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Full-shift, shift action and subshift

o A a finite alphabet and d € N
o xecA” isa configuration

d . . . :
o AZ" endowed with the prodiscrete topology is a compact metric

space
e shift action o : 79 x AZd — AZJ,
(0'(n1,...,n‘.,)(x))(,'1 _____ i) = X(iy+ny,...,ig+ng)

@ the dynamical system (Azd,a) is the d-dimensional full-shift on A
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Full-shift, shift action and subshift

o A a finite alphabet and d € N
o xc A% is a configuration

d . . . :
o AZ" endowed with the prodiscrete topology is a compact metric
space

e shift action o : 79 x AZd — AZJ,
(0'(n1,...,n‘.,)(x))(,'1

@ the dynamical system (Azd,a) is the d-dimensional full-shift on A

____ i) = X(i1+n1,...,id+nd)

Definition

o a . . d
A subshift is a closed and o-invariant subset of AZ".

{xe{Ol} : ,J)—1<:)/—J—0}notolnvanant'
{x € {0, 1}Z : only one 1 appears in X} not closed !
{x € {0,1}%" : at most one 1 appears in x} is a subshift.
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Combinatorial point of view

o A pattern is a local function p: S — A, where S C Z9 is finite.

= - [

o Given a pattern u € A®, it generates the cylinder
[u]:{XGAzd:x|5:u}.
o If F is a set of patterns, the subshift generated by F is
Xg = {x € Azd . no pattern of F appears in x}.
@ A subshift is thus the complement of a union of cylinders

Xe=A"\ U aillu)

iczd ucF
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Language of a subshift

The language of size n of a Z9-subshift X is
Ln(X):={p:[-n n4 - A:3x € X, p appears in x}.

The language of a Z9-subshift X is

L(X) = La(X).

n>0

The complement of the language L£L(X)€ is the biggest set of forbidden
patterns.
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Language of a subshift

Definition

The language of size n of a Z9-subshift X is
Ln(X):={p:[-n n4 - A:3x € X, p appears in x}.

The language of a Z9-subshift X is

L(X) = La(X).

n>0

N

The complement of the language L£L(X)€ is the biggest set of forbidden
patterns.

Proposition

The topological and combinatorial definitions coincide.
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Subshifts of finite type

The subshift X{ = B I ’ I } contains the following configurations
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Subshifts of finite type

The subshift X{ (. E , i } contains the following configurations

Definition

A subshift is of finite type (SFT) if it can be defined by a finite set of
forbidden patterns. It is of rank k if these finite patterns may be chosen
of size k.

@ simplest class for the combinatorial definition
@ 2D-SFT = tilings by Wang tiles
@ closely related to cellular automata theory



Symbolic dynamics Projective Subdy ics and Sub.
000080000000 000000000

Sofic subshifts

Definition

A sofic subshift is the image of a SFT under a continuous and
o-commuting map.

continuous and o-commuting map < Sliding block map (cellular automaton)
[Hedlund, 1969]

o ozd zd . .
®: A" — B” given by the local function ¢

x € A% d(x) € BZ
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Sofic subshifts

Definition

A sofic subshift is the image of a SFT under a continuous and
o-commuting map.

continuous and o-commuting map < Sliding block map (cellular automaton)
[Hedlund, 1969]

o ozd zd . .
®: A" — B” given by the local function ¢

x € A% d(x) € BZ

@ SFT on which information can be erased.
@ On Z, sofic subshifts are exactly those recognized by finite automata.

@ In higher dimension, no characterization is known.
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An example of purely sofic subshift

Let X<1 = {x € {0,1}%" . at most one 1 appears in x}.

@ Suppose that X<; is a rank k SFT.
@ Then a configuration that contains two 1's at distance 2k + 1
cannot be rejected.

= X<1 is not an SFT!
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An example of purely sofic subshift

Let X<1 = {x € {0,1}%° . at most one 1 appears in x}.
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An example of purely sofic subshift

Let X<1 = {x € {0,1}%° . at most one 1 appears in x}.
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An example of purely sofic subshift

Let X<1 = {x € {0,1}%° . at most one 1 appears in x}.
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An example of non-sofic subshift

The mirror subshift is defined on alphabet { ], I, M } by
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An example of non-sofic subshift

The mirror subshift is defined on alphabet { ], ], M } by

i
-
H
s
(-
e

Suppose Xmirror is sofic.

]
y

Then 3% ¢ A% a k-SFT and M a block
map of order r, such that

M: % — Xmirror is ONto.

:I\
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An example of non-sofic subshift

The mirror subshift is defined on alphabet { ], ], M } by

Suppose Xmirror is sofic.

Then 3 C A%Z® a k-SFT and M a block

map of order r, such that E
1

M: % — Xmirror is ONto.
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An example of non-sofic subshift

The mirror subshift is defined on alphabet { ], ], M } by

i
-
H
s
(-
e

Suppose Xmirror is sofic.

Then 3 C A%Z® a k-SFT and M a block

map of order r, such that

. H — 1 s
M: % — Xmirror is ONto. nt2r 2k
L]

Vol

Vol

i
Vb

<2n2 \\},

—
n
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An example of non-sofic subshift
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Effectively closed subshifts

SFT C Sofic susbhifts C Effectively closed

Definition

A subshift is effectively closed (or effective) if its complement is a
computable union of cylinders.

Property

X is effectively closed if and only one of the followings holds
(i) X = Xz for some recursively enumerable set F of forbbiden patterns
(i) X = Xx for some recursive set F of forbbiden patterns
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Effectively closed subshifts

SFT C Sofic susbhifts C Effectively closed

Definition

A subshift is effectively closed (or effective) if its complement is a
computable union of cylinders.

Property

X is effectively closed if and only one of the followings holds
(i) X = Xz for some recursively enumerable set F of forbbiden patterns
(i) X = Xx for some recursive set F of forbbiden patterns

Remark: There exist non effectively closed subshifts (countability
argument).
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Turing machines and SFT (1)
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A Turing machine is a tuple M = (Q,T, 1, qo, 9, Q) where:
Q is a finite set of states, qo € Q is the initial state;

I is a finite alphabet;
g ¢ I blank symbol

§:QxT—= QxT x{«,],—} transition function;
F C QF finite set of final states.
The rule 6(q1,x) = (g2, y, <) will be encoded by the pattern

O

y

O
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Turing machines and SFT (II)

M Turing machine ~~ finite set of patterns Faq ~» SFT Xg,,
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Turing machines and SFT (II)

M Turing machine ~~ finite set of patterns Faq ~» SFT Xg,,
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Turing machines and SFT (II)

M Turing machine ~~ finite set of patterns Faq ~» SFT Xg,,
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Turing machines and SFT (II)

M Turing machine ~~ finite set of patterns Faq ~» SFT Xg,,
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2D vs 1D sofic subshifts

1D sofic subshifts 2D sofic subshifts

» Xg = (7 is decidable » Xr = (0?7 is undecidable

> entropy is computable » entropy is not computable
(nonnegative rational multiples (right recursively enumerable
of log of Perron numbers) numbers)

> representation by finite > reprgsentation by Wang tiles,
automata/matrix textile systems

» every SFT has a periodic » J aperiodic SFT

configuration

» soficness < finite number of
followers set
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Necessary conditions for soficness in 2D

o If X is a minimal subshift with positive entropy, then X is not sofic.
[Desai, 2006]
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Necessary conditions for soficness in 2D

o If X is a minimal subshift with positive entropy, then X is not sofic.
[Desai, 2006]

o If X is effective and if the Kolmogorov complexity of every
p € Ln(X) is greater than O(n), then X is not sofic. [Durand,
Romaschenko & Shen, 2008]
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Necessary conditions for soficness in 2D

o If X is a minimal subshift with positive entropy, then X is not sofic.
[Desai, 2006]

o If X is effective and if the Kolmogorov complexity of every
p € Ln(X) is greater than O(n), then X is not sofic. [Durand,
Romaschenko & Shen, 2008]

@ Too many extender sets implies non-soficness. [Kass & Madden 2013]
and [Pavlov, 2013]
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@ Definitions
@ Introductive examples
o Effective subshifts as projective subdynamics
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Projective Subdynamics

Initially introduced by Johnson, Kass and Madden in 2007.

Definition

Let X C A% be a Z9 subshift and L < Z? a k-dimensional sublattice
(1 < k < d). The L-projective subdynamics of X is

P(X) :={x|.:xe L} C AL.

o (PL(X),01xp,(x)) is @ Z*-subshift.
e Pi(X): globally admissible configurations of shape L in X.
@ Loss of information about the original subshift.
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Projective Subdynamics

Initially introduced by Johnson, Kass and Madden in 2007.

Definition

Let X C A% be a Z9 subshift and L < Z? a k-dimensional sublattice
(1 < k < d). The L-projective subdynamics of X is

P(X) :={x|.:xe L} C AL.

o (PL(X),01xp,(x)) is @ Z*-subshift.
e Pi(X): globally admissible configurations of shape L in X.
@ Loss of information about the original subshift.

In the sequel, we will concentrate on Pz, z(X) (PS along the horizontal
direction).
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Entropy and PS

Proposition (Johnson, Kass & Madden, 2007)

htop(Pé'1Z(X)) > htop(X)'

Proof:

hep(X) = lim - log (1£,(X)))

- nll>n;o % log (|Ln(Pzz(X))|")

IN

Jim_ =~ log (1£a(Paz00))
= htop(Pé'lZ(X))
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Subdynamics

Definition

Let X C A% be a Z9 subshift and Y C BZ* a Z¥-subshift (1 < k < d).
Then Y is a subaction of X if the dynamical systems (X, o|,) and
(Y, 0]|z«) are isomorphic.

@ Much stronger than projective subdynamics
@ The subshift Y is defined on a possibly non-finite alphabet

@ No loss of information



Symbolic dynamics Pr

ics and Sub

)
000000000000 000e00000

Questions

@ What are projective subdynamics of 2D sofic subshifts
@ What are projective subdynamics of 2D SFT 7
@ What are subactions of sofic subshifts 7

@ What are subactions of 2D SFT 7
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Questions

@ What are projective subdynamics of 2D sofic subshifts
= effective subshifts

@ What are projective subdynamics of 2D SFT 7
77

@ What are 1D subactions of 3D sofic subshifts 7
= effective dynamical systems

@ What are subactions of 2D SFT 7
77
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What can be PS of sofic subshifts 7 (0)

» Trivially, every 1D sofic subshift. ..

SFT £Z

a9 €T

x18 € T

X17 €

X16 €

X156 €

X14 €

x13 € L

X12 € T

x31 € L

X10 €

xg € T

X8 C %

x7 €%

X6 € %

xXF = X

X C AZ sofic
Y C BZSFT, N: ¥ — X block map
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What can be PS of sofic subshifts 7 (0)

» Trivially, every 1D sofic subshift. ..

SFT £Z

l(x1y) € X

MN(x18) € X

X C AZ sofic
Y C BZSFT, N: ¥ — X block map
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What can be PS of sofic subshifts 7 (0)

» Trivially, every 1D sofic subshift. ..

I(
( _
Mx17) € X X C AZ sofic

n(

M(x1s) € X ¥ C BZ SFT, N : £ — X block map
n(

T(

n(

T(

SFT £Z

Conjecture (Jeandel)

X is sofic & XZ is sofic.
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What can be PS of sofic subshifts 7 (1)
» The 1D subshift X npn.
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What can be PS of sofic subshifts 7 (1)

» The 1D subshift X npn.
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What can be PS of sofic subshifts 7 (1)

» The 1D subshift X npn.

o\
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» The 1D subshift Xznpn.
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What can be PS of sofic subshifts 7 (1)

» The 1D subshift X npn.
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What can be PS of sofic subshifts 7 (1)

» The 1D subshift X npn.

N % SN
EREN ] N
EHE N Z T
B T N B D 0l N
B T N B T N
<[clclalalalalalblblblblblclclclc]lalalalalalalalal2[blblb]c]¢
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What can be PS of sofic subshifts 7 (1)

» The 1D subshift X npn.

N\
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N\
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What can be PS of sofic subshifts 7 (1)

» The 1D subshift X npn.

soye v wroro]elo]ofoje, - o[@]o|w,o]o)-c
s[ofefe]e]e]eofe]e]e]o]e]o]c]O]o]c]c]o]c]e
olofefefe]e]e]e]e]e]o]e]ol/qlc]o]c]o]]<
olo|efo]ele]e]e]eo]e]o]|o[/olqolc]o]o]]:
o[o]elofe]e]ele]e]e|o/]& of[ofefo]e]c
olo|e|e|e|e]e]ele]e]o| ]| |m[o]c]o]o]o]:
ofofefefe]e]e]eole]e]e]oN]e]m|c]c]c]o]c]e
‘ofe]e]elele]e]e]ele]o]c]c|X]|@m]c]o|o]o]e]:
s[ofele]efefe]e]e]ofe]e]olc]O]c]o]o]o]]c
ole]elele]e]e]e]e]e]c]e]e]e]Q]ole]o]o]e]e
o[ofefo]e]e]e]ele]e]e]o]e]o]0]c]o]o]o]o]¢
slo|o|o|o|o|o|o|o|lo|o|o|o|o|0O]lo|o|lo|o|o]c
ofo[o]o]o]e[e]e[e]e]o]o]eo]o[O]c]c]e]o]o]0,
olo|e[e]e[e]e]e]e]e]c]e]ec]ec[C]c]o]o]eo]e]0
s[e]efe]e]e]e]efe]e]e]o]o]e]O]ole]o]o]o]e
olo|e[e]e[e]e]e]e]e]c]e]e]c[O]c]o]o]e]]o,
“ofe]e]e|o]e]e]e]e]o]e]c]e]e]O]o]c]o]o]o]e
[olele]ele]e]e]e]e]e]e]e]c]0]o]c]o]o]o]e
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ololefo]ele]e]e]elelol/clolqolc]o]o]c]e
ofofefefe]e]e]ele]ecl/]o]ec]clq[c]c]c]o]c]e
ole[o[e]e]e[o]o]o]Z olo|eo]o]o]c
(olele]e]e[elelc[e N[ mo[o]o]o]o]¢
olo|c|e]e|e]e]ele]ec|X[ec]e]o]m|c]ec]o]o]c]e
ofo]elefe]e]efele]e]oN]e]e]m|c|o]c]o]]<
folelelolele]o]e]ele]e]cN]|e]m|olc]c]o]c]e
o[ofe]ofe]e]e]ofe]e]e]olec[X]@m]c]c]o]o]o]e
o|lo|lo|o|o|o|o|o|o|o|o|o|o|o|8]o|o|o|o|o|o
of[o]efefe]e]e]e]e]e]o]e]e]c]b]o]c]c]o]o]o)]
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What can be PS of sofic subshifts 7 (1)

» The 1D subshift X;np». And even a subaction !

O|V[Q]¢, -, <, 2[O]O]L v V|V]L]uu[0|V V|L|Y|
NI EI IR CIR B R B FI R EIRI CIFI IR )
/N[ /" |l /|\ |-, |*
|\ |Qlq| /|alq|" [Qaf/|[<qf\ |1 /|
N NV N

=l INE S SN S IR
N]e|al/|o[aX]c|al /o] [a]a]|o|cX[x]a
[T N 4 0 T N V4 Gl T 1 N A D 1 1 S N S
SloJofoofo]o]ofolofo]olo]ofofo]o]o]o]o]w
olofoofulofufo]ofuo]u]o[ufu[o]ulo]u[u]o
(ofofo]ofo]ofufufufu]u[u]u]o]u]u[u[u]u[u]u
[o]o]ulofufofofuo]u]o]ulu]u[u]o]u[u]u]u]o
BRI EIRI IR B R B R I EIR FIRICIRIRI )
ofofulofufo]ofuo]ulu]ufu[o[uo]ufu]o]u]C
vlofofofolofofo]ufo]o]u]o]ulo]ufulo]o]o]C
Y[o[oofofofufu]o]oo]ulu[ufu[o]o[u]u[u]o
Olo]ofuu]ofufu|olufufu[u]u[u[0][0]u[0|0|
J[oJofo]ofofofulo]uluo[ufu]ufo]o]u]o]o]o
3qq| /" |alalalalalalala[/X|alqlalqaq
PSS NS NNEEN
ql/|[qlalalq[T |alalala[/| <X
/ |Ql-qjalqlqlql" ||/ |-QlalQlqjlQlN |/

N NEs
G EEE I NG NG
Nn[n|a|n|a|c]/|c]c] |c]a]c|a|a]c], [ofa]S
o\ |o|m|v|n|/|c|o|a|c| [c|o|c|a|/|[co|c|a|c
v[a|N[n|a]/|c|c|c|c|c|c|" |c|c]|c]c|c|c|c
v a X[/ s o|o]|o|a]|c]o]a|N][/]c|c]o|c|c]c
olo]ofofofo]ofo]olofo[o]ofo]o]u]olo]o]o]u)
slofofofofofufulo]o]o]ulo]ufolo]ulo]u]o]o]
Hlofofol-TnfololoTnlolo]eTalololoTaToloTe
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What can be PS of sofic subshifts 7 (Il)

» The 1D subshift Xznpncn (neither sofic nor algebraic).

sloloviele|e|vie[eo]e]o o[- |, 2|o]o]-
s|o|e|ofo]|efefo|e|e|o|e|e|e|gle|e]|o|o]|e|e
ofofeo|o|o|o|o|o|o|eo|ofefofr]e|o|o]|o]|eo]|e
s|e|e|efo|efo|ofe|e|o|e|e|e|gle|e]|o|e]o|c
ofofe|o|o|o|o|o|e|efo]|efe|eofr]e|e|ec]|e]|e]e
s|lo|efe]efe|e|e]e|e]e]e]e]ofge|eo|eo|e|e]r
>|o|ofo|efe|e|o|eo|e|o|e|o|ofge|o]|e|efe]e
o|e|e|e|o]|e|e|e|e|e|e|e]e|eme]|e]|o]e]eo]¢
ofofe|o|o|e|e|e|e]e|e]|e|o|ofr]e|e|e]|e|e]:
slolo|e|e|e|e]e]o]|e|e|e]e|o@]e]e]e]e]o]¢
o[e]|e|e|efe|e]|eo|e|e]|o|o|eo|/]|Ofo[o]|o]|o[e|e
Tolololole]ele]elelelele]/]e]O]o]o]o]o]o]e
sle|ofe|ofe]e|e|e]e|e]/|eo]o|ufc]|o|o]o]e]|e
ofofe|o|o|o|o|o|o|e|/]|e[e[e|0feo|o|o]|o]|o]|o
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What can be PS of sofic subshifts 7 (Il)

» The 1D subshift X apncn. And even a subaction !
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What can be PS of sofic subshifts 7 (llI)

» Any effective subshift X that contains a uniform configuration.

x19 € A=
x18 € AZ
x17 € A~
x16 € AZ
x15 € A~
x14 € AZ
x13 € A~
x32 € A”
x11 € A~
x30 € A”
xg € AZ
xg € AZ
xg7 € AZ
xg € A”
_xe € A% _
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» Any effective subshift X that contains a uniform configuration.




» Any effective subshift X that contains a uniform configuration.

X{E:a,bGA}

(SFT)

X<1
(sofic)
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What can be PS of sofic subshifts 7 (llI)

» Any effective subshift X that contains a uniform configuration.

xé AZA
X

X{:a,bEA}
(SFT)

X1 ion
(sofic)
Xm
(SFT)

he validity of x

DA
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» Any effective subshift X that contains a uniform configuration.

X{:a,bEA}

local rules
(SFT)

X<1
(sofic)

Xm
(SFT)

DA
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What can be PS of sofic subshifts 7 (llI)

» Any effective subshift X that contains a uniform configuration.

On the third layer:

@ The Turing Machine M works on the first tape and enumerates forbidden
patterns for X (initialization thanks to the second layer).

@ Each time a forbidden patterns is produced, it is copied out on the two
other tapes.

@ Patterns written on the second (resp. third) tape are shifted to the left
(resp. right) at each step of computation.
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What can be PS of sofic subshifts 7 (llI)

2

Any effective subshift X that contains a uniform configuration.

On the third layer:

The Turing Machine M works on the first tape and enumerates forbidden
patterns for X (initialization thanks to the second layer).

Each time a forbidden patterns is produced, it is copied out on the two
other tapes.

Patterns written on the second (resp. third) tape are shifted to the left
(resp. right) at each step of computation.

If a pattern written on the two last tapes matches with the corresponding
pattern in x, then the configuration is forbidden (intercation by local rules
with the first layer).

If a forbidden pattern for X appears in x, it will eventually be detected
and the configuration is rejected.

If x € X, the configuration is accepted.
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» Any effective subshift X that contains a uniform configuration.

X{:a,beA}

local rules
(SFT)

Xs1
(sofic)

Xm

(SFT)

DA
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What can be PS of sofic subshifts 7 (llI)

» Any effective subshift X that contains a uniform configuration.
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What can be PS of sofic subshifts 7 (llI)

» Any effective subshift X that contains a uniform configuration.

)
)

3| 8| 8] 3| 8 8| 8] 8 8] 8[| 8] 8] 8| .
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3| 8 8] 3| 8 8| 3| 8| 8] 3[x| 8] 8| 8|

= X is a PS of a sofic subshift
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Hochman's result

Theorem (Hochman 2008)

o Any effective Z9-subshift may be obtained as the subaction of a
792 sofic subshift.

o Any effective Z¢ dynamical system may be obtained as the
subaction of a Z9*? sofic subshift.

The proof is based on
@ the use of Turing machines as SFT,
@ substitutive tilings to construct computation zones in 3D.
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Conclusion of Part |

@ Challenging question: characterize soficness in higher dimension.

@ Projective subdynamics and subaction: decrease dimension to better
understand 2D subshifts.

o Complete characterization of PS/subactions of sofic subshifts
(Hochman)

e Coming soon:
o Sketch of Hochman's proof. ..
o that can be improved to dimension d + 1 !
o Some other results about PS/subactions of SFT
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Conclusion of Part |

@ Challenging question: characterize soficness in higher dimension.

@ Projective subdynamics and subaction: decrease dimension to better
understand 2D subshifts.

o Complete characterization of PS/subactions of sofic subshifts
(Hochman)

e Coming soon:

o Sketch of Hochman's proof. ..
o that can be improved to dimension d + 1 !
o Some other results about PS/subactions of SFT

Thank you for your attention !
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