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Abstract—We consider an underlay cognitive radio (CR) com-
munication system in which a cognitive secondary user (SU)
can access multiple primary spectrum channels only when its
interference to the primary users (PU) is limited. To identify and
exploit instantaneous transmission opportunities, the SU probes a
subset of primary channels by overhearing the primary feedback
signals so as to learn the primary receiver’s channel condition
and the interference tolerance level, then chooses appropriate
power to transmit its data. In such context, the SU cannot probe
all the channels for its limited number of receiving antennas,
then a crucial optimization problem faced by the SU is to probe
which channel(s) in order to maximize the long-term throughput
given the past probing history. In this paper, we tackle this
optimization problem by casting it into a restless multi-armed
bandit (RMAB) problem that is of fundamental importance
in decision theory. Given the specific and practical constraints
posed by the problem, we analyze the myopic probing policy
which consists of probing the best channels based on the past
observation.We perform an analytical study on the optimality of
the developed myopic probing policy. Specifically, for a family of
generic and practically important utility functions, we establish
the closed-form conditions to guarantee the optimality of the
myopic probing policy, and also illustrate our analytical results
via simulations on several typical network scenarios.

Index Terms—Cognitive radio, opportunistic spectrum access,
network feedback, restless multi-armed bandit problem

I. INTRODUCTION
A. OSA in Underlay Cognitive Radio Systems

Due to the rapid growth of wireless communications in
recent years, so far almost all the exploitable spectrum bands
have been allocated for various wireless applications in d-
ifferent regions. Meanwhile, significant under-utilization of
licensed spectrum bands at a given time or a given location
has been widely observed. To increase spectrum utilization
efficiency, the idea of cognitive radio (CR) has been proposed,
whose core idea is opportunistic spectrum access (OSA) where
unlicensed secondary users (SU) can utilize the spectrum when
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the licensed primary users (PU) are not using it (the overlay
CR approach [1], [2], [3], [4]) or the interference generated by
the SUs to the traffic of PUs is limited under certain threshold
(the underlay CR approach [5], [6], [7]).

In our work, we focus on an underlay CR communication
system composed of a set of primary channels where PU
transmitting packets continuously'. An SU, equipped with one
or multiple receiving and transmitting antennas, can transmit
its data packets on one or a subset of the primary channels
opportunistically when the interference it generates to PUs
is limited. In order to exploit instantaneous transmission
opportunities in such underlay CR network, the SU should
learn the instantaneous channel information of the primary
channel(s). To this end, it probes a subset of primary channels
by overhearing the feedback signals on them so as to learn
the primary receiver’s channel condition and the interfer-
ence tolerance level, and then chooses appropriate power to
transmit its data. Note that today most practical wireless
communication systems have built-in receiver feedback such
as the transmission power level control signals in the IS-95
cellular systems, the ACK/NACK feedback packets in WiFi
and the CQI-CDI messages in 4G wireless systems. Under
such context, since the number of channels probed by the SU
is usually limited (by the number of receiving and transmitting
antennas), a crucial optimization problem is which channel(s)
to probe in order to maximize the long-term utility (e.g.,
expected throughput), given the past observations.

B. Restless Multi-Armed Bandit Formulation

To formulate the problem posed above, we model each
primary channel as an i.i.d. two-state discrete-time Markov
chain. The state good corresponds to the situation with high
signal to interference and noise ratio (SINR) while the state
bad represents the low SINR situation due to fading or high
background noise. The SU seeks a set of primary channels to
probe by exploiting past observations and the knowledge of
the stochastic properties of the channels with the objective of
maximizing its long-term utility (e.g., expected throughput).
Mathematically, the considered channel probing problem can
be cast into the restless multi-armed bandit (RMAB) problem
of fundamental importance in decision theory.

'We adopt a worst-case assumption that PUs transmit all the time which
is commonly used in analyzing underlay CR systems. In other words, our
analysis does not rely on detection and exploitation of spectrum white space,
which is the case of overlay CR systems widely investigated recently.
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In the classic RMAB problem, a player chooses k out of NV
arms, each evolving as a Markov chain, to activate each time
and receives a reward determined by the states of the activated
arms. The objective is to maximize the long-run reward over
an infinite horizon by choosing which k arms to activate each
time. If only the activated arms change their states, the problem
is degenerated to the multi-armed bandit (MAB) problem [8].

The MAB problem is solved by Gittins by showing that
the optimal policy has an index structure [8], [9]. However,
the RMAB problem is proved to be PSPACE-Hard [10].
Hence, a natural alternative is to seek a simple myopic policy
maximizing the short-term reward. However, the optimality
of a myopic policy is not always guaranteed. In our work,
given the specific and practical constraints posed by the
channel probing problem, we analyze the myopic probing
policy which consists of probing the best channels based on
the past observations. Especially, for a family of generic utility
functions, we establish the closed-form conditions to guarantee
the optimality of the myopic probing policy.

C. Related Work

Recently there are two major thrusts in the study of the
myopic policy of the RMAB problem. Since the optimality of
the myopic policy is not generally guaranteed, the first research
thrust is to study how far it is to the optimal and design
approximation algorithms as well as heuristic policies. The
works [11], [12], [13] follow this line of research. Specifically,
a simple myopic policy, also called greedy policy, is developed
in [11] that yields a factor 2 approximation of the optimal
policy for a subclass of scenarios referred to as Monotone
bandits. The other thrust, more application-oriented, consists
of establishing the optimality of the myopic policy in some
specific application scenarios, particularly in the context of
OSA. The works [14], [15], [16], [17], [18] belong to this
category by focusing on specific forms of reward functions.
Especially, Zhao et al. [14] established the structure of the
myopic sensing policy, analyzed the performance, and partly
obtained the optimality for the case of i.i.d. channels. Ahmad
and Liu ez al. [15] derived the optimality of the myopic sensing
policy for the positively correlated i.i.d. channels when the
SU is limited to access one channel (i.e., £ = 1) each time,
and further extended the optimality to the case of sensing
multiple i.i.d. channels (K > 1) [16] for the scenario where
the SU gets one unit of reward for each channel sensed
good. Liu and Zhao et al. [17] proved the optimality of the
myopic policy for the case of two channels with a particular
utility function and conjectured it for arbitrary N. In our
previous work [19], [20], [18], we first showed that the myopic
policy is not optimal generally [19], then focused on a family
of regular functions [20], and extended i.i.d. channels to non
i.i.d. ones [18], and derived closed-form conditions under
which the myopic sensing policy is ensured to be optimal.

Related works on exploiting primary control feedback are
presented in [21], [22], [23], [24], [25]. Specifically, the
authors [21] introduced an information-theoretic model of this
basic observation and developed a generic strategy where the
SU monitors the PU’s effective packet rate by listening to

ARQs and only transmits when that rate is above a threshold.
That is, the work [21] is focused on the problem when to
transmit while our work presented in this paper addresses
the problem which channel(s) to probe and transmit. The
authors [22] studied the myopic channel probing policy for the
similar scenario proposed, but only established its optimality
in the particular case of probing one channel (k = 1) each
time. In our previous work [23], we established the optimality
of myopic policy for the case of probing N —1 of N channels
each time and analyzed the performance of the myopic probing
policy by domination theory. However, this work studies the
generic case of arbitrary k£ and also derives more strong
conditions on the optimality by dropping one of the non-
trivial conditions of [22]. From the angle of renewal theory,
[24] studied the discovery of spectrum opportunities and the
delay in finding an available channel, while [25] studied the
interference to PU from the dynamic access of SU in the
context of unknown primary behavior.

Compared with the previous work [18], our work treats a
different scenario where the major technical difficulty lies in
the non-linearity of the belief value update function, as detailed
in Section II, and consequently a novel analysis is proposed
to establish the closed-form condition on the optimality of
the myopic channel probing policy and does not lose the
optimality for the reward function with linear combination
of the states of the selected channels. But in [18], part of
the optimality is sacrificed, as stated in Section VII of [18],
in order to cover the heterogeneous channels. The technical
difference from [26] is that the belief vector is divided into
‘value belief vector’ and ‘policy belief vector’, which reflects
the essence of decomposability. From the viewpoint of the
RMAB problem, the optimality condition derived in this paper
can be degenerated to those obtained in the literature [14],
[15], [16], [17], [26] by relaxing some constraints.

The rest of the paper is organized as follows: Section II
formulates the model and establishes the myopic channel
probing policy. Section III studies the optimality of the myopic
channel probing policy. Section IV illustrates the analytical
results via a set of extensive simulation study on several typical
network scenarios. The paper is concluded by Section V.

II. PROBLEM FORMULATION

In this section, we describe the system model of the
spectrum access in underlay CR model, based on which we
formulate the RMAB-based channel probing problem and
derive the myopic channel probing policy.

A. System Model

Primary System

As outlined in the Introduction, we consider a slotted multi-
channel underlay CR communication system composed of N
primary channels, each evolving as an i.i.d. Markov chain of
two states, good (1) and bad (0), corresponding to the situation
with high (low, respectively) SINR as shown in Fig. 1. The
channel state transition matrix P is given as follows

P— [pu 1 —pu] .
o1 1 —po1
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In our work, we focus on the positively correlated channel
setting (i.e., p11 > po1) Which corresponds to the realistic
scenarios where the channel states are observed to evolve
gradually over time.

On the primary traffic, we adopt the commonly used worst-
case assumption that primary users transmit all the time on
each channels with the primary transmitter and receiver on
channel i denoted as PTx 7 and PRx ¢, respectively.

Let S(t) = [Si(t), -+, Sn(t)] denote the channel state

vector where S;(t) € {0 (bad),1 (good)} is the state of
channel ¢ in slot . We define outage as data-packet decoding
failure at PRx 7. We denote the probability of the outage event
as a function of the channel state S;(t):
Os(i) £ Pr(decoding failure | S;(t) = s), s € {1,0}, i € N.
It can be straightforwardly noted that 0 < Og(i) < O1(3) <
1, Vi € N. In our analysis, we focus on the case where Og(7)
is independent w.r.t. 4, and denote O as the system outage
probability. Each PRx i sends an acknowledgement (ACK)
to the corresponding PTx 7 on channel ¢ at the end of each
slot if the packet is successfully decoded. Thus the absence
of an acknowledgement (denoted as negative ACK or NACK)
signifies that the outage event happens on channel ¢ at slot ¢.
Underlay Secondary System

We consider an SU, equipped with k£ (1 < k < N) receiving
and transmitting antennas (denoted as STx and RTx), can
transmit its data packets on k£ channels opportunistically when
the interference that it generates to PUs is limited. In order
to exploit instantaneous transmission opportunities, the SU
probes k primary channels by overhearing the feedback signals
on them so as to learn the primary receivers channel condition
and the interference tolerance level before deciding whether it
can transmit its data on the probed channels.

Specifically, when the SU decides to probe channel i, it ex-
ploits the primary feedbacks by overhearing the ACK/NACK
packets to estimate the primary channel condition. We denote
the set of channels probed by the SU at slot ¢ as .A(t)
(lA(t)| = k). The observation of a probed channel ¢ in slot
t is defined as K;(t) € {0 (NACK),1 (ACK)}. Throughout
our analysis we assume that the SU can perfectly overhear
the ACK/NACK packets on channel ¢ once it decides to probe
channel ¢. This is a reasonable assumption as the ACK/NACK
packets are usually transmitted in a more robust way at lower
data rate. We leave the generic case of imperfect overhearing
for future investigation.

B. Optimal Channel Probing Problem Formulation and My-
opic Probing Policy

Since the SU can only probe k channel each slot, the
channel state vector S(t) is only partially observable to the

SU for its decision. In this regard, we define the channel state
belief vector Q(t) = {w;(t),i € N} (referred to as belief
vector) to denote the estimation at the SU on the channel
state for next slot, where w;(t) is the estimated conditional
probability that the primary channel 7 € A is in good state
(S;(t) = 1) given all the past observations and decisions of
the SU. Given the belief vector €2(¢) and the probed channel
set A(t), the belief vector can be updated recursively based
on the primary feedback observation {K;(t) : ¢ € A(t)} using
the following Bayes rule (1).

T(@(wi(t), i€ Al), Ki(t) =1
wit +1) = ¢ T(ewi(t), i€ Al),Ki(t)=0 (1)
T(wi(t), i g A,
where, the operators ¢(+), ¢(-) and 7 (-) are defined as follows:
o) 2 Lo
YT A0z (1-00)(1-2)
A 011'
(,0(.(8) - O1x + 00(1 — x)’

T(x) = (p11 — po1)z + po1-
Note that the numerator and denominator of ¢(z) (¢(x))
represents the probability of successful decoding (decoding
failure) with S;(¢) = 1 and that of successful decoding (de-
coding failure), respectively. 7 () is the Markovian evolving
rule.

Remark. We emphasize that the mapping from w; (¢) to w; (t+
1) is not linear (cf. the first and second lines of equation (1)),
and depends not only on the channel evolution but also on
the observation outcome. As will be shown later, this non-
linearity makes the analysis on the optimal channel probing
policy much more involved and calls for an original study.

A channel probing policy w is defined as a sequence of
mappings ® = [m, 72, - ,mr| wWhere m; maps the belief
vector €(t) to the action A(t) (i.e., the set of channels to
probe) in each slot ¢: i.e.,

m s Q) = A(t), |A(t)] = k.

In such underlay CR paradigm, we are interested in the

SU’s optimization problem to find the optimal policy 7* that

maximizes the expected accumulated discounted reward over

a finite time horizon:
T

> B R(m (1)
t=1
where R(m:(€2(t))) is the reward in slot ¢ under the policy
m; with the initial belief vector Q(l)z, 0 < B <1 is the
discount factor characterizing the feature that future reward
is less valuable than immediate reward. By treating the belief
value of each channel as the state of each arm of a bandit, the
SU’s optimization problem can be cast into a RMAB problem.
To get more insight on the structure of the optimization
problem (2) and the complexity to solve it, we derive the
dynamic programming formulation of (2) as follows:

Vr(§U(T)) = gl(%%E[R(Wt(Q(T)))],

Q(1) 2

7% = argmax E
™

2If no information on the initial system state is available, each entry of

(1) can be set to the stationary distribution wg = 1_’_1)&%1)11‘
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Vi((1)) = max B[ R(x(2(1))

+ ﬁ Z H[l — Oﬂx)j(?f) — 00(1 - wj(t»]

ECA(t) i€€

[T [Owi(t) + 00(1 = wi(t))Visa (¢t + 1)) |

JEA()\E

where, V;(£2(t)) is the value function corresponding to the
maximal expected reward from time slot t to 7' (1 <t < T)
and Q(t + 1) follows the evolution described in (1) given that
the channels in the subset £ are observed in good state and
the channels in A(¢)\& are observed in bad state.

Theoretically, the optimal policy of (2) can be obtained
by solving the above dynamic programming. It is infeasible,
however, due to the impact of the current action on the future
reward and the unaccountable space of the belief vector, and
in fact obtaining the optimal solution directly from the above
recursive equations is computationally prohibitive. Hence, a
natural alternative is to seek a simple myopic policy maxi-
mizing the immediate reward which is easy to compute and
implement, formally defined as follows:

Definition 1 (Myopic Channel Probing Policy). Let
F(Qa(t)) = E[R(m:(Q(t)))] denote the expected immediate
reward obtained in slot t under the policy m; with Q4 (t) =
{wi(t) : i € A(t)}, the myopic channel probing policy consists
of probing the k channels that maximizes F(Qa(t)), ie.,
A(t) = argmax 4y F(Q2a(1)).

To make our analysis more generic, we focus on a class
of practically important reward functions F'(24(t)), termed
as regular functions defined in [18]. More specifically, the
expected immediate reward function F(Q4(t)) studied in
this paper is assumed to be symmetrical, monotonically non-
decreasing and decomposable, as characterized by the three
axioms in [18]. Under this condition, the myopic channel
probing policy consists of choosing the k channels with the
largest belief value. In the following sections we study the
optimality of the myopic channel probing policy with the
particularities posed by the underlay CR systems presented
previously.

III. ANALYSIS ON OPTIMALITY OF MYOPIC CHANNEL
PROBING POLICY

The goal of this section is to establish the closed-form
condition under which the myopic channel probing policy,
despite of its simple structure, achieves the system optimum.
To facilitate the presentation and analysis, we first state the
notations and parameters. We then define the auxiliary function
and adjugate auxiliary function and study their structural
properties which pave the way of the optimality analysis. The
core result on the optimality of the myopic channel probing
policy is then presented, followed by a discussion to illustrate
the results in a concrete network scenario.

A. Notations

For the convenience of presentation, we first state the
notations and parameters employed in the following analysis.

1) N(k) =2 {1,--- ,k} denotes the first k& channels in \;
2) Given £ C M C N,

Cia 2111 = Orw;(t) — Oo(1 — w;(t))]
€€
H [O1w7;(t) —|— 00(1 — wi(t))],
JEM(D\E
Cy 20 - 013;(t) — 00 (1 — &;(t))]
1€E
I[I [0:@it) +00(1 - @i (1))
JEM(D\E

C&, (C&,) denotes the expected probability that the chan-
nels in & are observed good, whereas those in M\ € bad,
given that the channels in M are observed;

3) Given £ C M C N, ®(&) £ [T(¢@;(t))),i € €&
characterizes the updated belief values of the channels
in € if they are observed in the good state; ®!(&) =
[T(p(@i(t))),7 € &, < ] characterizes the updated
belief values of the channels in £ if they are observed
in the good state with the channel index smaller than [;
®,,(E) £ [T(p(@i(t))),i € E,m < i] characterizes the
updated belief values of the channels in £ if they are
observed in the good state with the channel index larger
than m; ®! (&) £ [T(d(@;(t))),i € E,m < i < I];

4) Y7 £ [T(@(t),l < i< m]is the updated belief values
of the channels between [ and m if they are not observed;

5) Given € C M C N, T(M,E) £ [T(p(@i(t)),i €
M\ €] characterizes the updated belief values of the
channels in M \ £ if they are observed in the bad state;
WM, E) 2 [T(p(@i(t)),i € M\ E,i <[] character-
izes the updated belief values of the channels in M \ £
if they are observed in the bad state with the channel
index smaller than [; W,,(M,E) & [T(p(@;(t))),i €
M\ €, m < i] characterizes the updated belief values of
the channels in M \ &€ if they are observed in the bad
state with the channel index larger than m; ¥! (M, €) £
(T(p(@(1)),i € M\ E,m < i< 1]

6) Letw_; = {&;:j €A, j#4i} and

A'rna:ré Fl,/\,i —FO,A,,L* )
@_ig{l%kﬂ{ (L,&-i) — F(0,0-)}
Amzné i F17A77L _FOaAfi 9
a,iéﬂ}ﬂ}k—l{ (L, &) — F(0,0-)}

7) Q= (@1, - ,&n), where pi1 > w1 > -+ > Wy > por.

To conclude this subsection, we state some structural prop-
erties of T (w;(t)), ¢(w;(t)) and ¢(w;(t)) that are useful in
the subsequent proofs.

Lemma 1. If p11 > po1, it holds that
o T(w;(t)) is monotonically increasing in w;(t);
o po1 < T(wi(t)) <pi1, VO <wift) < 1.

Proof: Lemma 1 holds straightforwardly from
T (wi(t)) = (P11 — po1)wi(t) + po1- ]
Lemma 2. If0 < 8—; < %, it holds that
o p(w;(t)) increases monotonically in w;(t) with ©(0) = 0
and p(1) =1;
o p(wi(t)) < po1, Ypor < wi(t) < pi.
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Ow; (t)

Proof: Notici.ng that p(w;) = Oro O 10s (1= Lem-
ma 2 follows straightforwardly. [ ]
-0
Lemma 3. [f0 < 9 < ;jgi;{’) let ¢ = — o0 it holds:
o @(w;(t)) increases monotonically in wl( ) with ¢(0) =
and (1) =
o P(w;(t)) > wi(t), Vpor < wi(t) < pi1.
Proof: Noticing that ¢(w;) = % and ¢ > 1,

Lemma 3 follows straightforwardly. ]

We would like to point out that when the initial belief w; (1)
is set to o fgipu as is often the case in practical systems,
it can be checked that pp; < w;(1) < p11 holds. Moreover,
even the initial belief does not fall in [pg1,p11], all the the
belief values are bounded in the interval from the second slot
following Lemma 1. Hence we always assume that the initial

belief is located in [po1,p11] for the ease of discussion.

B. Auxiliary and Adjugate Auxiliary Value Functions: Defini-
tion and Properties

In this subsection, we first define the auxiliary and the
adjugate auxiliary value functions and then derive several
fundamental properties of them, which are crucial in the study
on the optimality of the myopic channel probing policy.

Definition 2 (Auxiliary Value Function (AVF) and Adjugate
Auxiliary Value Function (AAVF)). The AVF Wi (2(t)) and
AAVF WL (Q(t); Q1) (1 <t < T, t+1 <r <T)are defined
as follows:

Wr(Q(T)) = F(Qz(T))
Wi (Q(r)) = F(Qx(r))

AVF B2 ecam C%(T)Wrﬂ(Qs (r+1))
Wi (1) = F(Qnw (1))
+B et Ciegn Wi (Qe(t + 1)),
3)
Wr(QT)D(T)) = F@4(T))
W, () 0(0) = F@5(r) i
AAVF +525CA(T) CA(T)W +1(Qe(r+1);Qe(r+ 1))
WQ:00) = F@y(®)
B2 ecn ) CN(k)Wth (t+1);Qe(t + 1)),
“4)
where

1) Qg(t+1) and Qg (r+1) are generated by (Q(t), N'(k), &)
and (Q(r), A(r), E), respectively, according to (1), and
then sorted by belief value; R

2) Qe(t+1) and Qg (r+1) are generated by (Q(t), N (k), )
and (Q(r), A(r),E), respectively, according to (1), and
the order of channel index keeps consistent with that of
Qe(t+ 1) and Qg (r + 1), respectively.

3) A(r) and N (k) of AAVF are the same with that of AVF.

Remark. It is insightful to note the following engineering

implications that hinge behind the above definition:
1) AVF gives the expected discounted accumulated reward
of the following policy: in slot ¢ probe the first k£ channels

in the belief vector and then probe the channels in
A(r) (t+1 < r <T) (ie., adopt the myopic channel
probing policy from slot ¢ + 1 to T). If A(t) = N(k),
then W;(€2(t)) is the total reward from slot ¢ to 7" under
the myopic channel probing policy.

2) AAVF, as an adjugate of AVE, is introduced to show
the different functions of ‘policy’ and ‘value’. That is,
its policy is determined by the policy belief vector ()
while its value is determined by the value belief vector
Q(t). If Q( ) = Q(t), then AAVF degenerates to AVFE.

In the subsequent analysis, we derive some important struc-
tural properties of AVF and AAVF.

Lemma 4 (Belief Substitution of AAVF). Given two policy

beliefvectorsQ:(wl,wg,--- N), = (w],wh, -, W),

lfp11>w1>w22 © > wN > po1_and pi1 > wi > wh >
- > why > pou, it holds that Wi(Q; Q) = W (Y5 Q).

Proof: 1t is easily to verify that the lemma holds for slot
T. Assume that it holds for ¢t +1,--- ;7T — 1. We now prove
it also holds for slot ¢. N
__Recall (4), it suffices to prove Wt+1(Qg(t+1) Qe(t+1)) =
Wt+1(Q£(t +1);Qe(t + 1)) under given &. According to
the induction hypothesis, it is sufficient to show that when
Qe(t+1) and Q% (t+1) are sorted in the decreasing order of
their elements, they have the same order of channel index. Let
{01, -+ ,0k} denote any permutation of {1,--- ,k} and £ =
{01;"'ao—m}atSk)tt(OSmSky UlS 'Sama Um,—i—lg
.-+ < op), according to Lemma 1, 2 and 3, we have
T((ws,)) 2 -+ 2 T(d(wo, ) = T(P(wr)) > T(wr) =
T(warl) > > T(WN) > po1 =2 T((p(wffm+1)) >
- > T(p(ws,)), that is to say, the order of channel index

of Qe(t+ 1) is (01, Omsk + 1, , N, Gty 3 %)
Similarly, the order of channel index of Q% (t + 1) is also
(017"'70m7k+17”'7N70m+17"'70k)- |

Remark. Lemma 4 implies that by substituting a decreasingly
sorted policy belief vector by another one, AAVF remains the
same and hence generates the same reward.

Lemma 5 (Symmetry of AVF). If 0 < 8—(1) < % and

F is regular, it holds that W (Q(t)) is symmetrical in w;,w,

Sforany i,j € A(t) ori,j ¢ A(t) forallt =1,2,--- T, ie,
Wt(wl,"' JWiy o, W, ,UJN)
:Wt(w].)'" SWiy Wiy »WN)-
Proof: The proof is given in Appendix A. [ ]

Remark. Lemma 5 implies that the reward generated by AVF
remains the same against any channel permutation within the
probed channels and within the non-probed channels.

Lemma 6 (Decomposability of AAVF). If 0 < 81 <
% and FAU regular, for any policy belief vector
Q, it holds that W(Q;(t)) is decomposable for all t =
1,2,--- T, ie,

Wi (€ Q) = G Wi (9 Q1) +
v/x\/here, Q= (W1, -~
QO:(QIH" ,0,- -

+ (1= D) Wi(2;Q0), V1 € N,

WN),
(wh

Wla

) Q0 =

717"' 7@]\7)
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Proof: The proof is given in Appendix B. [ ]

Remark. Lemma 6 states that given the probing policy, the
reward attained from AAVF can be decomposed into two terms
with deterministic realizations 0 and 1 in any channel of the
value belief vector.

Lemma 6 can be applied one step further to prove the
following corollary.
m

Corollary 1. If 0 < Ol < jp— and F is regular for
any belief vector <), it holds that Vl meN,t=1,--- T

Wt(Q§ QO) - Wt(Q§ Ql) = (W1 — W) | W (S 92) - Wi (© 393)}&nd the development of different “branches”

where
Qo= (@1, @1, By 0N,
QL= (@1, Oy W e ON),
62:(@17...71,...’0,.. ,ON),
O3 = @1, 0,1, On).
Lemma 7 (Monotonicity of AAVF). If0 < 9t < %

and F is regular, it holds that Wt(Q, Q) is m()notonously
non-decreasing in wy, ¥Vl € N, i.e.,

D) > O = Wi(00) > Wi($ 1),
where,
QO:(@h... ’@l’...7aN)_

7(’/\‘}[/"" 7GN)7 Ql = (ala"'

Proof: The proof is given in Appendix C. ]

Remark. Lemma 7 states that given the probing policy, the
reward attained from AAVF increases with any element of the
value belief vector.

C. Optimality of Myopic Channel Probing Policy

We are now ready to study the optimality of the myopic
channel probing policy. We proceed by showing the following
important auxiliary lemmas (Lemma 8-10 and Corollary 2)
and then establish the sufficient condition under which the
optimality of the myopic channel probing policy is guaranteed.

Lemma 8. Given that (1) F' is regular, (2) & 01 < por(l=pu1)

N PN P11 (1—po1)’

min max

and (3) B < ( Ol)(l Y421 —pel) lfpm <w; <
Po1 I-0-91)(®11-Po1)

p11 (1 <i<N) and P11 > W > Wy > Po1, it holds that
Wt(Qo) > Wt(Ql), 1<t<T,

where,
Qo= (B, @1 Oy ON),
Qr = (@1, @y WL ON )
Lemma 9. Given that (1) F/li regular, (2) & Ol < %
and (3) B < 1-8h)a- poT)l—:l :;3"1%11)1(;101;01), if por <w; <
p11 (1<i<N) and P11 > W1 > WN > por, it holds that
(€ Do) — Wi(C: 0 < Op‘”Amam, 1<t<T

LON—1,WnN), 1 = (On, &1, - WN-1).

Lemma 10. Given that (I) F is regular, (2) & 01 < %p“)),

/A P11 (1—po1
and (3) § < (1 " MT(FPM P01) ’ lfp01 < wz <

070)(1_p01)+1 (1-01)(P11—P01)

where Qo = (01, -

p11 (1 <i < N)and p11 > @01 > 0N > po1, it holds that for

1<t<T
Wt(Qﬁo) *Wt(Q;ﬁl)

1—[B(1— O01)(p11 — por)]T "
1-8(1—-01)(p11 —por)

S (pll _p01)AmaI
where

Qo = (01,2, -+ ,WON-1,0N), % = (0N, D2, -+ ,WN—1,01)-
For the clarity of presentation, the proofs of the above three
lemmas are deferred to the Appendix. Technically speaking,
the proof is based on the intrinsic structure of AVF and AAVE,
of the channel
realizations to derive the relevant bounds, which are further
applied to study the optimality of the myopic channel probing

policy in Theorem 1.

Remark. We would like to provide a note on the engineering
implications of the above three lemmas. Lemma 8 states that
the SU cannot increase the expected reward by visiting a
channel with a smaller belief value. Lemma 9 derives the upper
bound on the difference of the total reward by swapping wxn
and wp (k = N —1,---,1). Lemma 10, on the other hand,
derives the upper bound on the difference of the total reward
by swapping wy and ws.

Based on Lemma 8 and 10, we have the following corollary.

Corollary 2. Given that (1) F is regular, (2) & 01 < %

)’
A
and (3) B < Pomin/ Do RECEE
(1-55)(1— pol)‘*% f l

p11(1<z<N)andwz—maxw] Jj €N} and Gy =
min{@; : j € N'}, it holds that for 1 <t <T

Wi (€2 Qo) — Wi(620n)
1—[B(1 — 01)(p11 — por))* 1
1—-6(1—01)P11 —por)

S (pll - pOl)Am(m?

where
Qo= (B, , 01, ,ON_1,0N),
Q1= (B, 0N, ON_1,0)-
Proof: It can be developed that:
WS (@1, Bie1, B, i1, - BN—1,00N))
— Wl @1, i1, O, D1, D—1,37)
<W(; (4,51, Dim1, Bigts -, On-1,0n))
— Wl @, D1y Bim1, D1, ON—1,35))

1—[B(1 = 01)(p11 — por)]" !
1—B(1=01)(p11 —por)
where, the first inequality follows from Lemma 8 and the
second one Lemma 10. |

The following theorem establishes the main result of our
work by stating the condition under which the myopic channel
probing policy is guaranteed to achieve the system optimum.

S(pll - pOl)Ama;c

Theorem 1. If po; < w;(1) < p11,1 < i < N, the myopic
probing policy is optimal if (1) F(Q) is regular; (2) %; <
po1(l—pi1) . Amin/Amas

;(3) B < o .
Pu(1-po1) Oo)(17p01)+1 (1 1311)1(1711)101)1701)

Proof: Tt suffices to show that for any ¢, by sorting ()
in decreasing order such that w; > --- > wy, it holds that
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Wt(wl, s ,(UN) > Wt(wi1,~ s ,wiN), where (wil,- s ,wiN)
is any permutation of (1,---, N).

We prove the above inequality by contradiction. As-
sume, by contradiction, the maximum of W, is achieved at
(wig, -+ wir) # (w1, -+ ,wN), e,

Wiwiz, -+ ywiz ) > Wi(wi, -+ wn)- (5)

However, run a bubble sort algorithm on (w;;, - -+ ,wiz, ) by
repeatedly stepping through it, comparing each pair of adjacent
element wir and Wi, and swapping them if wir < Wirg1.
Note that when the algorithm terminates, the channel belief
vector are sorted decreasingly, that is to say, it becomes

(w1, ,wn). By applying Lemma 8 at each swapping, we
have Wi(wis, - - "’Ji}‘v) < Wi(wy,- - ,wn), which contra-
dicts to (5). Theorem 1 is thus proven. [ |

D. Discussion: a Case Study

To illustrate the application of the obtained result, we study
a concrete underlay CR system where the SU can transmit at
rate r; if the channel probed is observed in the good state
and rg (rg < r1) for the bad state. In this scenario, the utility
function can be formulated as F'(Q24) = > ;c 4[r1 - wi + 70 -
(1 — w;)]. Note that the optimality of the myopic policy for
this model is studied in [22] for the case of £k = 1 and very
strict conditions are obtained on the optimality result. We now
study the generic case with arbitrary k. To that end, recall
Theorem 1, we can see that condition (1) holds, and we have

Apin = Apax = 71 —70. We can then verify that when —8{1) <
po1(1=pi1) Amin/Amax
it holds that 5 O > 1.
“po1)’ (P11—P01)
Pua(1=po) (1_073)(1_p01)+1*(1*1(5711)1@1}710;?01)

Therefore, when the condition (2) holds, the myopic channel
probing policy is optimal for any S. This result in the generic
case significantly generalizes the results of [22] by dropping
one of the conditions of [22] which may be too stringent in
practical scenarios and extends to arbitrary k.

IV. NUMERICAL ANALYSIS
A. Simulation Setting

In this section, we demonstrate some of the theoretical
results derived in previous sections and gain further insights
on the channel probing problem in underlay CR systems.

Specifically, we conduct a numerical analysis on the scenari-
o studied in Section III-D by focusing on two typical parameter
settings:

o The strong positively correlated case where pi; signif-
icantly outweighs pg;, indicating a system with strong
positively correlated channels: concretely in our simula-
tion we set p1; = 0.8, pp1 = 0.2. Other parameters are
set to 1 = 0.9, 79 = 0.5, Oy = 0.5, O1 = 0.025.

o The weakly positively correlated case where pi; only
slightly outweighs pg1, indicating a system with weak-
ly positively correlated channels. That is, p;; = 0.6,
po1 = 0.4. Other parameters are set to r; = 0.9, rg = 0.5,
Op = 0.1, O1 = 0.005.

For comparison reference, we implement three policies:

« Optimal policy;
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Fig. 2. Performance comparison (k = 1): upper plot: strong positively

correlated case; lower plot: weakly positively correlated case

o Sub-optimal policy: given the complexity of finding the
optimal policy, we investigate the performance of the sub-
optimal policy which is regarded as the best policy chosen
from 10000 random policies;

« Myopic policy, studied in previous analysis.

We conduct our numerical analysis for two network scenarios:
() N=3,k=1and 2) N = 3, k = 2, i.e., the scenarios
where the SU can probe one and two channel(s) each time.

B. Simulation Results

In our numerical studies, we are interested in the per-
formance of the average throughput (i.e., reward) of the
three policies. The results obtained in this section provide
a complementary quantitative study on the performance of
the myopic channel probing policy although it is explicitly
addressed in the analytical part. In Figure 2 and Figure 3, we
plot the average throughput as a function of the time horizon
T =10 for k£ =1 and k = 2, respectively.

It can be illustrated from the simulation results that the
average throughput obtained by the myopic policy perfectly
matches that of the optimal policy, which confirms our analyt-
ical findings in previous sections. We can also observe that the
myopic policy outperforms the sub-optimal policy to various
extents depending on the system parameter settings. Given the
exponential complexity of obtaining the optimal policy and the
large number of trials in the sub-optimal policy, the benefit of
the myopic policy is well demonstrated.

V. CONCLUSION

We have investigated the problem of opportunistic spectrum
access in underlay CR systems where an SU can exploit the
primary feedback signals to obtain the channel information
on the primary channels. We have formulated the channel
probing problem in which the SU chooses the set of channels
to probe so as to maximize its long-term reward. By casting
the problem into the RMAB problem, we have established
the closed-form condition to ensure the optimality of the
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Fig. 3. Performance comparison (kK = 2): upper plot: strong positively

correlated case; lower plot: weakly positively correlated case

myopic channel probing policy, a natural policy consisting of
probing the best channels based on current belief values of the
channel condition. Due to the generic nature of the addressed
problem, we believe that the obtained results and the analysis
methodology employed in our analysis are widely applicable
in a wide range of engineering domains.

APPENDIX A
PROOF OF LEMMA 5
Recall Wt(Q(t)) = BZ&QN(I@) C_/{/’(k»)Wt+1(Q£(t + 1)) +
F(Qnx(t)), we prove the lemma by distinguishing the
following two cases:
Case 1: i,j € A(t). Noticing that (1) both F'(pr1)(t))

and 3 ecnra Cf\[(k) = Yecaw Ci(t) are symmetrical
wrt. w; and wj, 2) (wi, - ,wi, - ,wj, -+ ,wy) and
(w1, ,wj, -+ ,w;, -+ ,wn) generate the same belief vector
Qe (t + 1) for any &, and (3) myopic policy is adopted from
slot £+ 1 to 7', it holds that W;(§2(t)) is symmetrical w.r.t. w;
and w;.

Case 2: i,j ¢ .A(t). Noticing that (1) F(Qar(x)(t))

and Yoo Cry = ecamCan are unrelated
with w; and wj, (2) wl,---,wi,~-~,wj,-~-,w1v) and
(w1, -+ ,wj, - ,w;, -+ ,wn) generate the same belief vector
Qe (t + 1) for any &, and (3) myopic policy is adopted from
slot t+1 to 7', it holds that W;(€2(¢)) is symmetrical w.r.t. w;
and wj.

Combing the analysis completes the proof.

APPENDIX B
PROOF OF LEMMA 6

We proceed the proof by backward induction. First, it is
easy to verify that the lemma holds for slot 7. Assume that
the lemma holds from slots t+1,--- ,T', we now prove it also
holds for slot ¢ by the following two different cases.

Case 1: channel [ is not observed in slot ¢, i.e. [ > k + 1.
Let M £ N(k) = {1,--- ,k}, & = 0 and 1, respectively, we
have according to Lemma 4

W (Q; (@, - - \Bn))

y Wiyt

but has not been fully edited. Content may change prior to final publication.

=F (@1, ,01) + 8 Y CLWra (95 (t+1)),
ECM
Wt(Qv(@la 707 7@71))
=F (@1, ,01) + 8 Y CouWipa (0 Q5 (t+ 1)),
ECM
Wt(Qv (@17"' ,]—7"' 7an))
=F@r, 00 + 8 Y CoWern (05, (t+ 1)),
ECM
where
ng(t+ ) ( (5),TL+11,T(@1),TII\_{_1,‘I’(M,€))7
QIO(t+ ) ( ( ) k+1ap017‘rll\j-17‘11(M78))7
Qz ((t+1) = (2(E), Tfffppn,'rﬁp‘l’(/\/l,g))-

To prove the lemma in this case, it is sufficient to prove
Wi (94 98 (¢ + 1)) =(1 = 8) Wi (€4 0o (¢ 4+ 1)

+ oW (205 +1) ©
According to induction hypothesis, we have

Wtﬂ(Q; ﬁlg(t +1))

=(1 = T(@))Wer1 (4 (B(E), Yih,0, YN, ¥(M, £)))
+ T @) Weir (3 (B(E), TG4, 1, TN, B(M,E))) ()
Wi (05 (1 +1))

=(1 — po1) W (4 (B(E), XL, 0, XN 1, ®(M, )
+ pot Wit (9 ((), X154, LN, B(M,E)  (8)
Wt (9F,(t+1))

=(1 = p1))Wera (4 ®(E), X1}, 0,11, ¥(M, E))
F oW (5 @(6), X, 1, YN, B (M, €)) 9)

Combing (7), (8), (9), we have (6).

Case 2: channel [ is observed in slot ¢, i.e. | < k. Let
MENEN{Y ={1,--- 1 =1,1+1,---,k}, we have
according to eq. (4) and Lemma 4
Wi (Q;Q(t)) = F(wq, -+ - , W)

+B[1—0o(1—(1—e@)] >
ECM

Wy e

W1 (2 (@1(5) T(p(@r)), ®

+B[0(1— (1—e)@)] Y Cy
ECM
W1 (2 (®1(E), 81(€), YN, THM, E), T (2(&0)), ®1(M, E)))

Let &; = 0 and 1, respectively, we have

We(Q: Qo () = F(@r, -+ ,0,- -, &r)
+B[1—00] > C&
ECM
Wt+1 (Q7 ((Pl (8)7]701, (El((c")7 T;cv-l,-h \Ill(Ma 5)7 \Ill (M7 g)))
+B0y > C5y
ECM

Wit (4 (B4(E), (), Yoy, WM, E), por, ¥1(M, E))),
Wo(Q Q=i (1) = (@, ,1,---
+81—-01 Y Gy

7ak)

£c

<
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Wt (9 (21(E), pr1, 21(E), X1, (M. E), B1(M,E)))
+501 > C5y
ECM

Wi (0 (81(E), 81(E), Yy, T (M, E), pr1, ®1(M,E)))
To prove the lemma in this case, it is sufficient to show
[1=00(1 = (1= e)ir)]
Weer (2 (31(). T(6(@0),
+ [Oo(1 = (1 — €)wy)]

Wii1 (2 (21(E), ®1(€), TRy, ¥ (M. E), T (@), ¥1(M, €)

=1 -&)(1 - 0o)

Wi1 (4 (8'(E), por, Bi(E), T, (M, E), ®,(M, £)))
+ (1 =)0
Wt-&-l(Q? (‘i'l(g),
+ @l(l - 01)
W1 (2 (BL(E), pry, B1(E), TN, 1, (M, E), ®)(M,E)))
+ 3,04

Wig1 (2 (®4(E), 1(8), YN, 1, ¥H M, E), p11, ¥1(M, E)))
(10)

®,(€), Y1), T(M,E),por, T (M, E)))

According to induction hypothesis, we have
Wer1 (2 @4(E), 2, 1(E), TN 1, B'(M, E), (M, £))
=(1-=)
Wi () (‘F(E) 0, ®4(E), T3y, UM, E), (M, E)))

+ aWeg1 (4 (D1(E), 1, Bi(E), Ty, U (M, E), By (M, £)))
Y

Wﬂrl(Q; @l(g)’ (I>l(5)> Tiv+1> lI’l(M75)7ya ‘I’l(M7g))
=(1-y)
W1 (€4 (BL(E), ®1(€), TN 1, ¥H(M, £),0, ¥, (M, E)))

+ y Wi (4 (BH(E), 81(E), X1, THM, E), 1, ¥, (M, £)))
(12)

Let 2,y = T(¢(@1)), T (¢(@r1)), p11 and po1, respectively, we
can easily obtain (10) by some simple arithmetic operations.
Combing the above analysis, we thus prove Lemma 6.

APPENDIX C
PROOF OF LEMMA 7

We proceed the proof by backward induction. First, it is
easy to verify that the lemma holds for slot 7. Assume that
the lemma holds from slots ¢+ 1, --- T, we now prove that it
also holds for slot ¢ by distinguishing the following two cases.

Case 1: channel [ is not observed in slot ¢, i.e., [ > k + 1.
In this case, the irllmediate rewarg is unrelated to w; and
w]. Moreover, let Q(t + 1) and Q'(¢t + 1) denote the be-
lief vector generated by ﬁ(t) = (&1, -, - ,0y) and
V() = (&1, ,w,--- ,W0n), respectively, it can be noticed
that Q(t 4+ 1) and Q'(¢ + 1) differ in only one element:

wy(t +1) = @(t +1). By induction hypothesis, it holds that
Wt+1(Q Q (L"‘ 1)) Wt+1(Q Q(t + )) NOthll’lg (4) it
follows that W, (% (1)) > W, (S Q1))

®1(€), Yis, WM, E), Bi(M, E))

Case 2: channel [ is observed in slot ¢, i.e., | < k. Following
Lemma 6 and after some straightforward algebraic operations,
we have

W% @1, B+, On)) = W @1+, @1, ,Bn)
= @ -
[Wt(Q (a17"' ,17"' a )) _Wt(Q(@la aoa"' 7GN))]
Let M £ = N(k)\ {1} = {1, —1,1+1,---,k}, by
eveloping Wt(Q Qt)) as a functlon of @;, we have
)V)Vt(Q;Q( ) =F(@1(t), - wk(t))
O
+ﬂ[1—00(1_(1_07(1) 1Y CR Wi (2:Qe(t +1))
ECM
@)
+ B[0o(1 — (1 — 51 1Y CR Wit (2 Qe (¢ +1)).
0 £CM
Let &; = 0 and 1, respectively, we have
Wi (2 Quo(t) =F(@1(t), -+ ,0,-+ ,@(t))
+B[1—00] Y CRWiern (%95, (+1))
ECM
+800 Y CRWisa (5 QF 0t +1)),
ECM
Wi(Q; Qi1 (8) =F (1 (t), -+ , 1, -+, @x(t))
+BL—O01] Y ChWira (205, (t+1))
ECM
+ BO1 Z é\iAWt+1(Q§§f,O(t+l))v
ECM
where
ﬂ§1< +1) = (2(€), po1, Bi(E), Yip1, THM, E), ¥i(M, E)),
( ) ((I)l(g)v(l)l( ) TJkVJrl"I’l(M 5) Pbo1, l(M75))’
Qﬁ( +1) = (®(E), pr11, Bu(E), Ty, B (M, E), ¥, (M, E)),
Qfo( ) (¢l(5)7 l((‘:)a‘rk-‘rla\yl(M 8) plla\Ill(Mvg))

It can be checked that Qf,(t +1) > QF (t + 1) and
Qfo(t+1) > ng(t + 1). It then follows from induction
that given £, Wi (€ Qfl(t +1)) > Wi (4 Qo (t+ 1))
and WtH(Q Q‘fo(t +1)) > WtH(Q ng(t + 1)). Noticing
that F' is increasing, we then have

We(€ @1, 1 @) = Wl (@,
:F((’A‘Jla 317"' a@n)_F(alv 707"’ ,CAdn)
+B[1=01] Y CL Wi (95, (t+ 1)
£CM
+ B8O, Z CAJE\/tﬁ/\tH(Q;ﬁ{f,o(t+ 1)
£CM
— L= 0] Y CRWieyr (%051 (t+1)
£CM
— B0g Z é\/{/tWtH(Q; Qg,o(t + 1))
£CM
> Bl1—01] Y CR Wi (01 (¢+1)
£CM

+ B8O, Z 5i4ﬁ/\t+1(9§§io(t+1))
ECM
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10
_6[1_00] éi/lwﬂ-l(ﬁ;ﬁil(t_‘_l)) P11 7T(@N)’\Ill(Mag)7\I’l(M75))
PR — OoWer (2 (B'(€), B1(€). T (@r1), -+
— B8O, CWer1 (€, Q7 o ( 4+ 1 N
B OSCZ/V[ M t+1( LO( )) P11, 7T(wN)a‘I’l(Mag%pOh‘Ill(M)g))}}
= B0 —01] 3 Ciy >(@ = Gm){ Amin + 8 Y Ci-
ECM ECM
(Wt (€095 4 (4 1)) = Wea (005, +1))] > 0. (1= O W1 (€ (@(E), Py, RU(E), T @rs1)s -+
Combining the above analysis in two cases completes our pots- -, T (@), \Ill(/\/l, £), ¥ (M,E))
roof. —~ . -
P 01T (€4 (B1(6), B1(E), T (@hen)
APPENDIX D pot, - T(@n), ¥ (M, &), p11, ¥1(M, E))
PROOF OF LEMMA 8-LEMMA 10 —(1- OO)WtJrl(Q; (‘I’l(5)7p117 ®(8), T (Dpr1), -
Due to the dependency between the lemmas, we prove them po1,- -, T(ON), TH(M,E), (M, E))
together by backward induction. = N ~
We first show that Lemma 8-10 hold for slot 7. It is = OoWit1 (4 (2(E), (&), T (@kr1), -+
easy to verify that Lemma 8 holds. pit,-- -, T(@On), BHM, E), po1, \III(M,E))}}
We then prove Lemma 9-10. Noticing that pg; < Wy < L .
Wi < p11 < 1and po; <Wn < W1 < pr1, we have =@ - “’m){Amm +8 Z Cmr
WT(Q’ (617"' ,aN))*WT(Q, (wN7@17"' ,QN—I)) P . SIQM
= F(LAdl, s ,&)\k) — F(@N,&\Jl, s ,@k_l) [(OO - Ol)Wt+1(Q; ("I> (8)717117 "I)l(g)vT(wk+1)7 )
= (@ — ON)[F (@1, ,W0p—1,1) = F(@1,- -+ ,@x—1,0)] pots - T(@n), ¥ (M, &), ¥ (M, E))
S (1 - aN)Amama + 01Wt+1(9; (q)l(g)’ @l(g), T(@k+1)7 ERIN
WT(Qa (wla"’ ;QN))fwT(Qa (LAUN,GQW" ,@N—l,al)) Po1, - 77—(&)\]\7)7‘1’[(/\/{;5)729117‘Ill(Mvg)>
= F(&\]ly ce aa}k) - F(@N7w27 e 1(‘}k—1) — OQ/Wt+1(Q; ((I)l((c;), @l(g),T(@kJrl), sy
= (1 — O F(1. G0+ .00 — F0.50. - .0 R
e piis e+ T@w), W (M.E),por, T(M. )] }
S (Pu _pol)Amaz~ S
Lemma 9-10 thus hold for slot 7. >(wr — Wm){Amm + 8 Z Co
Assume that Lemma 8-10 hold for slots 7', - - - ,t+1, we ECM
now prove that they hold for slot ¢. {(Oo — 01)Wt+1(Q; (po1, ‘Pl(g),pn, @), T (@rs1), - »

We first prove Lemma 8. We distinguish the following

three cases considering | < m: T(@n), ¥'(M,E), ¥, (M,E))

Case 1: [ > k + 1. This case follows Lemma 5. + Ol/W\t+1(Q; (®4(&),po1, ®1(E), T @hg1), -,
. H -y
Case 2: | < k and m > k + 1. In this case, denote M = T(@N),\Pl(M,S),‘I’l(/\/LS),pu))
N (k) \ {l}, we have — R
Wo(@r,- @1y 3Oy -+, ON) — OoWis1 (82 (2(E), p11, u(E), T (@h41), -+
— Wi@1, - Oy By o BN) T(@n) W' (M. ), ¥i(M.E).por)]| |
W (B Do B D . > 1-—
_th’ (Awl’ Wb » Wmy ,WN)) Z(Wl - wm) [Amin -8 Z Ci/l : ((OO - 01)%Amax
_Wt(Q;((’A‘Jl;"'aaTrbv"'valf"a@N)) ECM 0
— (5 — SN (O (5 S 1—[8(1 = 01)(p11 — por)]" "
_(wl_wm) Wt(Q,(Wl,"',1,"',0,"',&11\/‘)) +O — Amaz
{ o Hpu = Por) 1= B(1 = O1)(p11 — po1) )}
_Wt(Q,(w1,7O,',17",WN)) Z({Jlfam) Z%.{Amlnf
=@ = D) { F @1, 1 @) = F@1,++ 0, ,3) seM
O, O1(p11 — po1)Amaa
PE : 1——)(1- Ama:v +
+8 Z Cou- g (( Oo)( po) 1—(1—01)(]711—]301))]
EeM >0,
W : . l B DY
{(1 ~ OOWierd (0 (2(E), pru, Bu(E), T (@k1), ’ where the first two inequalities follow the induction result of
pot,- -, T (@N), \Ill(j\/l, E), ¥, (M,E)) Lemma 8, the third inequality follows the induction result of

= : ~ Lemma 9-10 and Corollary 2, the fourth inequality follows
+ O Wi (& (q)l(g), 21(&), T(@r41), the condition in the lemma.y ! ’

~ 1
oty T(On), ¥ (M, E), pur, ¥i1(M, €)) Case 3: [, m > k. This case follows Lemma 5.
— (1 = O0) Wiy 1 (8% (®1(E), por, ®1(E), T (@kt1), - Lemma 6 is thus proven for slot .
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We then proceed to prove Lemma 9. We start with the
first inequality. We develop W, w.r.t. W5 and Wy according to
Lemma 6 as follows:

W% (@1, D1, s+ s D1, On)

— Wi @, @1, -+, By Dy ooy 1))

= Guln [Wt(Q; @1y Oty L, B, s On1, 1))

— Wi (1,01, D1, 1, B,y 7an—1))}

+ Wi (1 _@n){Wt(Q (@1, @p—1,1, @41, ,Wp—1,0))
—Wt(Qé (0,001, ,Wr—1,1,Wpq1,- - 7an71))}

(1= @)dn [Wt(ﬂ; @1y Bty 0, Bt - 3Gt 1))
W (1,5, D1, 0, D1, ,wn_l))]

+ (-0 —an)[m(a; @1, @Dh1,0,@ps1, -
— W (€ (0,@y, - - ,Cunfl))} (13)

Let M = {1,---,k — 1}. We proceed the proof by
upbounding the four terms in (13).
For the first term, we have

awk71707wk+17 T

Wt(Q7 (@11"' 7ak71a17@k+1;"' aanflal))
- Wt(Q7(17@13 7ak71;17®k+17“' 76’”‘71))
=3 > %
ECM

(1= 0 Wis (% (@), p11, T p1r, B(M, )))
+ O W (5 (2(8). Y pir, B(M, ), pun))
= (1= O0)Woa (€ (p11, B(E). pur, X1 B (M, E))
— O1Wesa (€ (). pra T o1, ¥ (M, €)))]

<0

where, the inequality follows the induction of Lemma 8.
For the second term, we have

Wt(Qv (alv"' ,ak71717@k+17"‘ 7an7170))
- Wt(Q’ (076\017"' 7ak—la17®k+la"' ;an—l))
:F(alv ,CAUk_l,].)*F(O,C/Jl,"' 7®k—1)+ﬂ Z é\f/l
ECM

(1= O)Wera (4 (®(E), pr1, YN por, ¥(M, )

+Ol/Wtﬂ(Q;(@(5)7TkNJ:llapm"I’(Mag)vpn))

— (1= 00)Wes1 (% (por, ®(€), pr1, X', ¥ (M, E)))

- OO/V[ZH(Q; (®(&),p11, Tgﬁlapma (M, 5)))}
=F@1, ,Gk1,1) = F0,01,-- . Gr-1) + 8 Y Cor

ECM
(1= 00) W (% (@(E),p1r XY pon, ¥(M, )
— Wi1 (% (por, ®(E), pu1, Y11 B(M, £)))]
+ 01 [What (% (2(E), Y15, por, ¥ (M, ), p11))
= Wit (€ (B(€), pr, Y por, WM, )]

7(’/\‘]71—17 0)

SAmaw + ﬁ Z CA;\'/I : |:(1 - OO)
ECM

(W1 (2 ((E), pr1, YA, (M, E), por))
- Wt+1(Q; (p017 (I)(g)vpllv T]If_t:llv ‘Il(Mv g)))]:|

1—
SAmaac + B : (1 - OO) : Op01 Amaac

0
following the induction of Lemma 8-9.
For the third term, we have

W€ (@1, Bk—1,0,Dk11, -, On1,1))
_Wt(Q§(1a@17"' Wk—1,0,0p41,+ ,W0p—1))
=F(@1, 051,00 = F(LB1, -+, &) +8 Y Gy
ECM
(1= 00) Wi (€% (®(E), por, T pir, ¥(M,E)))
JFOOWt-H(Q; (‘I’(E)aTkNilvpn,‘I’(Mvg)apOl))*
— (1= O0) W1 (% (p11, B(E), por, Y17, B (M, €)))
- 01W\t+1(Q§ (@(5),p017TkNJ:11,p117‘I’(M,g)))}
<F@,+ 0p-1,0) = F(L&1, . Bro1) +8 Y Cip
ECM
(1= 00) W1 (62 (o1, 911, B(E), XY, WM, €)))
+00Wt+1(Q5 (pn,<I>(5)7Tﬁgl,‘I’(M75),pm))—
— (1= O)Wipa (€% (por, p1r, B(E), YN, ¥ (M, E)))
— 01 Wi (& (p017‘1’(5)7TkNJ:11a‘I’(Mag),pn))}
<—Apin+ 8 Z CAJEM‘OO'
ECM
W (% (prr, ®(E), T (M. ). pon)
O
Oo
= G e (€ (pon, B(E), T WM. £), )
~ O, 1—
< — Apin +5£§Ac§4 -0 - [(1 - oTl)> ofm

1 —[B(1 - 01)(p11 *Pm)}T*t}
1—-p8(1—01)(P11 — por)
0,

Oo

— (1= 2 Wit (% (por, pr1, ®(8), YL, ¥ (M, 6)))

Ama:p

01
N - A'”LG/IL'
+ Os (P11 — po1)

ECM

)(1 - pOl)Amam

O1(p11 — po1) ” <0
1= (1= 01)(p11 — po1)
where the first two inequalities follow the induction result
of Lemma 8, the third equality follows the induction result
of Lemma 9, the forth inequality is due the condition in
Lemma 10.

For the fourth term, we have
Wt(Qv ((‘A‘)la e 7®k—1a Oaak—‘rla e
- Wt(Q, (03@13 e

=3 Z 5/{/1

ECM

(1= 00) Wi (€% (@(8), por, T por, ¥(M,E)))

+ Amax

7wn—1a O))

7®k—la Oa@k—O—la e 7@n—l))
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+ OoWiert (24 (®(E), YV por, ¥ (M, E), por))

— (1= 00)Wis1(% (po1, ®(E), por, YW (M, E)))

- OOWtJrl(Q; (‘I’(E),p()h YierllapOla (M7 g))):|
<B > C%,

|:(1 - OO)Wt+1(Q; ((D(E)ap()l, ‘r]iv+117 ‘P(M7 5),])01))
+00Wt+1(9; (®(&), T;1CV+117P01, (M, €),po1))

— (1 = 00)Wis1(% (po1, ®(E), por, Tfev+117 ¥(M,E)))

— 00Wos1 (6% (por, ®(), Y por, <M,s>>>}

1— _
Sﬁ : (1 - OO) ’ Of:Ol Az + 5 <O - Ofm

: Amaa:

Amaz

1 —po1

=8 o

where, the first inequality follows the induction result of
Lemma 8 and the second inequality follows the induction

result of Lemma 9.
Combing the above results of the four terms, we have

Wi @1, ,0n)) = Wi @, B, -+, Bn-1))
~ ~ 1-
ka(l - WN) : [Anmw + ﬁ : (1 - OO) : %A’maw]
0
~ ~ 1-
+ (1 - wk)(l - LUN) : /B%Anmw
0
~ ~ 1-
ka(l - WN) : [Amaw + (1 - OO) : %Amaw]

~ 1=
+(1=8)(1 = Bw) - 5 Do
0

1-o ~
Amu,w OO N [kaO + (1 _pOI)(l - oJk:OO)]

1-— wN 1- @N
<Ama17 O 1- @) 7Amax
< 00 (0100 + (1 = &10p)] < 0o

1 —po1
< Amamu
=70,

which completes the proof of the Lemma 9.

Finally, We then proceed to prove Lemma 10. To this

end, denote M = {2, -
Wi (€ (@1, @2 - -

,k}, we have

,WN-1,WN))

— Wi (@, Dy -+, BN—1,01))
= (@1 — ON)
[W\t(Q7 (17&}2? 7&7]\/—1’0)) - W\t<Q7 (076}27 e 7&}]\7—17 1)):|
= @1 = BW){ F(LB,+ 1) = F(0, B2, 1)
+8 > C5
ECM
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< @ —on){Ana+8 Y Ci

ECM

I¢
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— 00Wt+1(Q; (@(5) Tiv+117p013p117

&), T1€+1 ,p11, ¥(M, E)))

MmN}

— @~ o) {Amas +8 Y Ci

o

£CM
— O)[Wer1 (% (p11, B(E), Y por, (M, E)))
- /Wt-i-l(Q; (p017 (5) TkJrl P11, (M 5)))]

+ (0o — 01)[Wt+1(9’ (po1, @

(&), Tk+1 011, ¥ (M, E)))

— Wi (4 (B(E), Y5 por,piis (M,(‘,’)))]}}

<

o

@1 = o) {Amar +8 > i

ECM
— 01) Wi (% (p11, ®(E), YY1 por, ¥ (M, £)))

— W1 (€2 (B(E), por, Tivfll,pn, \II(M,E)))]} }

<

¢

@1 = on){Amar +8 D G

ECM
— O1) (Wi (2 (11, ®(E), YN, ®(M, E), pon))

— Wit (€ (por, (), YL @M, €),p1)] }
< (p11 — po1) |:Am,a,r1: + Z CM - B(1 = O1)(p11 — po1)-

1- [5(1 —O01)(p11 — por)|* 1

ECM

1—[B(1— O1)(p11 — por)]* "

— B = 01)(p11 — por) Amam}

Z 5%4 {14-5 1 —01)(p11 — po1)-
ECM

1= 51— 01)(p11 — po1)
_ 1-[6(1 = O1)(pn1 —por)] Tt

} (P11 — Po1)Amaz

(Pu - p(]l)Amaz
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where the first three inequalities follows the recursive applica-
tion of the induction result of Lemma 8, the fourth inequality
follows the induction result of Lemma 10.

We thus complete the whole process of Lemma 8—10.
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