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Abstract

In wireless sensor networks (WSNs), energy source is usually battery cell, which is
impossible to recharge while WSNs are working. Therefore, one of the main issues
in wireless sensor networks is how to prolong the network lifetime of WSNs with
certain energy source as well as how to maintain coverage and connectivity. In this
paper, we consider the wireless sensor networks satisfying that each node monitors
one target or just for connection. Assume the wireless sensor network has [ targets,
and each is monitored by k sensor nodes. If £ = 2 and the graph G corresponding
to the wireless sensor network is (I + max{1,! — 4})-connected, or k > 3 and G is
(I(k — 1) 4+ 1)-connected, then we can find k£ (the maximum number) disjoint sets
each of which completely covers all the targets and remains connected to one of
the central processing nodes. The disjoint sets are activated successively, and only
the sensor nodes from the active set are responsible for monitoring the targets and
connectivity, all other nodes are into a sleep mode. And we also give the related
algorithms to find the k disjoint sets.
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1 Introduction

A wireless sensor network (WSN) is a wireless network comprised of a large
number of sensor nodes which are deployed randomly. Wireless sensor net-
works have attracted a good deal of research attention as they used in many
application areas, including battlefield surveillance, environment and habitat
monitoring, home automation, inventory tracking, and healthcare application
(11).

The energy source of a node is most often a battery cell, and they can stay
active for a limited time before the battery resources are depleted. As recharg-
ing the battery is not feasible in many applications, energy efficient coverage
is an important issue in wireless sensor networks design. In energy efficient
coverage problem, the goal is to monitor the set of targets (or the area) with
low energy consumption. Especially, in area coverage problem, the objective of
wireless sensor network is to cover an area. While in point coverage problem,
the goal is to cover a set of targets. Another important issue of wireless sensor
networks is connectivity.

In this paper we address a special point coverage, which need to monitor a
set of discrete targets with known locations. The sensor nodes are dispersed
to send the monitored information to one or more central proceeding nodes.
The most remarkable characteristics is a large number of sensor nodes are
dispersed randomly in close proximity around each target for surveillance and
other nodes only for connection, which implies each target is monitored by
lots of sensor nodes.

In order to extent the network lifetime, organize the sensor nodes into disjoint
sets each of which completely covers all the targets and remains connected
to one of the central processing nodes, with only one set performing environ-
mental monitoring and connectivity at any moment. These disjoint sets are
activated successively. Scheduling and grouping of sensor nodes into disjoint
sets is done by the central processing nodes and the synchronizer, which in-
form every sensor node to be activated or not. All sensor nodes of the active
set are in the active state, whereas all other nodes are into a sleep state, where
the CPU is in a low power mode and radio reception is disable. The ratio of
energy consumed between the sleep state and the active state (i.e., when the
CPU operates at full energy) is typically on the order of 100 or more (6).
The goal is to maximize the number of disjoint sets each of which completely
covers all the targets and remains connected to one of the central processing
nodes.

Refer to (1) for graph theory notation and terminology not described here.
Model the wireless sensor network with n sensor nodes as an undirected graph



G with n vertices. An edge exists between vertices u and v if and only if nodes
u and v are within each other’s sensing range. Usually, call G as a network
graph. Call the vertices corresponding to the central processing nodes as cen-
tral vertices. Assume the sensor network has [ targets, and each is monitored
by k sensors. For 1 <1 <, let A; be the vertex subset of G corresponding to
the set of sensors monitoring each target, S the set of the central processing
nodes, A; NS = 0. Moreover, for 1 <i < j <[, A;NA; = 0. A connected
subgraph of GG, which contains at least one vertex of S and one vertex of A; for
each ¢ with 1 <1 <[, is corresponding to a set of sensor nodes which monitors
all the targets and transmits the information to at least one of the central
processing nodes. Hence, the maximum number of disjoint sets of the wire-
less sensor network is corresponding to the maximum number of such disjoint
connected subgraphs.

The problem in wireless sensor networks containing more than one central
processing nodes can be changed into the case in which there is only one
central processing node. In fact, let G be the graph corresponding to the
wireless sensor network which has more than one central processing nodes,
and G’ obtained by contracting the set of central vertices of G into a single
vertex s. The connected subgraph of G containing at least one central vertex
is corresponding to the connected subgraph of G’ containing s. Hence, we only
need to consider the wireless sensor networks with unique central processing
node. In this paper, we find a parameter — connectivity of the network graphs
to achieve energy conservation and connectivity.

Theorem 1 Let G be a graph, Ay, ..., A; be any | pairwise disjoint vertex
subsets with |A;| = k for 1 <i <1, s € V(G)\U_, A;. Ifk =2 and G is
(Il +max{1,l —4})-connected, or k >3 and G is (I(k — 1)+ 1)-connected, then
there exist k connected subgraphs G4, ..., G} such that

(a) [V(G))NAj|=1for1<i<kandl<j<lI;
(b) V(Gi)NV(Gj) ={s} for1 <i<j<k.

Denote the working time of a sensor node by a unit time. In the ¢th unit
time, the set of sensor nodes corresponding to the connected subgraph G; are
activated. These k disjoint node sets are activated successively. Therefore if
k = 2 and the network graph G is (I + max{1,l — 4})-connected, or k > 3
and G is (I(k — 1) 4+ 1)-connected, the lifetime of the WSN will be improved
by k times. In fact, the preceding theorem implies more strong conclusion in
wireless sensor networks, one is the targets can be arbitrary, the other is the
network lifetime is maximized. For the case of k = 2, we conjecture that the
connectivity [ 4+ 1 is enough.

Conjecture 2 Let G be a graph, Ay, ..., A; be any | pairwise disjoint vertex
subsets with |A;| =2 for1 <i <1, s € V(G)\UL_, A;. If G is (I+1)-connected,
then there exist 2 connected subgraphs G1 and Go such that



(a) [V(G)NAj|=1fori=1,2and1 <j<lI;
(b) V(G1) NV (G2) = {s}.

For each [ with 1 <[ < 5, Conjecture 2 is true since it is contained in Theorem
1. To conclude this section, we will show the sharpness of the condition “(I(k—
1)+1)-connected” in Theorem 1. For each integer [ and k, construct the graph
G(l, k) from I(k — 1)-ary tree.

A f-ary tree is a rooted tree in which each vertex has no more than f children.
A full f-ary tree is a f-ary tree where each vertex has either 0 or f children.

Let T be a full I(k — 1)-ary tree of depth [(k — 1) — 1, and only the vertices in
the (I(k — 1) — 1)th-layer have no children. Let T* be a graph obtained from
T which satisfies the following properties:

(i) the vertices in the dth-layer of T is joined to form a path P; = v{- - - Uﬁl(k_nd

for 1 <d<Il(k—1)—1;
(i) let v? (resp. v ) is a child of v?l_l (resp. v?;l) with 2 <d <Il(k—1)—1;
if f1 < fg, then ¢ < co.

For 1 <d <I(k—1)—1, call P; as the dth-layer path of 7%, v¢ the origin of
P, and vffi(k_l)d the terminus of P,.

Let T7,..., T be [ copies of T™. For the dth-layer path of T} with 1 < d <
I(k—1)—1and 2 < i <[ —1, join the origin and the terminus of it to
the terminus of dth-layer path of 77" ; and the origin of dth-layer path of T}, ;,
respectively. Add I(k—1)—1 new vertices s, ug, U1, . . ., uyp—1)—3 (if I(k—1) < 3,
we only add two vertices s,uy), join s to the origin of the dth-layer path of
Ty for each d with 1 < d < I(k — 1) — 1; join ug to s and all the vertices
in the (I(k — 1) — 1)th-layer path of T} for each ¢ with 1 < ¢ < [; and for
1 <j <Il(k—1)—3, join u; to the neighbors of uy except s. Denote the
obtained graph by G(I, k). The graph G(1,4) is given in Fig. 1.

Uy

Fig. 1. The graph of G(1,4).

For 1 < ¢ <[, denote the rooted vertex of T by v;. In G(l, k), denote the
terminus of the dth-depth path of T} by v44 for 1 < d < I(k—1) —1, and
let Ug = V- For 1 S 1 S l, let Az = {v(i_l)k+1,v(i_1)k+2,. . .,’Uik}. G(l,]{?) is



[(k —1)-connected, but we cannot find k connected subgraphs of G(I, k) which
satisfy (a) and (b) of Theorem 1. In fact, by the characteristics of G(, k),

it needs at least [(k — 1) + 1 edges of Ngq(s) to construct k connected
subgraphs, but |Ngq(s)| = 1(k —1).

The rest of the paper is structured as follows. In section 2, we discuss previous
work done in the coverage and connectivity in WSNs. In the following section,
we give the proof of Theorem 1. The algorithms according to Theorem 1 are
presented in section 4.

2 Related Work

Recently, a lot of research has been done to address the coverage problem in
WSN. Related work has been done to implement energy efficient area cover-
age, connectivity or both (3; 5; 12; 14; 18). In some applications, when the
network is sufficiently dense, area coverage can be approximated by guaran-
teeing point coverage. In this case, all the points of wireless devices could be
used to represent the whole area, and the working sensors are supposed to
cover all the sensors (13; 17).

Point coverage has also been considered. Cardei and Du (2) addressed the point
coverage problem in which a set of targets with known locations needed to be
monitored. They achieved energy efficiency by organizing the sensor nodes
into a maximal number of disjoint set covers that are activated successively.

Design the set of active sensors as a connected dominating set (CDS) can as-
sure coverage and connectivity. A distributed and localized protocol for con-
structing the CDS was proposed by Wu and Li (16). Dai and Wu (9) gave the
dominating set algorithm to achieve connected point coverage. Wu et al. (15)
also discuss the energy efficient dominating set coverage approach.

k-connected k-point coverage was also discussed. Zhou et al. (19) presented
various algorithms to guarantee connected k-point coverage. Dai and Wu (10)
have proposed several local algorithms to construct k-connected k-dominating
set. Yang et al. (17) have proposed algorithms and solutions for k-(Connected)
Coverage Set (k-CS/k-CCS) problems.

In many applications, the sensor nodes are dispersed very closely to each target
and some other sensor nodes dispersed for transmitting information, which
implies each target is in the sensing ranges of a lot of nodes. In this paper, we
mainly consider these point coverage models, that is, each target with known
location is monitored by lots of nodes in wireless sensor networks, we assume
k nodes, and there are some nodes only for connection. We still organize the



sensor nodes into disjoint sets to achieve point coverage and connectivity.

3 Proof of Theorem 1

Let T be a tree, vov; - - - v, a path in 7. Denote the sub-path v;v;41---v; by
Tvi,v;], Vig1---v; by T(v;,v;], and v;---v;—1 by T[v;,v;). When a path P
is internally vertex disjoint to a graph G, it is simplified as P is IVD to Gj
when a sequence of paths P, ..., P, is pairwise internally vertex disjoint, it
is simplified as Pi, ..., P, is PIVD. If a vertex v is in a subgraph G’, we still
call that v can be connected to G'.

Let A; = {vi, v}, ... ,vj} for 1 <4 <.
Case 1. k =2 and G is (I + max{1,] — 4})-connected.
If [ =1, it is clear.

If | = 2, then G is 3-connected. By the connectivity, there exist 3 PIVD paths
P}, P? and P? connecting s to vi,v? and v3, respectively. And we also may
assume v4 isn’t in P}, and it can be connected to P? or P} by some path Q,
say P?, which is IVD to P}, P} and P#. And then G| = P} UP}, Gy = QU P}
are the two connected subgraphs satisfying (a) and (b).

If I = 3, then G is 4-connected. By the connectivity, there exist 4 PIVD paths
P}, P2 P} and P} connecting s to vi,v?, v3 and v3, respectively. And we may
assume that v4 isn’t in P} for i = 1,2. Suppose there exist two paths Q; and
(2, which are IVD to P}, P?, P} and Pj, connecting vi and v3 to the same
path PP or P}, respectively, say PP. Then G; = Q,UQ,UP?, G, = PLUP?UPS

are the two connected subgraphs satisfying (a) and (b).

Now suppose v3 and v3 are connected to the different paths by the paths IVD
to P}, P2, P} and Pj. Assume vj is connected to PP by @1, and v3 is connected
to P} by Q2. Then Gy = PlUQyUPy, Gy = QUPEUP} are the two connected
subgraphs satisfying (a) and (b). Similarly, for other cases, we can find two
connected subgraphs satisfying (a) and (b).

If | = 4, then G is 5-connected. And then there exist 5 PIVD paths P!, P, P},
P}, Py connecting s to vi, v?, v?, v}, v3, respectively. And fori = 1,2, 3, we may

assume that v} isn’t in P,

If one vertex of {vs,v3,v3} can be connected to P/ or P} by a path which is
IVD to P!, P, P}, P} and P}, assume v} is connected to P} by Q1, then let
Py = QU P} and Py = P} U Py. And then, similar to the case of [ = 3, we
can find the two connected subgraphs satisfying (a) and (b).



Now suppose no vertex of {vj,v3, v3} can be connected to P/ or Py by the
path which is IVD to P}, P?, P}, P! and Py.

Assume both of two vertices of {vd,v3, v3} can be connected to one same path
of {P}, P}, P}} by the paths which are IVD to P}, P, P}, P! and Py, say vj
and vZ are connected to P by Q; and Q,, respectively. And if v3 is connected
tOPl bYQg IVDtOPll,Plz,Plg,Pfl,Pél,Ql andQ2 ThenG1 Q1UQ2UP3UP4
and Gy = P} U P? U Q3 U P} are the two connected subgraphs satisfying (a)
and (b). And for other cases, similarly, we can find two connected subgraphs
satisfying (a) and (b).

Otherwise, we may assume v} can only be connected to P{™! by the paths IVD
to P}, P2, Pf’, P, Py, where i = 1,2,3 and i + 1 is taken module 3. Choose a
path Q; such that v} is connected to P’Jrl by it, and Q; is IVD to P}, P, P}, P}
and Py. Q1,Qy and Q3 are PIVD.

For 1 < i < 3, let s¢ be the vertex of P/ such that for any vertex v €
V(Pj) if v can be connected to {v{,vs, v}, v3 v} v3} by a path which is IVD
to P117 P127 P137 P147 P2 ) le Q27 Q37 then de(SD ) < de(U7 5)'

Then, for i = 1,2, 3, st # s. Suppose a vertex of Pl(sl, v1] can be connected to
P! by the path Q. Assume v3 can be connected to s} by the path Q" which is
IVD to P!, P, P}, P}, P}, Q1,Qs,Qs,Q. Then let Gy = (P} — Pl[s, si]) UQU
QUPPUP! and Gy = QUPEUQ U P}s, sj]U Py Similarly, for other cases
we can easily find GG; and G5 which are the connected subgraphs satisfying
(a) and (b).

If | > 5, then G is (2l—4)-connected. There exist 2/—4 PIVD paths P}, ..., P},

PP Py, ..., Pl P!connecting stovi,.. . vf,vd 03, e , vt vb, respectively. And
for e =1,...,4, we may assume that v isn’t in Pj.
If one vertex of {vs, v3, v3, v5} can be connected to one path of { P}, Py, ..., Pl

Pl}, say vi is connected to P5 by @1, which is IVD to Pll, PP PSP
P, then let Py = PP U---U Pl U@, and Py = PyU---UPLUPL. Then similar
to the case of | = 4, we can find two connected subgraphs satisfying (a) and

(b).

For other cases (shown in Fig. 2), similar to the previous cases, there exist
two connected subgraphs satisfying (a) and (b).

Case 2. k>3 and G is (I(k — 1) + 1)-connected.

By the connectivity of G, there exist [(k — 1) + 1 PIVD paths connecting s
to each vertex of {v},vd, ... v} ,,..., o7 obt o et ol vk, oL vk} For
1§z’§l—1and1§j§k5—1,0r@—land1<j<k: letPlbethe (s, v')
path. For i # [, we may assume v}, isn’t in P}, and v} should be connected to
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Fig. 2. A few cases of [ > 5.

such path since G is connected.

Claim 1. For 1 <7 <[—1, we can find connected subgraphs G}, G5, ..., G,

;. such that G contains s and only one vertex v} of A; for 1 < j < k; in

particular, G also contains some vertices of U;; A;.

Proof. We show it by giving an algorithm.

(1)
(2)

Set ag =1, I = 0.
For1<:<1[,1<75<k, set GZ = P!; especially, if P} doesn’t exist, set
G4, and P} be the single vertex v}. Set G={pr.,....P, ... P .. Pl}
If P° contains the vertex s or one vertex of A, replace I by Iy {ao} and
set af = k. Go to step (9).
Set m =1, p, =0, h =1, andgao—{(Oh my} = {(Oll}z{P,gO}.
Replace m by m+1. Assume P7° contains the Vertex v, and some vertices
of A; fori=ay,...,ay,, pm <.

If P can be connected to some subgraph P/ by the path @ with
r # ap,as,...,a,,, where ) is IVD to any graph of G, then replace P;°
by Pg° UQUP{, P by P, I by IU{ap} and set af = k. Go to step (9)

Otherwise, choose all the subgraphs P(0 Lmt1) - (oohm“ 1) P(1717m+1)

ai aperl apm+l
P hm+1 +1)7 ey P(perhl,m‘i‘l)’ ey P(Pm+1,hp7:;+11, +1) SUCh that at leaSt

one graph of G,, can be connected to them by some paths, which are IVD
to any graph of G.

For0 <i<ppypand 1l <j < hmH, let s(;jm+1) be the vertex in
Pl 1y such that if v € V(P 1)) can be connected to one graph of

Gao s then dpzijmm(s(i,jmﬂ) s) <dp P (v, 5).

For 1 < ¢ < pu 1< <h1<i<pul<j< byt



choose the path Q o3 im) (if exists), which is IVD to any graph of G,

(4,7,m+1)
such that PZ, r.m) can be connected to ¢ jm+1) by it; and replace G by
(&3 m (&' m)  _ pay (&3 m a;
gU{Q(z ]]m—i-l } set P(z ]]m—i-l) Pz’ ]’ m) Q(z ]]m—i-l P(z J,m4+1) [S’ S(i,j,m-i—l)],
replace P(” 1) by P( 1) P(m mr1) |5 565, m+1)] Replace G,, by
ao a1 A,
{P (0,1,m+1)> " P(O herl,m—l-l)’ P(1,17m+1) P(l herl,m—l-l)’ R (p7n4j11,1,m+1)’

’Paperlherl )}, and m by m + 1.

(Pm+1,hp,, 1 m+1

(7) If there exists Pif’j*’m) with 1 < ¢* < p,,, and 1 < j* < A" such that it
can be connected to P; by the path ) which is IVD to any graph of G,
where P; satisfies that there doesn’t exist A, with 1 < x <[ such that

both |A, NV (P, | > 1and [A, NV (P])| > 1, then replace P/

’l*j*m)

(i*,5*,m)
by P(Z*j m) UQUPt, Pr byP (i 3% m)-
Choose a sequence i1 = 0,...,0, = i*,j1 = 1,...,5m = j* (some of
them may be equal) such that for 1 <z < m—1 the path ngifi}?ﬂ,m)
exists.

Then for 1 < z < m, replace P; by G’ for i # a;, and j # (iy, je, x); for
1 <x<m-—1, replace PZ““‘] ) DY P((Z:”fl”j;xﬂ 2t1);
vertex v] € A; with i # a;,, replace PZ by PZ’””] ) Set ai = (im, Jm,m),
replace I by I U{a;, }, and go to step (9).
(8) Otherwise, go to step (6).
(9) It 1 ={1,2,...,1 — 1}, stop.
(10) Otherwise, choose an integer from {1,2,...,1 — 1} \ I, replace aq by it,
go to step (2).

- if P Z““‘ i) contains the

By the preceding algorithm, for each ¢ with 1 <1 <[, j with 1 < 5 < k, we
can find subgraph G; containing s and only one vertex v§ of A;; in particular,
for 1 <i <[ —1 there exist r # i and ¢ # r* such that Gi. = G}.0J

Let A= {v}.,v3., ... v(l Yy} For 1 <j <k, letG =G

Suppose we have found the connected subgraphs GY), cee G,(:) satisfying

(i) V(G NV(GY)) = {s} for 1 < jy < jo <k;
(ii) for any A; with 1 < ¢ <[, and each j with 1 < 5 < k, G(T contains
at most one vertex of A;, and either all the vertices of A; '\ {v } are in
jle(G§- ) or no vertex of A; \ {vi} is in Uz‘?:lV(Gy );
(iii) at most one vertex vl of A but not in UfﬂV(Gg-r)) has the same super-

script i to some vertices of G\, ..., G, or G\")

Suppose no vertex of A\ UfﬂV(GY)) has the same superscript to any vertex
of GI,...,GY)) or G\ Tf UL A; € UALV(GY)), then GY,... G} are
the subgraphs satisfying (a) and (b). Otherwise, choose a vertex v, not in

1V(G ) with ¢ #4*. For 1 < j < k — 1, assume Gy) doesn’t contain the



vertex v, For 1 < j < i*, let GS—TH) = Gg-r) UG for it < j < k—1, let
Gl G(T UG, Then all the vertices of 4; \ {v.} are in UleV(G(-r)).

J J+1- J

Suppose v € A\ Uz‘?:lV(Gg-r)) is of the same superscript i to some vertices
of GV, ... ,G\7, or GV, Assume GI = G, where G, is a subgraph of G —
(U;?:ng»r) — s) and ¢ # t*. By the property (ii), assume Ggr) contains the
vertex vfj with 4; #¢* for 1 <j <k —1.

If v, isn’t in any graph Gg-r) with 1 < j <k, let GV = G\ U GY,. Without
loss of generality, assume t* >t . Forl<j<t let G(TJrl G(T U GY; for
t<j<tlet GVTY = GVUGE, ; for t* < j < k-2, 1etG’“+1 G“” UG .
Then all the vertices of A; and A; \ {v..} are in szlV(Gy ).

Otherwise, assume there exists m; with 1 < m; < k such that GL. = G%,, and
G%, is a subgraph of GU). If my # k, then G](:) doesn’t contain the vertices
vf. and v} for 1 < j < k and j # *. Then let Gt = @ UG, And let
(GO,...,¢0 y = (G, G, G\ {Ggg;l,c;(’“ }oFor 1 < j <t let

GUrt) =GR UGE; for t! < j < t*,let GV = GUUGE, s for t* < j < k=2,
let Gg“ G(T’ UGY, 5. Then all the vertices of A; and A, are in U§:1V(G§'T))-

Otherwise, G{) = G,(:), which contains the vertex v}. but no vertex with super-
script 4, and for 1 < j < k —1, G(T) contains the vertex v} with 4, 7& i*. Since
k > 3, we can find a subgraph G(") ) such that G, is a subgraph of G ,and G

doesn’t contain any vertex of Superscrlpt iort. Let G r“ = (G . GS,,)UGg,,
G = (G —G2)) UGS, It GU D1 contains the vertices Ugt s Vgt -+ - Ugl', Vgt

with 1 < n < [, then let G¢2 = G — (U 1G“J’ —s), and G2 =
GO U(Ur_,GY). And then consider it similarly for G(“rl , we have G{r+1)s
]

and G%jl 5. Do it repeatedly. By the characteristics of G(") ) and G(’Z, it will
terminate with some integer b > 1. Let GI't) = G{r+D bUGt , Gl = Giribe,
And let {GO, ... .G z}z{GY),Gg),...,G,(f}\{Gml (1, For 1 <j<t,
let GUHY = Grj UGt for #f < j < 17, let GUPD = G U GYL s for
tr<j<k—21let G'Y =GP UG,

Tj Tj 7+

Since G is a limited graph, we can find an integer p such that G&”), e G,(f)
which are the connected subgraphs satisfying (a) and (b).
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4 The Related Algorithms

According to the proof of Theorem 1, first we give the algorithm of the case
of k=2 and G is (I + max{1,l — 4})-connected.

Algorithm 1.

(1) Set a = max{1,l —4}.

(2) Choose [+a PIVD paths P!, ..., P!, Ps=*"' ... Plconnecting stov!,...,
vl b=t wl such that for 1 < <1 —a, v} isn’t in P} and it can be
connected to one of such path.

(3) For 1 < i < l—a, choose a path Q; which isIVD to P}, ..., Pl Pi— .
P2, such that v} is connected to P] by @; with ¢ # j and h =1, 2. Replace
P! by P} UQ;, and set Pi = P’

(4) Set Gi =Ul_y_,\ P, G2 = 2 l—a1 s

(5) For1 <i<l—a,j=1,2,if vj € V(G;), and there doesn’t exist A, with
1<z <Il-asuch that both [V(P)) N A,| =1 and [V (G,41) N A =1,
then replace G411 by G;1 U Pf, where j + 1 is taken module 2.

(6) If |[A,NV(Gj)|=1for 1 <i<l—aandj=1,2, stop.

(7) If there exist v§ € {vi,..., v5*}\ V(G; UGs) and j € {1,2} such that
ol ¢ V(G,), Pl = Pi, and there doesn’t exist A, with 1 <z <[ —a
such that both |[V(P;) N A,| = 1 and |V (G,) N A,| = 1, then replace G,
by G; U Pi. Go to step (5).

(8) Choose an integer zy € {1,2,3,4} such that no vertex of {vd, v3 v3 v3}
is connected to P/"° by Q1, Q2, Q3 or (4.

(9) Set {x1, w9, 23} = {1,2,3,4}\ {xo}. For i = 21, 19, 23, set s} be the vertex
of P} such that for any vertex v € V(P}) if v can be connected to
{of' o3t o2 v3? v v5%} by a path which is IVD to PL P} ..., Pl PL
then dplz(sl, s) < dpi(v, s).

(10) If sit = s72 = s1° = s, choose a vertex v}, € {v*, v3', v{?, v5? 0T, 03°}
and the path Q which is IVD to P}, P21, ..., P le such that v}, is con-
nected to s by Q. For the subgraph P]] Wlth P, = P]],, replace P] by
P]] v}, and replace P} by Q. Go to step (4).

(11) Otherwise, choose P}, with 1 < r <l and r # 1, 29,23, 7' € {1,2}, a
vertex v of Pf — P{[s, s7| with € {x1, 9, 23}, and the path @ which is
IVD to Pll, Py, .. Pll, P! such that v is connected to P, by Q. Choose a
vertex vl € {vit, vyt v7% v5% vy ,1)23} and the path Q’ which is IVD to
PL P} ..., Pl PLQ such that v} is connected to s? by Q'

(12) If v, € V(P}) and v}, = v, then for the subgraph P} with P} = P} and
i # t, replace P} by Q U P, P} by P} — v!; for any subgraph ij, with
ij, = P!, replace P!, and P] by Pj. Go to step (4).

(13) If v} € V(Pl) and v}, # v, then for the subgraph P}, with P} = P} and
i # t, replace P by QU PZ-", s, s1], Pi by (P} — P;,)UQ U Py; for any
subgraph P, with P] P}, replace P}, and Pj, by Pf. Go to step (4).

T
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(14) If v, ¢ V(PYF), then for the subgraph P} with Pj, = P} and i # t,
replace P} by QU P{[s,s{], P by P —vj,. And for the subgraph P,
with ij, = P and j # x or ij, = P7,, replace P{ by (Pf — P,)uQU Pr,

replace P/, and ij, by Pf. Go to step (4). O

For simplicity, call the algorithm used in the proof of Claim 1 as Algorithm
A. According to the proof of Theorem 1, the rest part of the algorithm of the
case of k > 3 and G is (I(k — 1) + 1)-connected to find the disjoint connected
subgraphs will be given below.

Algorithm 2.

(1) Find I(k—1)+1PIVD paths P!,..., P ,,..., P, ..., PZY PLPL ..,
P! such that P; is a (s,v;)—path for1<i<l—land1<j<k-—1, or
1=10and 1 <j <k, and v}, isn’tinPjZforisél.

(2) Using Algorithm A, find the subgraph G/ containing v} and s for 1 < <1
and 1 < j < k; and for 1 <17 <[ — 1 there exist r # ¢ and t # r* such
that G is equal to GJ.

(3) For 1 <i <k, set Gy =Gl Set A= {vf.,v3.,...,v5.}.

(4) fU_,A; C UL V(G)), stop.

(5) If there is no vertex of A\ U¥_V(G;) which has the same superscript
to any vertex of Gy,...,Gi_1 or Gy, choose a vertex v, such that v}, €
Ul A \UE_ V(G;) and 7" # r*; and choose k—1 subgraphs G, , ..., G, _,
such that for 1 < 5 < k — 1, Gij doesn’t contain the vertex v).. For
1 <j <r* replace G;; by G;; UGY; for r* < j < k — 1, replace G;; by
Gi; UGT 4. Go to step (4).

(6) Otherwise, choose v7. € A\ U, V(T;) which is of the same superscript
r to some vertices of Gy, ..., Gj_1 or Gj. Choose the subgraph G! with
t' # t* from G — (UK, G; — s) such that G7. = GY,.

(7) If v}, is in Gy, ..., Gr_1 or Gy, go to step (9). Otherwise, choose a sub-
graph Gy from {G1, Gy, ..., G} such that G doesn’t contain the vertex
v!, for each 7’ with 1 < v/ < k and ' # r*. Replace Gy by G UGY. Choose
k — 2 subgraphs G;,, ..., G;,_, such that for each j with 1 < j <k — 2,
Gy, doesn’t contain any vertex with superscript .

(8) Set a = min{t',t*} and b = max{t’,t*}. For 1 < j < a, replace G;, by
Gi, UGS for a < j < b, replace Gy; by Gi; UGh, 5 for b < j < k — 2,
replace Gy; by Gi; U G% 5. Go to step (4).

(9) Choose G%, and G,,, such that Gi. = G5, and G%, is a subgraph of G,,,.

(10) If there exist a subgraph G}, with h # my such that G} doesn’t contain
the vertices vl. and any vertex with superscript r, then replace G) by
Gh U Gi/ Set {Gil, cee Gikfz} = {Gl, GQ, e Gk} \ {Gm17 Gh} Go to
step (8).

(11) Otherwise, choose G2, and G,,, such that G2, is a subgraph of G,,,, and
G%, doesn’t contain any vertex with the superscript r or ¢. Replace G,,,
by (G, — GS,) UGS, and replace Gy, by (G, — G%) UGS,

12



(12) For i = 1,2, if there doesn’t exist A; with 1 < j <[ such that |V(G,,,) N
A;| =2, go to step (14).

(13) Otherwise, V(Gyy,) contains vgr, vgt, . . ., U/, g2 with 1 < n <[, then re-
place G, by Gy, —(U?ZIGZE —s), and replace G, , by G, U(U?ZlGZE),
where ¢ + 1 is taken module 2. Go to step (12).

(14) Replace Gy, by Gy, UG, and set {Gy,, ..., Gi,_,} = {G1,Ga,...,Gi}\
{Gmys Gy }. Go to step (8).0

i+1
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