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Abstract

Let (G,C) be an edge-colored bipartite graph with bipartition (X,Y). A hete-
rochromatic matching of G is such a matching in which no two edges have the same
color. Let N¢(S) denote a maximum color neighborhood of S C V(G). We show
that if [N¢(S)| > |S] for all S C X, then G has a heterochromatic matching with
cardinality at least [%] We also obtain that if | X| = |Y| = n and |[N¢(S)| > |S|
for all S C X or S C Y, then G has a heterochromatic matching with cardinality

at least [221].
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1 Introduction and notation

We use [3] for terminology and notations not defined here and consider simple undirected
graphs only.

Let G = (V, E) be a graph. An edge-coloring of G is a function C': E — N(N is the
set of nonnegative integers). If G is assigned such a coloring C, then we say that G is an

edge-colored graph. Denote by (G, C) the graph G together with the coloring C' and by
C'(e) the color of the edge e € E. For a subgraph H of G, let C(H) = {C(e) : e € E(H)}.

A subgraph H of G is called heterochromatic, or rainbow, or color ful if its any
two edges have different colors. There are many publications studying heterochromatic
subgraphs. Very often the subgraphs considered are paths, cycles, trees, etc. The hete-
rochromatic hamiltonian cycle or path problems were studied by Hahn and Thomassen(see
9]), Rodl and Winkler(see [7]), Frieze and Reed, Albert,Frieze and Reed (see [1]), and H.
Chen and X.L. Li (see [5]). For more references, see [2, 6, 9].

For an uncolored graph the following theorems are well known in matching theory and
have been widely used.

Theorem 1 [10]. Let G be a bipartite graph with bipartition (X,Y’). Then G contains
a matching that saturates every vertex of X if and only if |[N(S)| > |S] for all § C X.

Theorem 2 [3]. A bipartite graph G has a perfect matching if and only if |N(S)| > |5]
forall S CV.

A matching is heterochromatic if any two edges of it have different colors. Unlike
uncolored matchings for which the maximum matching problem is solvable in polynomial
time (see [12]), the maximum heterochromatic matching problem is N P-complete, even
for bipartite graphs (see [8]). Heterochromatic matchings have been studied for example
in [11] in which by defining N.(S) (see the definition below) Hu and Li gave some sufficient
conditions for the existence of perfect heterochromatic matchings in colored graphs. We
have

Let (G, C) be a colored-graph. For a vertex v of G, let CN(v) = {C(e) : e is incident
with v} and CN(S) = U,esCN(v) for S C V. For S € V(G), denote N.(S) as one of the
minimum set(s) W satisfying W C N(S)\S and [CN(S)\C(G[S])] € CN(W).

Theorem 3[11]. Let (B, C') be a colored bipartite graph with bipartition X,Y. Then, B
contains a heterochromatic matching that saturates every vertex in X, if |N.(S)| > |5/,
for all S C X.

Theorem 4[11]. A colored graph (G, C') has a perfect heterochromatic matching, if

(1) o(G — S) < |S], where o(G — S) denotes the number of odd components in the
remaining graph G — S, and



(2) [N.(S)| > |S| for all S C V such that 0 < |S| < % and |[N(S)\S| > |S|.

We define a maximum color neighborhood and study heterochromatic matchings in
edge-colored bipartite graphs under a new condition related to maximum color-neighborhoods
of subsets of vertices.

Let (G,C) be a colored bipartite graph with bipartition (X,Y’). For a vertex set
S C X orY, a color neighbourhood of S is defined as a set T' C N(S) such that there are
|T| edges between S and T that are adjacent to distinct vertices of 7" and have distinct
colors. A maximum color neighborhood N¢(S) is a color neighborhood of S and |N¢(.5)|
is maximum. Given a set S and a color neighborhood T of S, denote by C(S,T) a set of
|T| distinct colors on the |T'| edges between S and distinct vertices of T'. Note that there
might be more than one such set C'(S,T). If there is no ambiguity, let C'(S,T) be a fixed
color set in the following.

Let M be a heterochromatic matching of G, we denote by, = |{e | e € E(G — V(M))
and C(e) € C(M)}| and denote by (X UYy) with Xy, € X, Yy € Y, the set of vertices
that is incident with the edges in M.

The following main results are obtained in this paper.

Theorem 5. Let (G,C) be a colored bipartite graph with bipartition (X,Y’) and
IN(S)| > |S| for all S C X, then G has a heterochromatic matching of cardinality
at least f%'}

Theorem 6. Let (G, C) be a colored bipartite graph with bipartition (X,Y) and |X| =
Y| =n. If  N°(S)| > |S| forall S C X or S C Y, then G has a heterochromatic matching
of cardinality at least [22—].

Under the conditions of Theorem 6, the following example shows that the best bound
can not be better than [§]. Let G = (X,Y) with X = {zy,21,---, 72} and ¥ =
{y1, Y2, -, Y25} be a bipartite graph such that F(G) = {xy;|i = 1,2, -, 2s}U{@e;_1y04|i =
1,2, s}U{woy2i1]i = 1,2, - -, s}. The edge coloring C of G is given by C(x9;_1y2;_1) =
C(woiy;) = 2t — 1 and C(x9;_1Yy2;) = C(x9iyoi—1) = 2i for i = 1,2,-- -, s. Clearly the car-
dinality of the maximum heterochromatic matching of (G,C) is s = [2]. This example
shows that the bound in Theorem 6 is not very far away from the best.

2 Proof of Theorem 5

Let M be a maximum heterochromatic matching of G. Put S = X — X};. Let N¢(S) be
a maximum color neighborhood of S. And write N¢(S) = Yp U Yg(Yp NYy = ¢), where
C(S,Yp)NC(M) = ¢ and C(S,Yy) C C(M). Clearly |Yg| < |M].



If Yp Z Y, then there is an edge e € E(X — X, Y —Yy) and C(e) ¢ C(M). Hence
M +e is a heterochromatic matching with cardinality |M|+ 1, contrary to the maximality
of M.

So Yp C Y. Since [N¢(S)| = |Yp| + |Yo| > |5, it follows that |M| = Y| > |Yp| >
5]~ Yol > X| — [M] — |M]. This gives [M] > [X1] 5

3 Proof of Theorem 6

Let M be a maximum heterochromatic matching of G with ¢ := |M| such that by, is
maximum. Assume to the contrary that t < %.

Let C(M) = {c1,¢2,---,¢}. Put S, = X — Xy and S, = Y — Yy Let N¢(S,)
and N°(S,) be a maximum color neighborhood of S, and S, respectively. Set N¢(S,) =
YPUYQ(YPQYQ = qb) where C(Sx, Yp) ﬂC(M) = ¢, C(Sx, YQ) Q C(M) and let Nc<Sy> =
XpUXo(XpNXg = ¢) where C(S,,Xp) NC(M) = ¢, C(S,,Xp) C C(M). Clearly
Yol <t, [Xol <t.

Claim 1. Yp g YM, Xp Q XM

Proof. Otherwise, there is an edge e € E(S,,S,) and C(e) ¢ C(M), then we can obtain
a heterochromatic matching M + e with cardinality ¢ 4+ 1, a contradiction. O

An alternating 4-cycle AC' is a cycle ejezeseqe; such that e; € E(M), e3 € E(G —
V(M)) and C(e;) = Cles), Cea) = Cleq) ¢ C(M). Given two alternating 4-cycles
AC = ejegeseqe; and AC" = €leyegese;, AC is dif ferent from AC', we mean that

e1 # €}, es # 5 and Cley) # Cley).

Claim 2. There exists an alternating 4-cycle in G.

Proof. Since |[N¢(S,)| = |Yp| + |Yo| > |Sz| = n —t, it follows that |Yp| > n —t — |Yg| >
n — 2t. Similarly | Xp| > n —t — |Xg| > n — 2t. Hence | Xp| + |Yp| > 2(n — 2t) =
2n — 4t > t = |Xp| = |Yp|. Then there exists an edge zy € E(M) such that x is
adjacent with a vertex y' € S,, C(zy') ¢ C(M) and y is adjacent with a vertex x' € Sy,
C(x'y) ¢ C(M). Clearly C(xy') = C(2'y), otherwise we obtain a new heterochromatic
matching M = M Uy Uz'y — oy with |[M'| = |[M|+ 1 > M, a contradiction.

Then there exists an edge e € E(G — V(M)) such that C(e) = C(zy). Otherwise
M" = M Uy — xy is a heterochromatic matching with |M"| = M| and by» > by + 1,
contradicting with the choice of M. If e # z'y’, without loss of generality, assume that y’
is not incident with e, then M = M UeU zy — zy is a heterochromatic matching with

"

|M™| = |M| + 1, a contradiction. 0

Suppose that the maximum number of the vertex-disjoint pairwise different alternating
4-cycles in G is [. Clearly 1 <[ <t. Assume that the alternating 4-cycle AC; has edges



{wi, yiwi, vy, yiwi} and Clay) = Clayy,) = ¢ € C(M), C(ay;) = Clayy) = ¢; ¢ C(M),
where zy € E(M), and z; € S,,y; € S

Denote

XL = {xllvxl%"'?x;}vYL = {ylhy/z?“'?y;}’
XMZ - {ﬂfl,l’g,“‘,xl} QXM;

Ya, = v 92, u} € Y,
where {z1y1, oy, - -, miy} = E(M;) € E(M). We abbreviate C'(M;) = {c1,c2,---, 1}

and C = {c}, ¢y, -+, ¢}, where ¢; ¢ C(M) and c; # c; if i # j. Clearly C(M)—C(M,;) =
C(M — M).

Then put S, = X — Xy — Xy and S, =Y — Yy, — Y. Let N°(S

T

.) and N°(S,)

/

be a maximum color neighborhood of S, and Sly, respectively. Write N¢(S.) = Yp U
Y, (Yp Y, > ), where c?(s;iyl;) N C(M— M) =¢ a/md /(J(S;,Yé) C C(M — M,).
And let N¢(S,) = Xp U Xo(Xp N Xy = ¢), where C(S,, Xp) N C(M — M;) = ¢ and
C(S,,Xo) € C(M — My). Clearly [Yo| <t —1land |X,| <t—1.

Claim 3. Y, € Yy, — Y.

Proof. By contradiction. Then there exists an edge e € (S,,Y — (Yar — Yaz,)) with
Cle) ¢ C(M — M,).

We distinguish the following three cases.
Case 1. e € E(S.,S,). Let

My

Al MuUe , C(e) ¢ C(M,);
MueUuzy, —xy; Cle) € C(M;),w.lo.g,suppose C(e) = ¢;.
Then we get a heterochromatic matching M* with |M?| > |M]|, a contradiction.

Case 2. ¢ € E(S;,YMZ). Without loss of generality, suppose e is adjacent with v;.
Let

M UeU zy, — z31; C(e) ¢ C(M;)UCy;
- M UeU xy, — z:y; C(e) € Cp;
] MU eUxiy; — XY C(e) = ¢ € C(My);
(€)

Then we obtain a heterochromatic matching M* and |M?!| > |M]|, a contradiction.
Case 3. e € E(S,,Y.). Without loss of generality, suppose e is adjacent with y;. Let
MuUe C(e) ¢ C(M,);

M = MUeUx;yi—xiyi C(e) =c¢ € C(My);
MUeUuzjy; —x5y; Cle) =c¢; € C(M)and ¢; # c;.

5



Then we obtain a heterochromatic matching M* and |M!| > |M]|, a contradiction.

This completes the proof of the claim. O
Since |[N°(S,)| = |Yp| + [Yo| = [S,], it follows that [Yp| >n—t—1— Yol >n—t—
I—(t—1)>n—2t.
Similarly it holds that X, € X3 — Xy, and hence | Xp| > n — 2t.
Since Yp € Y3y — Yy, and Xp € Xy — Xy, it holds that
2t —1) = | Xar — Xop| + [Yar — Yag| > | Xp| + [Vp| > 2n — 4t.
That is
[ <3t—n.

Then

3n—1 n—3

[ <3t—n<3x —n<

If follows that
| Xp| + [Yp| — [ Xar — X
> — At — (t—1)
> 2n — 5t + 1.

3n—1

>2n—5 X +1

n—3
> ——+[14+1
Z 3 + 1+

> 20+ 1.

So there exists an edge zoyo € E(M — M,;), where z; is adjacent with a vertex yé) € S;
and yp is adjacent with a vertex z € S, such that at least one of C'(zqy,), C(2y0) is not
in C(M;) U Cr. Without loss of generality, suppose C(zoy,) ¢ C(M;) U Cp. Note that
Clwoyo) ¢ C(M — My).

If O(zyyo) € C(M;), suppose C(zyyo) = ¢;. Then M*' = M Umgy, Uxgyo Uziy; — 5% —
Toyo is a heterochromatic matching and [M!| > |M|, a contradiction with the maximality
of M.

If C(zyyo) € Op or Clzyyo) ¢ C(M;) U Cp and C(zgyo) # Clxoy,). Then M =
M U zoy, U 2910 — ToYo is a heterochromatic matching and |M?'| > |M]|, a contradiction.

If C(zyy0) = C(z0y,). By the same proof in Claim 2, it holds that C'(2oyo) = C(2qy,)-
Then we obtain a alternating 4-cycle with edges {Zoyo, Zo¥o, To¥s, ToYo+ and C(zoye) =
C(xyy), C(xoyo) = Clxoyy) ¢ C(M)UCL, where 2oyo € E(M —M,) and y, € SZ//, 1, €S,
So the number of vertex-disjoint pairwise different alternating 4-cycles is at least [ + 1, a
contradiction.

The proof of Theorem 6 is complete. a
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