector machines (LS-SVM).
% Support vector machines (SVM).

Q@ Kernel matrices based on Kendall 7, Spearman p.

Applications.
v Massive MIMO user subspace clustering (patent proposed)
Q@ Kernel correlation matrices for biostats, heterogeneous datasets.
Q Kernel PCA.
Q@ Kendall 7 in biostats.

References.

N. El Karoui, “The spectrum of kernel random matrices”, The Annals of Statistics, 38(1),
1-50, 2010.
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Community detection.
v/ Heterogeneous dense network clustering.
% Semi-supervised clustering.
@ Sparse network extensions.
@ Beyond community detection (hub detection).

Applications.
v Improved methods for community detection.

2 Applications to distributed optimization (network diffusion, graph signal
processing).

References.
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Robust statistics.
v/ Tyler, Maronna (and regularized) estimators
v/ Elliptical data setting, deterministic outlier setting
v/ Central limit theorem extensions
Q Joint mean and covariance robust estimation

Q Robust regression (preliminary works exist already using strikingly different
approaches)

Applications.
v Statistical finance (portfolio estimation)
v Localisation in array processing (robust GMUSIC)
v/ Detectors in space time array processing

Q@ Correlation matrices in biostatistics, human science datasets, etc.

References.
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Large Dimensional Regime”, IEEE Transactions on Information Theory, vol. 60, no. 11, pp.
7269-7278, 2014.

59 /63



Summary of Results and Perspectives |l

[
[

W & & W

R. Couillet, F. Pascal, J. W. Silverstein, “The Random Matrix Regime of Maronna's

M-estimator with elliptically distributed samples”, Elsevier Journal of Multivariate Analysis,
vol. 139, pp. 56-78, 2015.

T. Zhang, X. Cheng, A. Singer, “Marchenko-Pastur Law for Tyler's and Maronna'’s
M-estimators”, arXiv:1401.3424, 2014.

R. Couillet, M. McKay, “Large Dimensional Analysis and Optimization of Robust Shrinkage

Covariance Matrix Estimators”, Elsevier Journal of Multivariate Analysis, vol. 131, pp.
99-120, 2014.

D. Morales-Jimenez, R. Couillet, M. McKay, “Large Dimensional Analysis of Robust
M-Estimators of Covariance with Outliers”, IEEE Transactions on Signal Processing, vol. 63,
no. 21, pp. 5784-5797, 2015.

L. Yang, R. Couillet, M. McKay, “A Robust Statistics Approach to Minimum Variance

Portfolio Optimization”, IEEE Transactions on Signal Processing, vol. 63, no. 24, pp.
6684—-6697, 2015.

R. Couillet, “Robust spiked random matrices and a robust G-MUSIC estimator”, Elsevier
Journal of Multivariate Analysis, vol. 140, pp. 139-161, 2015.

A. Kammoun, R. Couillet, F. Pascal, M.-S. Alouini, “Optimal Design of the Adaptive

Normalized Matched Filter Detector”, (submitted to) IEEE Transactions on Information
Theory, 2016, arXiv Preprint 1504.01252.



Summary of Results and Perspectives Ill

Ia R. Couillet, A. Kammoun, F. Pascal, “Second order statistics of robust estimators of scatter.

Application to GLRT detection for elliptical signals”, Elsevier Journal of Multivariate
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Other works and ideas.
v/ Spike random matrix sparse PCA
% Non-linear shrinkage methods
2. Sparse kernel PCA
% Random signal processing on graph methods.

% Random matrix analysis of diffusion networks performance.

Applications.
v/ Spike factor models in portfolio optimization

% Non-linear shrinkage in portfolio optimization, biostats
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@ R. Couillet, M. McKay, “Optimal block-sparse PCA for high dimensional correlated samples”,
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matrices”, 2011



The End

Thank you.
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