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Abstract
We give a degree sum condition for three independent vertices under which
every matching of a graph lies in a hamiltonian cycle. We can show that the
bound for the degree sum is almost best possible.

Résumé
Nous obtenons une condition portant sur la somme des degrés de trois som-
mets indépendants pour que tout couplage d’'un graphe soit contenu dans un
cycle hamiltonien. Nous prouvons que la borne obtenue sur la somme des degrés
est presque la meilleure possible.
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1 Introduction

Let G be a graph, V(G) denotes the vertex set of G and E(G) denotes the edge
set of G. By d(z) or dg(x) we denote the degree of the vertex x in the graph G.

In 1960 O. Ore [8] proved the following:

Theorem 1 Let G be a graph on n > 3 vertices. If for any pair of independent
vertices x,y € V(G) we have:

d(z) +d(y) = n,
then G is hamiltonian.

Later many Ore type theorems dealing with degree-sum conditions were
proved.
In particular J.A. Bondy [2] proved:

Theorem 2 Let G be a 2-connected graph on n > 3 wvertices. If for any inde-
pendent vertices x,y,z € V(G) we have:
3n —2

2 3

d(z) +d(y) +d(z) >

then G is hamiltonian.

Let G be a graph and let k& > 1. We shall call a set of k independent edges
a k-matching or simply a matching. Sometimes the number of edges of a k-
matching M we will denote by |M]|.

About cycles through matchings in general graphs K.A. Berman proved in
[1] the following result conjectured by R. Haggkvist in [6].

Theorem 3 Let G be a graph on n > 3 vertices. If for any pair of independent
vertices z,y € V(G) we have:

then every matching lies in a cycle.

Theorem 3 has been improved by B. Jackson and N.C. Wormald in [7]. R.
Héggkvist [6] gave also a sufficient condition for a general graph to contain
any matching in a hamiltonian cycle. We give this theorem below in a slightly
improved version obtained in [10] by A.P. Wojda.

Let G\ be the family of graphs G = fnTu x H, where H is any graph of order
203 containing a perfect matching if 242

(* denotes the join of graphs).

is an integer, and G,, = () otherwise



Theorem 4 Let G be a graph on n > 3 vertices. If for any pair of independent
vertices x,y € V(G) we have:
dn —4

3 )

d(z) +d(y) >

then every matching of G lies in a hamiltonian cycle, unless G € G,,.

M. Las Vergnas [9] have proved a similar result, but the bound for degree
sum depends on the number of edges of the matching M.

Theorem 5 Let G be a graph on n > 3 wvertices and let k be an integer 0 <
k < %. If for any pair of independent vertices x,y € V(G) we have:

d(z) +d(y) = n+k,

then every k-matching of G lies in a hamiltonian cycle.

We have tried to find new conditions dealing with degree sum of three inde-
pendent vertices under which every matching from a graph G is contained in a
hamiltonian cycle.

First we have obtained the following extension theorem:

Theorem 6 Let G be a 3-connected graph on n > 3 vertices such that for any
independent vertices z,y,z € V(G), we have:

d(z) +d(y) + d(2) = 2n. (1)

Let M be a matching in G. If there exists a cycle of G containing M, then
there exists a hamiltonian cycle of G containing M.

Theorem 6 shows that if a graph G satisfies (1) and a matching of G lies in
a cycle, then this cycle can be extended to a hamiltonian cycle.

Using Theorem 6 we prove the following analog of Theorem 2, about hamil-
tonian cycles through matchings:

Theorem 7 Let G be a 3-connected graph on n > 3 vertices and let M be a
matching in G such that for any independent vertices x,y, z € V(G) we have:

d(z) +d(y) + d(2) > 2n, (2)

then there exists a hamiltonian cycle containing every edge of M or G has a
minimal odd M -edge cut-set.



A minimal odd M-edge cut-set is a subset of M such that its suppression
disconnects the graph G and which has no proper subset being an H-edge cut-
set.

Theorem 7 is an analog of Theorem 2, about hamiltonian cycles through
matchings.

Note that the bound 2n in Theorem 7 is almost best possible. Let p > 2
and consider a complete graph Ky, with a perfect p-matching. We define the
graph G = (p + 1)K; * Koy, (* denotes the join of graphs). In this graph
n = 3p+ 1 and G is 3-connected. For any independent z,y, z € V(G) we have
d(z) + d(y) + d(z) > 2n — 2 and there is no hamiltonian cycle containing the
p-matching from Ksp,. So the bound 2n is almost best possible.

Let G be a graph. We define a(G), the stability number of G, as the cardinal
of a maximum independent set of vertices of G.

From Theorem 7 we have the following Corollary:

Corollary 8 Let G be a 3-connected graph on n > 6 vertices and let M be a
matching of G. If a(G) = 2, then there is a hamiltonian cycle of G containing
M or G has a minimal odd M -edge cut-set.

2 Notation and preliminary results

For any A C G and z € V(G), we denote by N4(x) the set of all neighbors of
the vertez x in A. Note that A can be a subgraph or a set of vertices. For Ng(z)
we will sometimes write shortly N(x).

We will only use oriented cycles and paths. Let C' be a cycle with a given
orientation and z € V(C), then ™ is the predecessor of x and x is its successor
according to the orientation of C. For any subest A C V(C) we denote by A™
the set of successors of vertices from A and by A~ the set of predecessors of
vertices from A.

Let C :c1...¢ beacycle (or a path) in G with a given orientation. For any
pair of vertices ¢;, ¢; € V(C) with ¢ < j we can define four intervals:

e |ci, c;j[ is the path ¢i11...¢j—1.
e [ci, cj[ is the path ¢;...cj—1.
e |ci, ¢j] is the path ¢;1...¢;.

e [ci, ¢j] is the path ¢; ... ¢;.



Observe that these four intervals are subgraphs of the cycle (or the path) C.

Let u and v be two vertices of a graph G. We shall define e(uv) : e(uv) =1
if v € E(G) and e(uv) =0 if uv € E(G).

Let W be a property defined for all graphs of order n and let k£ be a non-
negative integer. The property W is said to be k-stable if whenever G 4 xy has
property W and dg(x) 4+ de(y) = k then G itself has property W.

Let k, s1,...s; be positive integers. We call S a path system of length k if
the components of S are paths:

. 1.1 1
P TGTY - -+ Ty,

. !
P TG .. Ty,

and 22:1 s; =k.
Note that a k-matching is a path system of length k.

J.A. Bondy and V. Chvétal [3] proved the following theorem, which we shall
need in the proof:

Theorem 9 Let n and k be positive integers with k < n—3. Then the property
of being k-edge-hamiltonian is (n + k)-stable.

For a matching M, we denote by V(M) the set of all end vertices of the
edges from M.

For notation and terminology not defined above a good reference should
be [4].

3 Proof of Theorem 6

Let k = |M| and let C be a longest cycle of G containing every edge of M.
We assume that C' is not hamiltonian. We denote by R = V(G) \ V(C) the set
of vertices of G not in C. Let u € R. Since G is 3-connected, we have P;[u, a,
Py[u, b], Pslu, c] three internally disjoint paths from u to C, where a, b, c € V(C).
If at least two edges between a~a, b~ b, ¢ ¢ are edges of the matching M, at
least two between aa™, bbT, cc' are not in M. Without loss of generality we
may assume that aa®™ & M, bb™ & M.
The three vertices u,a™, b are independent, so from (1) we have:

d(u) +d(a™) +d(b") > 2n. (3)



3.1 Neighbors of u,a™,b" in R and C

Since the vertices a™, b* and u don’t have common neighbors in R and are
independent, we have: dr(a™) +dr(b") +dr(u) < |V(R)| — 1.

As C' is a longest cycle containing M, if z € V(C) is a neighbor of v and ™
is a neighbor of a™ or b, then zz™ € M and hence

(Ne(u) " N [Ne(a®) UNo(b)] € {a € V(C), a~a € M}
and
|(Ne(u)t Nn[Ne(a®) UNe (b)) < k.
As [Ng(u)t UNe(a®) UNe(bT)] < [V(O)], we have:
[N (u)| + [Ne(a®) UNe (6F)] < [V(C)| + k.
Moreover

INe(a™) UNe(bY)| = [No(at)| + [Ne(0")| = [Ne(a®) N Ne (b)) .

To find an upper bound for ‘Nc(aJr) N Nc(b+)| we shall study vertices of
Ne(a™) N Ne ().

Let C; = Cla,b] and Cy = C[b,a] be the two intervals on the cycle with
endvertices a and b. Let z € C1, = € No(a™) N Ng(b™).
If zat ¢ M and 27 € No(a™), then the cycle:

Pi[u,ala™ ...bTxz™ ...ataT . Pab,u)

is a cycle containing M longer then C, a contradiction.

Hence 27 ¢ Ng(a™).

Similarly if 2 ¢ M then 2~ ¢ Ng(b™).

In both cases 2 & No(a™) N Ne(bh), 27 € No(a™) N Ne(bh).

Using similar arguments for the interval C, we have no two consecutive
vertices of C'\ V(M) in the set No(at) N Ng(b™).

3.2 Relations on degrees of a™, b", u

If we consider any path P; of C' between two edges of M, we have:

P;
INe(a™) N Ne(b™) N V(P)| < {&2)'} ,
Let for ¢ > 2, n; be the cardinality of the set of the paths on C of length

1 — 1, between two edges of M. The following relations must be satisfied:



INc(at) nNe(bh)| < ZH n; .

As
de(a®) +de(™) +de(u) <[V(C)|+k+ |Ne(a®)NNe(bh)],

we have:

dc(a+) + dc(b+) + dc(u) < Z(angj + (2j + 1)n2j+1) +
j=1

D (noj +nzj1) + Y (jng; + (G + Dngjr) <

i>1 i>1
Z (3j + 1)ng; + Z (3] +3)ngjr1 <
jz1 jz1
Z 4djno; + Z (47 + 2)ngjq1.
jz1 jz1

Hence do(at) + de(b7) + de(u) < 2|V(O)]

and

d(at) +d() +d(u) < 2|V(C)| + [V(R)| -1 <
2(V(IO) +V(R)) = [V(R)| =1 =2n— [V(R)| - 1,
a contradiction with (3).

This contradiction ends the proof of Theorem 6.

4 Proof of Theorem 7

Let k = |M].



4.1 Preliminary Remarks

Remark 1 For two independent vertices x, y € V(G) two cases can occur:

1. If there exists a vertex z such that x,y,z are independent, then d(z) +
d(y) = 2n—d(z) > n+3.

2. If there is no vertex in G independent with x and y, then N(z) U N(y) U
{z,y} covers V(G) and d(z) + d(y) > n — 2.

Remark 2 Ifx andy are independent vertices satisfying d(x)+d(y) = n—2+c¢,
with 0 < € < 3 we are in the second case. We may assume d(y) < d(x). If u;
and ug are independent vertices in N(x)\N(y), then d(u1)+d(u2) = 2n—d(y) >

3n—1 -1
n2 =n+n . If n is even, thend(ul)—i-d(ug)}n—Fg>n+k.1fn

is odd, then any matching of G has at most

d(u1) + d(u2) = n+ k. In any case ujug is in the (n + k)-closure of G. From
Theorem 9 we can assume that N(x) \ N(y) is a complete graph.

n—1

edges, then we have again

4.2 Definition of a f-graph through a matching in the
graph G

Definition 1 A 6-graph through a matching M is the union of two cycles Cy

and Cs whose intersection is a path of length at least one and such that M C

E(C1) UE(Cy) and every edge of M incident with a vertex of C1 N Cy lies in

CinNCs.

This notion has been introduced by Berman [1].

4.3 Strategy of the proof

We will prove the theorem by contradiction. We assume that for a matching M
there is no hamiltonian cycle containing M. We consider a cycle C in G which
satisfies the following conditions:

1. |E(C) N M| is maximum.

2. Up to condition (1) the length of C' is maximum, so by Theorem 6, C' is
a hamiltonian cycle.

Existence of a #-graph

Let M’ = E(C) N M. By assumption M’'#M and then there exists an edge
e=ay € M, e ¢ E(C). The edge e = zy is a chord of the hamiltonian cycle.
Let C; = xa"...yz and Cy = x2~ ...yz. Note that (C; U Cs) satisfies the
definition of a #-graph through M’ U {e}.



Maximality conditions for a #-graph

Let I'(C1, Cs) be a f-graph through M’ U {e} satisfying moreover:

1. The intersection C; N Cy is maximum.

2. Under condition (1) |[V(I'(Cy, C2))| is maximum.

In T'(Cy, Cs), we denote by P,Q,R’, R the paths defined respectively by:
R' = CinNCy = zrra.ryy, R = rira..ry, P = C1 \ Co = pip2...pq with
xzp1 € E(C1), @ = C2\ C1 = q1q2...q3 with zq1 € E(Cy).

Sometimes we will write I" instead of I'(Cy, Cs).

Inequalities and consequences

Remark 3 The edges xpi, ©q1,ypa,yqs are not in M, then p1 and qg are
independent and and q1 and po are independent.

Remark 4 We can apply the same arguments as Berman [1] (see inequalities
(4) — (12) in [1]) and we have the following inequality:

d(p1) + d(q1) + d(pa) + d(gp) < 2n.

Since the graph G satisfies the condition (2) (i.e. for any independent ver-
tices w1, wz, ws € V(G) we have d(wy1) + d(wz) + d(ws) > 2n) and by Remark
1 we have the following inequalities:

d(p1) +d(gg) = n -2,

d(q1) + d(pa) = n — 2.
Hence:

d(q1) +d(pa) <n+2,

d(p1) +d(gs) <n+2

and there is no vertex independent of p1 and gz and no vertex independent
of 1 and pq.

Remark 5 Without loss of generality we may assume that d(p1) + d(gg) <
n, d(gs) < g and by Remark 2, N(p1) \ N(gg) is a complete graph.



4.3.1 Basic Lemmas

The following lemmas involve the neighbors of the vertices pi, ¢qi, pa, and gg
on the paths R, P, Q:

Lemma 1
1. If uv is an edge of R not in M, then two cases can occur:

(a) Vertices p1 and g1 are both adjacent to u and v and p, and qg are
independent of u and v and even there is no path internally disjoint
with ', from u and v to po and gg.

(b) Vertices po and qa are both adjacent to u and v and vertices p1 and
q1 are independent of u and v and even there is no path internally
disjoint with T, from w or v to p1 or q1.

2. Consequently for any r € V(R) we have two possibilities:

(a) Vertices p1 and g1 are both adjacent to r and po and vertices qz are
independent of r.

(b) Vertices po and g are both adjacent to r and vertices p1 and q1 are
independent of r.

3. Ifary & M, thenrip1, iqn € E(G) and ripa, r1qs & E(G) and respectively
if yry € M, then rypa, 7vq3 € E(G) and ryp1, ryq1 € E(G).

Proof of Lemma 1:

We shall prove first 1. As N(p1) UN(gg) = V(G) \ {p1,q3} and N(¢1) U
N(pa) = V(G) \ {q1,Pa}, the vertex u is adjacent to at least one of the vertices
p1 or gg. The assumption of the proof is that no cycle contains every edge of
M NE(). If we assume up; € E(G), then pov ¢ E(G) and ggv ¢ E(G), that
implies ¢1v € E(G) and pi1v € E(G). Hence ggu ¢ E(G) and pov ¢ E(G), that
implies g1v € E(G). If we assume up; € E(G), then ggu € E(G), that implies
q1v € E(G), then p,v € E(G) that implies g1u &€ E(G), then pou € E(G) that
implies p1v € E(G) then ggv € E(G). Moreover we can replace the condition
wt & E(G) by no path from w to ¢, internally disjoint of T" exists, where w may
be u or v, and ¢t may be p1, pa, q1, 98-

Using similar arguments we can show 2 and 3.
O

Note that from Lemma 1 we have dg(p1) = dr(q1) and similarly dr(p.) =
dr(gs)-

10



Lemma 2 If p;pi+1 is an edge from E(P) \ M, then gspi+1 ¢ E(G), qipi ¢
E(G), gspi € E(G) qipi+1 € E(G) and pipi, pipi+1, PaPis Papit+1 are edges of
G. Similarly if g;qiy1 is an edge from E(Q)\ M, then p1q; € E(G), pagit1 &

E(GQ), pigi+1 € E(GQ), pag;i € E(G) and q1¢i, q1¢i+1, 489, qpQi+1 are edges of
G.

Proof of Lemma 2:

The hypothesis of maximality of C; NCy implies that the edges q1p;, ¢spi+1,
P1Gi, Pagi+1 are not in E(G). As N(p1) UN(gg) U {p1,9s} or N(q1) UN(ps) U

{q1,pa} cover V(G) the edges p1pit1, Palis q1¢i+1, 43¢ are in E(G). If p1piy1 €
E(G), qsp; € E(G) elsewhere

Ir1---TyYPa---Pi+1P1P2---Pi43---q1L

is a cycle through M’ U {e}, a contradiction. Hence p1p; € E(G).
The proofs for the other vertices are similar.

4.3.2 Steps of the proof

We will first study the case where o = 3 = 2 and obtain the existence of a
minimal odd M-edge cut-set. Then we will assume that a > 3 or § > 3, we will
use the structure of the neighborhood of the vertices p1, q1, pa, ¢g and obtain
a contradiction.

4.4 Proof of Theorem 7 for a = g = 2.
4.4.1 Claims and Corollaries

Let S =G\T.

Claim 1 The vertex p1 has no neighbor in S.

Proof of Claim 1:

Assume that w € V(5) is adjacent to p;. Let w[w,t], with ¢ € V(T"), denote
a path from pito I, internally disjoint of I'. First t£qy elsewhere we obtain a
cycle through M’ U {e}. Because of the maximality of |[V(I')|, t£z. If t = ¢,
zqa ¢ E(G), then x € N(p1) \ N(¢2), w € N(p1) \ N(qz2), then wz € E(G), a
contradiction with the hypothesis of maximality of |V(T')|. Then wq; ¢ E(G),
and wps € E(G). We can deduce that t#y because of the maximality of |V(T')]|.
At last, as G is 3-connected, there exists an other path (than the edges wp;
and wpz), say w[w,r] from w to T, with r € V(R). At least one of the edges rr
or 7~ r is not in M, T in the first case, 7~ in the second case is adjacent to p;
or po, a contradiction with Lemma 1.
U

11



Claim 2 The edge pags is in E(G).

Proof of Claim 2:

Case 1: p1q1 € E(G) or there exists a path 7[p1, ¢1] internally disjoint
with T.

Then zps € E(G), xq2 € E(G) elsewhere we obtain a cycle through M'U{e}.
The conditions x € N(p1)\N(g2), zp2 € E(G) imply ps € N(g2) i.e. p2ga € E(G).

Case 2: piq1n ¢ E(G) and there exists no path 7[p1,q;] internally
disjoint with I.

We assume p2g2 € E(G). Then pa € N(p1) \ N(g2). We have: N(p1) C
V(R) U {z,y,pa)

Let » € V(R) be a neighbor of p;. We have r € N(p1) \ N(¢2), p2 € N(p1) \
N(gz), that implies rps € E(G), a contradiction with Lemma 1. So Ng(p1) = 0,
and N(p1) C {z,y, p2}-

Since G is 3-connected N(p1) = {,y,p2}. The condition d(p1) > d(g2)
implies that |[V(R)] < 1.

If R = (), it is easy to see that xy is a minimal odd M-edge cut-set, a
contradiction.

If R={r} and yr; € M, then C' :  zpipariygaqiz is a cycle through
M’ U {e}, a contradiction.

If R ={ri} and zry € M, then C' :  aripsp1ygaqiz is a cycle through
M’ U {e}, a contradiction and Claim 2 is proved.

U

Note that we have also the following Corollaries from Claim 2:

Corollary 1 Both pairs of vertices {y,p1} and {y,q1} are independent and
have no common neighbors in S.

Corollary 2 If vertices {y,p1} (or {y,q1}) have no common neighbors on R,
then prq1 € E(G) and y is adjacent to every neighbor of pa (or ga) on R.

Proof of Corollary 2:

If there exists a set of three independent vertices containing y and p; (or ¢1),
then d(y) + d(p1) = n + 3. Note that we have: N(p;) "N(y) C V(R) U {z,p2} ,
INr(p1) " Nr(y)| > 3.

Hence, if Ng(p1) N Ng(y) = 0, then there is no independent set of three
vertices containing p; and y, and p1¢1 € E(G). As Ng(y) UNg(p1) = V(R), by
Lemma 1, y is adjacent to every vertex of Ng(p2) = Ng(g2).

(]

12



4.4.2 Proof of the Theorem 7

We recall that we consider the case a = 3 = 2.

By Lemma 1 the sets Nr(p1) = Ngr(q1) and Ngr(p2) = Ng(ge) define a
partition of the set of the vertices of R and by Remark 2 we may assume that
Ng(p1) is a complete graph. If an edge ab € E(R) is such that a is adjacent to
p1 (and ¢1) and b is adjacent to py (and gz2), then by Lemma 1 ab € M. Let
{e; = a;bj, a; € Nr(p1), b; € Nr(p2)} be the set of these edges. The path
R can be partitioned into subpaths: Ryp = R[z,a1](= {z} if a1 = z), Ry =
Rby...b2], ... Rs = R[bs,y|(= {y} if bs = y). Every vertex of Ry, Ra,...,R; ...
is adjacent to p; (and ¢1), and every vertex of Ry, Rs,..., Ry is adjacent to pa
(and ¢2). Note that s is odd. If no other edge exists between N(p1) U {p1,¢1}
and N(pz2) U {p2, g2}, then the set

{ej = azbj, a; € N(p1), bj € N(p2), 1 <j<spU{p1,pa} U{q1,q2}

is an odd minimal M-edge cut-set.
Otherwise there exists an edge cd € E(G), with ¢ € N(p1), d € N(p2).

Case 1: There is an edge r;y, with r; € Ng(p1)
Subcase 1.1
If TtTt+1 ¢ M, then

TT1-.TtYTry ... Tt414142P2P1 X
is a cycle through M’ U {e}, a contradiction.
Subcase 1.2
If i1 € ]\47 i1 € NR(pl), then ri—1 € NR(pl), Ty € NR(pl) and
re_1Tt42 € E(G)

In this case

IT1---Tt—1Tt42...TyYTtTe+14192P2P1T

is a cycle through M’ U {e}, a contradiction.
Subcase 1.3
If ryrip1 € M, reyp1 € Ng(p2), then
TTL Tt 1P1ID2T 42 T YT 412G &

is a cycle through M’ U {e}, a contradiction.

13



Case 2: The vertex y is not adjacent to any vertex of Nr(p1).

By Corollary 2, y is adjacent to any vertex of Ng(p2). Let ¢ = 1 € Ngr(p1), d =
Tm € Ng(p2) such that cd € E(G).

Subcase 2.1 : rrip 1, " Tmy1 € M or vy 11, Ti—17m € M.
If t < m, then

Iry-TtrmTm—1.--Tt+19192Tm+1.--YP2P1T

or
TT1Tt—19192YT~ . . Tm Tt Tt 1. Tm—1P2P1T

is a cycle through M’ U {e}, a contradiction.
If t > m, then

LT TmTtTt—1---Tm+19291 Tt +1.--TyYP2P1T

or
Ir1.--"m—-19291T¢t—1.--Tm7¢...Yp2p1T

is a cycle through M’ U {e}, a contradiction.
Subcase 2.2 : 11 € M and 111y, € M ift < m, 7417 € M and
TmTm+1 € M if t > m.
There exists 7, ¢ between t and m, such that ;7,11 € M. The vertices r; and

ri+1 are both adjacent to p; and ¢; or to ps and gs.

Subcase 2.2.1 : The vertices r; and r;;; are both adjacent to p; and
qi.

If t < m, then since 41, 741 € N(p1) \ N(g2) we have r,_17;11 € E(G) and

Ty Tt—1Ti41---TmTtTt+1---7q142T"m+1---YpP2P1T

is a cycle through M’ U {e}, a contradiction.
If t > m, then

ITr1...Tm—192917iT5—1 ---T7nrt---ri+1rt+1 ...ypzplx
is a cycle through M’ U {e}, a contradiction.

Subcase 2.2.2 : The vertices r; and r;;; are both adjacent to p; and
q2-

In this case r; and r;41 are adjacent to y.
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If t < m, then

ITr1...Tt—1491927iT5—1---Tt"mTm—1 ...’I"i+1y’l",y...’l"m+1p2p1$)

is a cycle through M’ U {e}, a contradiction.
If t > m, then

(71— 1P2PIT 1 YT i 1o Tt T G241 T)

is a cycle through M’ U {e}, a contradiction.

Subcase 2.3 : ry;_1ry € M and rpTmy1 € M if t < m or rry €
M and rp_1r € M if t > m.

Soif t <m, rm_1y € E(GQ), if t >m, rpi1y € E(G).
Hence if t < m, then

T Ttrm Yrm—1...-Tt4191G92P2P1T

is a cycle through M’ U {e}, a contradiction.
Ift > m,
LT Tm Tt 41 YT mA4-1--Tt—14142P2P1%

is a cycle through M’ U {e}, a contradiction.

The proof of Theorem 7 for a = 8 = 2 is complete.

4.5 Proof of Theorem 7 for a« >3 or >3

Case 1: piq1 € E(G)

Remark 6 : The hypothesis of maximality of the intersection C1 N Cy implies
that the edges pip2 and qiqs are in M.

Remark 7 : zqg &€ E(G), apa € E(G) and there is no path w[xqg] or w[xpa]
internally disjoint of T', elsewhere we obtain a cyle through M' U {e}.

Remark 8 : Sincex € N(p1)\N(¢g), pa € N(p1)UN(gg) and xpo & E(G), pa &
N(p1) \ N(gg), we have poqs € E(G), that implies papa—1 € M, qaqp—1 € M
and yp1 € E(G), yq1 & E(G).
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Remark 9 : If w € Ng(p1) and w & N(qg), then w € N(p1) \ N(¢g), that
implies wr € E(G), a contradiction with the hypothesis of mazimality of |V(I')].
Hence Ng(p1) = 0.

By Lemma 2 and the property that pi1p2, ¢1G2, PaPa—1, ¢3—1qg are in M, we
deduce the following Lemma:

Lemma 3
1. The vertex p; is independent of gz, ,...,qg and adjacent to pa, ...,pPa—1.
2. The vertex qq is independent of pa, ..., pa and adjacent to qa2, ..., qg—1.

3. The vertex po is independent of q1, ..., gg—1 and adjacent to pa, ..., Pa—1.

4. The vertex qg is independent of p1, ..., pa—1 and adjacent to q2, ..., qz—1.

We recall that we consider the case o > 3, 5 > 3.
Subcase 1.1 : o >3

By Lemma 2, pa—1 € N(p1) \ N(gs). As = € N(p1) \ N(gg), 2pa—1 € E(G),
the edges p1p2 and p,—1p, are in M, then the condition a > 2 implies a > 4.

By Lemma 3 po—2pa € E(G), and then
Ir1...TyYq3..-q1P1P2---Pa—2PaPa—1T
is a cycle through M’ U {e}, a contradiction.
Subcase 1.2 : « =2, >3

The vertex po is a common neighbor of p; and gg, then d(p1)+d(gs) > n—1

1
that implies d(¢q1) + d(p2) < n + 1 and min{d(¢q1),d(p2)} < nt .

So, in case d(q1) > d(p2) the (n + k)-closure of N(g1) \ N(p2) is a complete
graph, elsewhere d(p2) > d(¢q1) . We shall examine both cases.

Subcase 1.2.1 : d(q1) = d(p2)

In this Case N(q1) \ N(p2) is a complete graph. As 8 > 3, q2q3 € M, ¢3 €
N(q1) \ N(p2) and zgs € E(G). Then (z...yp2p1¢192¢3-..g3x) is a cycle through
M’ U {e}, a contradiction.

Subcase 1.2.2 : d(p2) > d(q1).

The following inequalities are satisfied:
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They imply that:
d(p1) +d(p2) 2 n—1.

We have: N(p1) = Ng(p1) U {p2,z, 1} and N(p2) = Ngr(p2) U {p1,9,q3} U
Ns(p1)

By Lemma 1 dg(p1) + dr(p2) = [V(R)| = 7. d(p1) + d(p2) = dr(p1) +
dr(p2) +6 +ds(p1) + ds(p2) < v+ 6+[V(S)[. Since n =y + B+ 4+[V(5)],
we obtain:

n—1=vy+8+4+|V(S)|—1<d(p1)+d(p2) <v+6+|V(S)| that implies
B < 3. We have q1q2 € M and gg_1q3 € M, then if 3 < 3, q1q2 = q3—193, B8 =2,
a contradiction.

Case 2: p1q1 € E(G)

Lemma 4
1. The vertex py is independent of q1, q2,...,q3 and adjacent to pa, ..., pq.
2. The verter q, is independent of p1, ..., pa and adjacent to gz, ..., qg.
3. The vertex po is independent of q1, ..., gg—1 and adjacent to p1, ..., Pa—1-

4. The vertex qg is independent of p1, ..., pa—1 and adjacent to q1, ..., qz—1.

Proof of Lemma 4:

The condition ¢; ¢ N(p1) implies that ¢1 € N(gg), the condition p1 & N(¢1)
implies that p; € N(po) i.e. the edges p1p, and ¢1gg are in E(G). Let i be a
minimal integer such that p1¢; € E(G). For 1 < j <i—1, pig; € E(G), then
gsq; € E(G). The hypothesis of maximality of C; N Cy implies that gig;11 € M
and then ¢;_1q; & M.

The cycle

(xr1...79YPa--D1Gi---43Gi—1---G1)

is a cycle through M’ U {e}, a contradiction.

The vertex p; is independent of g1, g2, ..., g3, hence g is adjacent to g1, g2, ..., gg—1.

The proofs for the other vertices are similar.
O

Subcase 2.1 : p.gs ¢ E(G)
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Claim 3 If pogs € E(G), then Ng(p1) = Nr(q1) = 0.

Proof of Claim 3:

If po € N(p1) \ N(¢s) and u € Ng(p1), then ugg € E(G) , v € N(p1) \ N(gg)
then w € Nr(p1) N Ngr(pa), a contradiction with Lemma 1.

O

Claim 4 At least one of the edges xps or xqs is in E(GQ).

Proof of Claim 4:

If z € N(p1) \ N(gg), = is adjacent to every vertex of N(p1) \ N(gg), then
xpa € E(Q).
U

Corollary 3 Ng(p1) NNg(q1) = 0.

Claim 5 At least one of the edges yp1 or yq1 is in E(G).

Proof of Claim 5:

Vertices p; and ¢; have no common neighbor in S. The following inequality
is satisfied:

d(p1) +d(q1)<a + B+ [V(9)| + e(yp1) + e(yq1)

and since
n=a+0+vy+2+1|V(9),

we have:

d(p1) +d(q1) < n.
The vertices p; and ¢ are not in any set of three independent vertices and
so Claim 5 is proved.
O
Subcase 2.1.1 : v =|V(R)|=0.

In this case zy € M. As G is 3-connected, G \ {z,y} is connected. The
conditions e(zps) + e(xzgs) > 1, €(yp1) + €(ygi) > 1 imply that there is no

18



path 7[p1, 1], 7[p1,q8], 7[Pa,q1], T[Pa,qs] elsewhere there is a cycle through
M'U{e}. As G is 3—connected, there exists a path 7[p;, ¢;], with 2 <i < a—1,
2 < j < B—1. We can easily construct a cycle through M’ U {e}.

Subcase 2.1.2 : v > 1, d(q1) = d(pa)-

By Claims 4 and 5, €(zpo) + €(xzqg) > 1 and e(yp1) + €(yg1) > 1, then:

d(p1) +d(g1) +d(pa) +d(gs) = 2n — 2 that implies d(p1) +d(q1) = n—1 We
have N(p1) C {z,y} U{p2....,pa} US, N(¢1) C {z,y} U{g2...,qs} U S, Ng(p1) N
Ns(g1) = 0 and so d(p1) + d(q1) < a+ B+ |V(S)| + €(yp1) + €(yg1). Moreover
n=a+B+v+2+ V().

The inequality d(p1) +d(g1) = n — 1 gives: v+ 1 < e(yp1) + €(yq1). Hence
v=1=¢€(yp1) = e(yq1). If xry € M, (zr1¢3...q1Ypa---p17) is a cycle through
M'U{e}, if ry € M, (zp1...paT1yqs.--q1%) is a cycle through M’ U {e}, a
contradiction.

Subcase 2.1.3 : v > 1, d(pa) > d(q1)

Note that d(p,) +d(q1) = a+ 8+ v+ |V(S)| + e(yq1) + e(xzpa) < n. Hence
the (n + k)-closure of N(p,) \ N(¢q1) is a complete graph. Let u € Ng(pa),
u € N(pa)\N(q1) and p; € N(pa)\N(¢1). This imply up; € E(G), a contradiction
with Lemma 1. Hence Ng(p1) = Nr(po) = 0, v = 0, a contradiction with the
hypothesis of Subcase 2.1.3.

Subcase 2.2 : p.gs € E(G)

Claim 6 If poqs € E(G), yp1 € E(G), yq1 € E(G).

By Claim 6 d(p1)+d(gs) = a+L+y+e(xgs)+1+|V(S)| = n—1+€(zgp) < n.
d(q1) +d(pa) = a+ f+ 7+ e(zpa) + 1+ [V(S)| =n — 1+ €e(zpa) < n.

Subcase 2.2.1 : d(q1) = d(pa)

The (n + k)-closure of N(q1) \ N(p,) is a complete graph, we may assume
that N(q1) \ N(ps) is complete. Vertices p1,q1,y are independent and thus
d(p1) +d(q1) = n + 3. Recall that dg(q1) = dr(p1)-

The inequalities:

o,
—
i
=
~—

|

a+dgr(p1) +ds(pr)
B+dr(q1) +ds(q1)

jol

—
(=
=

~
|

imply that:

a+ B+ 2dg(p1) +ds(p1) +ds(g1) = n+ 3.
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If 2po € E(G) or 23 € E(G), Ns(p1) N Ng(g1) = 0.

If zpo ¢ E(G) and zqs & E(G), z € N(p1) \ N(gg).; if w € Ng(p1), w €
N(p1)\N(gg) and zw € E(G) a contradiction with the hypothesis of maximality
of [V(I)].

Then ds(p1) + ds(q1) < [V(9)].

Note that n+3 < d(p1) +d(¢1) < a+ B+ |V(S)|+2dr(p1), this imply that
a+B+v+|V(S)+5< a+ 8+ |V(S) + 2dr(p1). Since 2dg(p1) = v+ 5 we
have dr(p1) = 5.

Ifa>2 pa—1Pa € M, pa—2pa—1 & M.

Let ;7,41 be an edge of R not in M, with r; and ;11 adjacent to p;. Vertices
r; and r;41 are adjacent to p,—1 and py—o.

xri...riPa—2---P1PaPa—1"Ti+1---TyY43...q1 T

is a cycle through M’ U {e}, a contradiction.
If B > 2, the argument is similar.
Subcase 2.2.2 : d(ps) > d(q1)

y € N(pa)\N(q1), p1 € N(pa)\N(q1), then yp; € E(G), a contradiction with
Claim 6.

The proof of Theorem 7 is complete.
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