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Abstract—Mobile data offloading is an emerging technology to
avoid congestion in cellular networks and improve the level of
user satisfaction. In this paper, we develop a distributed market
framework to price the offloading service, and conduct a detailed
analysis of the incentives for offloading service providers and
conflicts arising from the interactions of different participators.
Specifically, we formulate a multi-leader multi-follower Stackel-
berg game (MLMF-SG) to model the interactions between the
offloading service providers and the offloading service consumers
in the considered market framework, and investigate the cases
where the offloading capacity of APs is unlimited and limited,
respectively. For the case without capacity limit, we decompose
the followers’ game of the MLMF-SG (FG-MLMF-SG) into a
number of simple follower games (FGs), and prove the existence
and uniqueness of the equilibrium of the FGs from which the
existence and uniqueness of the FG-MLMF-SG also follows. For
the leaders’ game of the MLMF-SG, we also prove the existence
and uniqueness of the equilibrium. For the case with capacity
limit, by considering a symmetric strategy profile, we establish the
existence and uniqueness of the equilibrium of the corresponding
MLMF-SG, and present a distributed algorithm that allows the
leaders to achieve the equilibrium. Finally, extensive numerical
experiments demonstrate that the Stackelberg equilibrium is very
close to the corresponding social optimum for both considered
cases.

Index Terms—Mobile Traffic Offloading, Stackelberg Game,
WiFi Offloading, Nash Equilibrium

I. INTRODUCTION
A. Background

The data traffic in cellular networks has seen a tremendous
growth over the past few years due to the explosion of
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mobile devices, e.g. smart phones, tablets, laptops etc. The
increasing data traffic in cellular networks suggests that traffic
from cellular networks should be offloaded so as to alleviate
traffic congestion and improve user satisfaction. Thus, mobile
data offloading emerged as a promising approach to utilize
certain complementary transmission technologies to deliver
data traffic originally transmitted over cellular networks to the
users. Recently, a large number of studies have investigated
the potential benefits of mobile data offloading and various
innovative schemes have been proposed to better manage
data traffic including WiFi [1]-[5], femtocells [6]-[10], and
opportunistic offloading [11], [12]. In fact, these studies have
shown that data offloading is a cost-effective and energy-
prudent approach to resolve network congestion and improve
network capacity.

B. Motivation

However, mobile data offloading is not always adopted by
the offloading service providers (OSPs) and offloading service
consumers (OSCs), i.e., mobile data flows, in practice. One
of the most important reasons for not adopting mobile data
offloading is the lack of economic incentives, i.e., OSPs may
be reluctant to make their resources available for offloading
data traffic without permission or appropriate economic re-
imbursement since offloading data traffic will consume their
limited wireless resources and reduce broadband connection
capacity. Thus, it is of significant importance to analyze the
economic implications of mobile data offloading from the
perspective of both OSPs and OSCs. For ease of presentation,
in this paper, we focus on WiFi offloading in which OSPs and
OSCs represent Access Points (APs) and cellular data flows,
respectively.

From an economics point of view, there are many works
considering the interaction between APs and cellular data
flows. For example, [13] studied delayed WiFi offloading
by modeling the interactions between APs and cellular data
flows as a two-stage sequential Stackelberg game with one
leader and multiple followers. In [14], the authors investigated
the economics of mobile data offloading through WiFi or
femtocells, and utilized a multi-leader multi-follower Stack-
elberg game (MLMF-SG) to achieve the subgame perfect
equilibrium (SPE), and further compared the SPE with the
corresponding outcomes in a perfect competition market and
in a monopoly market without price participation, respectively.
In [15], the authors considered the scenario where each of the
mobile network operators (MNOs) can employ multiple APs
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to offload its data traffic and each AP can concurrently serve
traffic from different MNOs. The proposed market scheme
incurred minimum communication overhead and created non-
negative revenue for the market broker without requiring a
priori information about MNOs and APs.

Motivated by [13]-[15], we consider a typical offloading
scenario where a number of cellular data flows offload their
data traffic to a number of APs in their vicinity, e.g., hotspots
near base stations. In particular, we propose a pricing frame-
work based on the concept of ‘paying for offloading’ to ensure
efficient use of the offloading APs. Under this framework each
cellular data flow corresponding to a mobile source-destination
pair offers a payment to incentivize APs to participate in
offloading, and then the payment is shared in proportion to the
amount of data offloaded to each AP. Hence, the utility of an
AP is its share of received payment minus its own offloading
cost. For a cellular data flow, its utility is defined as a generic
concave function of the sum of the utilities from offloading
on the APs minus the cost paid to these offloading APs. We
model the interaction of the APs and the cellular data flows as
an MLMF-SG, where the APs are the followers who respond
to the payment offered by the cellular data flows (i.e., each AP
offloads a part of the data of some flows such that its utility
is maximized, given the payment offered by the flows and the
actions of its competing peers); and the cellular data flows
are the leaders who set the payment to maximize their own
utility in anticipation of the Nash equilibrium (NE) response of
the followers. Notwithstanding our interest in the mobile data
offloading context, the considered model is generic enough to
be applied any other scenario where a set of ‘jobs’ compete
for the services of a pool of ‘workers’, such that the jobs set
their payment rates, workers are free to choose the job they
will attempt, and payment from each job is eventually shared
according to certain allocation rules among all the workers
that serve the job.

Unlike most pricing methods in the existing literature that
involve only one type of selfish players [13] or two types of
selfish players without competition between them [14], [15],
our framework features two types of players, each of which
competes not only with its peers but also with the players of
the other type. This property distinguishes our work from the
scenario considered in [14], [15], where only players of the
same type can compete with each other although there exist
two types of selfish players. This difference cause the utility
functions of players in this paper to be completely different
from those in [14], [15] as far as concavity is concerned.
Concretely, with the strategy profile in [14], [15], the utility
functions of both followers and leaders are concave, which
ensures that there exists an equilibrium in the followers’ game
and the leaders’ game, respectively. However, in our case, the
payment from a flow is shared proportionally among all APs
according to the amount of data offloaded to each AP. As
a consequence, an AP’s utility depends not only on its own
strategy but also on the strategies of its peers, which leads to
complex interactions among the APs. Accordingly, the sharing
of payment causes the utility functions to be non-concave,
which necessitates a completely new and original study of the
game’s equilibrium. In [16], the authors considered a bi-level
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hierarchical network where macrocells coexists with femto-
cells. The stackelberg game was introduced to characterize the
interaction between them and proved to exist an equilibrium if
the best response of the leaders’ game is continuous. In [17],
the authors formulated the interaction as a Stackelburg game
between network service providers and users in heterogeneous
small-cell networks, and proved the existence of a Wardrop
equilibrium in the users’ game and a Nash equilibrium for the
leaders’ game, and provided a set of sufficient conditions to
guarantee the uniqueness of Wardrop equilibrium.

C. Contributions

The main contributions of this paper can be summarized as
follows:

« We develop a distributed market pricing framework for
mobile data flows to price the offloading service.

« We formulate a Stackelberg game to model the interac-
tions between offloading service providers and offloading
service consumers under the market framework, and
investigate the cases where the offloading capacity of APs
is limited and unlimited, respectively. For both cases, we
establish the existence and uniqueness of the equilibrium
of the proposed Stackelberg game, obtain the Stackelberg
equilibrium in closed form when the offloading capacity
of the APs is not limited, and further propose a distributed
pricing algorithm to ensure that the game converges to an
equilibrium when the offloading capacity of the APs is
limited.

« We conduct a large number of simulations to verify our
theoretical analysis on the proposed Stackelberg game for
the two considered cases. As a noteworthy property of
the developed framework, simulation results demonstrate
that the Stackelberg equilibrium is very close to the social
optimum.

D. Related Work

To provide better service in cellular networks, a body of
literature has proposed to exploit various kinds of technologies
to offload data traffic. These works adopt three different
approaches for offloading.

The first approach is opportunistic offloading which utilizes
opportunistic communication to offload cellular traffic. For
example, the authors of [11] considered the heterogeneities of
mobile data and mobile users in realistic disruption tolerant
networks, and established a mathematical framework to study
the problem of multiple-type mobile data offloading. In [12],
opportunistic communication was exploited to facilitate infor-
mation dissemination in the emerging mobile social networks
and to reduce the amount of mobile data traffic.

The second approach is femtocell offloading which has
emerged as another primary option for macrocellular data
offloading. In [6], the potential benefits and costs of deploying
femtocells were surveyed. In [7], the authors investigated the
network operator’s profit gain from offering dual services
through both macrocells and femtocells. The authors of [§]
considered the tradeoff between reducing the paging cost in
mobility management and registration signaling overhead, and
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proposed a delay registration algorithm that postpones the
registration and reduces signaling overhead while sustaining
the traffic offloading capability of the femtocell. In [9], optimal
sleep/wake up schemes were studied for the base stations of
network-operated femtocells to offload part of its traffic to
minimize the energy consumption of the overall heterogeneous
network while preserving quality of service (QoS). In [10], the
authors studied the economic aspects of femtocell services for
the case of a monopoly market. The authors of [18] proposed a
dynamic pricing scheme based on market equilibrium and non-
cooperative game such that the mobile service providers can
gain more revenue than with a fixed pricing scheme. In [19],
the authors focused on the inter-femtocell interference in three-
dimension scenarios, and classified multiple femtocells into
a number of groups according to the amount of interference
caused to others.

In this paper, we focus on another approach for mobile data
offloading which exploits the freely available WiFi networks,
and is referred to as WiFi offloading. In [2], the authors
first presented a quantitative study for the performance of
3G mobile data offloading through WiFi networks, and then
proposed a distribution model-based simulator to investigate
the average performance of offloading for a given WiFi
deployment condition. In [3], the authors studied the tradeoff
between the amount of traffic being offloaded and the user
satisfaction, and provided an incentive framework based on
reverse auction to motivate users to leverage their delay toler-
ance for cellular traffic offloading. This performance gain can
be improved by delaying transmission [3] and predicting WiFi
availability [3], [4]. A cost-effective scheme integrating both
WiFi and cellular radio access technologies was proposed to
efficiently address peak wireless data traffic and heterogeneous
QoS requirements [5]. A subscribe-and-send architecture and
an opportunistic forwarding protocol were presented in [20]
such that the users having subscribed contents from the
Content Service Provider (CSP) can obtain these contents
from other users who can access these contents through WiFi
opportunistic peer-to-peer communications rather than directly
downloading the subscribed contents from the CSP. In [21],
the authors proposed an enhanced WiFi offloading model to
bring mobile IP integration into the core network with Policy
and Charging Control (PCC), and developed a comprehensive
analytical model to quantify the performance of data offloading
in terms of the amount of 3G resources saved by offloading
and the deadline assurance for measuring the quality of user
experience with PCC support. In [22], the authors focused on
the effect of inter-radio access technology (RAT) offloading
on the overall system performance, and developed a general
and tractable model that consisted of M different RATS,
each deploying up to K different tiers of access points with
different parameters. In contrast to these existing works, this
paper is the first to investigate the economic behavior of WiFi
offloading for two types of selfish players, which compete not
only with the players of the same type but also with players
of the other type. This sets our work apart from the existing
literature in this field.
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E. Organization of Paper

The remainder of this paper is organized as follows: The
considered problem is formulated in Section II. In Section III,
we analyzes the Stackelberg equilibrium without offloading
capacity limit, while in Section IV we analyze the Stackelberg
equilibrium with offloading capacity limit. Simulation results
are provided in Section V. Finally, the paper is concluded in
Section VI.

II. PROBLEM FORMULATION

In this section, we first provide the system model of WiFi
offloading, and then introduce the pricing market framework.
Subsequently, we formulate the problem to a Stackelberg
game.

A. System Model

We consider a set F of mobile data flows (or data traffics)
in a cellular network where each flow f transmits a number of
data packets from the source St to the destination D¢. A set R
of potential offloading APs (with |R| = R > 2) in the vicinity
of the flows, may help flow f to offload its data packets to
the destination via another transmission network, e.g. WiFi. In
return, the APs may obtain a certain reimbursement from flow
f. The APs are assumed to be WiFis operating on different
carriers, and accordingly the APs’ signals do not mutually
interfere with each other. Assume that time is slotted, and there
is a network-wide slot synchronization. We focus on how the
packets of flow f should be priced such that the APs have an
incentive to offload data packets of flow f.

B. Pricing Framework

For a selfish AP 7 (i € R), to incentivize offloading, it must
receive some reimbursement that is greater than its offloading
cost. For this purpose, each flow f offers a payment of C7 to
incentivize APs to offload data traffic, where C7 is determined
by the flow itself, i.e., C7 is the strategy of flow f. We denote
by rg the amount of data offloaded by AP ¢ for flow f. Hence,
the utility of flow f € F is defined as the net payoff that f
gets per slot:

Us 2 up( Y tog(1+1))) = 7, (1)

i€R

where the log(1+ 7',{ ) term! reflects the diminishing utility of
flow f from 7/ . Function u #(+) represents the total utility from
the assistance of all APs. We assume u(w) is continuously
differentiable, strictly increasing, and weakly concave in w,
ie., up(w) >0 and uy(w) <0, with uz(0) = 0.

Next, we consider the utility of the APs. For flow f (f €
F), the payment of C/ is shared in accordance with the level
of cooperation, i.e., the amount of data offloaded by the APs
that offload packets of flow f. The vector r; = {r!, f € F}is

the strategy of AP ¢ where > feF rzf < B reflects the limited

'We adopt log(1 + rlf ) only for presentation purpose. This term can

be replaced by other types of utility functions as long as they reflect the
diminishing utility of flow f in terms of rlf
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offloading capacity B of AP i. We denote the cost (e.g. in
terms of energy) for AP i to offload a packet of flow f by e{ .
Thus, the expected payoff per slot for AP 7 is

ey vi=3 ol

feF feF

~erl], @
ZJ ER ]
s
where Vif L0l — efrf.
JeR T
The payoff function of AP i has the following property.

Lemma 1. V; is not a concave function in rf (jER,j #1i)

Proof. 1t is easy to show gzv; > 0, which means that V; is
not a concave function in r (] ER,j Fi). O

C. Stackelberg Game

We model the offloading problem with pricing as a S-
tackelberg game which includes two roles (leader and fol-
lower) and two stages. In the first stage, each flow f (as
a leader) announces its reimbursement Cf, and the reim-
bursement from all flows are collected in a reimbursement
vector C = (C',C?,.-. ,CI”1). In the second stage, each
offloading AP 7 (as a follower) in R choose its offloading
size vy = (r},r?, -, lfl) for different flows to maximize
its own utility. Hence, the flows are the leaders and the APs
are the followers in this Stackelberg game. For convenience,
letr = (ri,r,--- ,r|R|) denote the strategy profile of all APs
where r; is the strategy profile of AP i. Let r_; denote the
strategy profile excluding r; and r! , be the profile excluding
AP i given f. Then, r = (r;,r_;) and r; = (rf vl i)

1) Followers’ Game: Given r_;, each follower (AP 1)
chooses its strategy r; to maximize its utility in response to
the leaders’ strategies C £ (Cf,C~1) = (C*,C?,.-- ,CV).
Thus, the objective of AP 1 is to solve the following optimiza-
tion problem:

r;(C) = argmax V;(r;,r_;, C) 3)
s.t. Z ’/‘zf <B, VieR €]

feF

rf>0, VieR, VfeF. (5)

Then, we have ¥(C) = (?1(0), e ’?IR\(C))- Note that the
followers’ game itself can be considered as a non-cooperative
game [24].

2) Leaders’ game: Given C~/f, each leader (flow f) choos-
es its strategy C7 to maximize its utility function Up(-)
anticipating that the followers will eventually respond with a
collection of strategies that constitute an NE according to (3).
Thus, the leaders’ problem is

¢! = argmax Uy (€7, C~7 7(C/, 7). (6)
Cf

The solution of the Stackelberg game is characterized by a
Stackelberg Nash Equilibrium (SNE), that is a strategy profile
from which no player has incentive to deviate unilaterally.

In the following sections, we will analyze the SNE for two
different cases. In the first case, the capacity of the APs is
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not limited, which corresponds to omitting constraint (4). In
the second case, the capacity of the APs is limited, which
corresponds to keeping constraint (4).

III. STACKELBERG GAME EQUILIBRIUM ANALYSIS
WITHOUT CAPACITY BOUND

In this section, we investigate the existence and uniqueness
of an SNE for the considered Stackelberg game if the capacity
of the APs is not limited (corresponding to omitting the
constraint (4)). Specifically, we first show that the followers’
game of the multi-leader multi-follower Stackelberg game
(FG-MLMF-SG) can be decomposed into a series of followers’
games. Then, we show the existence and uniqueness of an NE
for the followers’ game by analyzing its best response strategy,
and prove the existence of a unique NE of the leaders’ game
by utilizing the structural properties of its objective function.

A. Followers’ Game

Since the capacity of the APs is much larger than that of
mobile devices, it is reasonable to assume that there is no of-
floading capacity limit for the APs. Under this assumption, the
following proposition decomposes the complicated followers’
game defined in Section II into a number of simpler games.

Preposition 1. If the capacity of the APs is not limited,
FG-MLMF-SG can be decomposed into |F| followers’ games

(FG(l),-~- 7FG(|]-'\)).

Proof. If the capacity of the APs is not limited, accord-
ing to (2) and (3), FG-MLMF-SG, denoted by 1;(C) =
argmax, Vi(r;,r_;,C), can be decomposed into |F| fol-

lowers games (FG(I) FG(\]—"|)>, where FG(f), f €
F corresponds to the optimization problem 7 (Cf ) =
argmax, s Vf(r rf ,Ch. O

Definition 1. Given C’ and r’ ’, a strategy is the best
response strategy of AP i for FG(f), denoted by F{(r{i),
if it maximizes Vif(rlf, r{i) over rlf > 0.

! ~f OIS miiy 7
From avif = 0, we obtain rf = M _
ar ! o
deR\ (i } . Therefore, the best response Ff (r ! ;) of fol-

lower ¢ for ﬂow fis

I o 7
() = TR S T
0, otherwise.
(7
The best responses of follower ¢ for (FG(l), e ,FG(|]-'|))
are collected in the best response vector I';(r_;) =
ety 7).

The followmg theorem states that the best response strategy
leads to an NE of the FG-MLMF-SG.

Theorem 1. The strategy profile T = (v',72,--- ,T1) is an
NE of the FG-MLMF-SG, where ¥ = (#[,7],.-- .7l ) is

an NE of FG(f), where
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1) the optimal sets of offloading APs, denoted by S =

(81,8s,- - ,SF;, are computedfby Algorithm 1 [23];
2) 'Tvlf _ (|§f|€;1)€6} (1 _ (gifelgl)ee;) ifie S 7’:lf -0
otherwise. ! !

Algorithm 1 Computation of the optimal sets of offloading
APs
1: for f € F do
2: Sort APs according to their offloading costs: egl <
ef, < <el

3: Sf:{dl,dg},i:?);

f
4 whilei < Randel < Z‘g“sﬁ = do
S: SfZSfU{Ui}J:Z'—i—l;
6: end while
7: end for

8: return S = (51,83, ,Sp).

Proof. Please refer to Appendix A. O

After proving the existence of an NE of the FG-MLMF-SG,
we next prove the uniqueness of the NE.

Theorem 2. Given C’, denote the strategy profile of an NE
by = (1,82, #1), where ¥ = (¢, 74,- #l ), and
define S; = {i € R : fzf > 0}. Then, we have
. Ss|—1)Cf Ssl-Def\ ., 5 . Af
ITf:(|Sf|1)C(17(|f 1)!268,‘T<:0
) 2 ZjeSf e]f E_j€$f e]f_ f f ()
otherwise;
2) We sort {e§ :j ER}to 6{;1 < e£2 <... < e{:R, then

gf = {01,
. f Ej:l €, .
of R given [, e;, > —— and i > 2.

These statements imply that the FG-MLMF-SG has a unique
NE.

O} wher_e o1, ,0R IS a permutation

y o
i !

Proof. Please refer to Appendix B. O

Theorem 1 and Theorem 2 imply that there exists a unique
NE in the FG-MLMF-SG.

B. Leaders’ Game

According to the above analysis, the flows, which are the
leaders in the MLMF-SG, know that there exists a unique NE
for the APs for any given pricing vector C. Hence, each flow
f can maximize its benefit by setting Cf.

Given a specific flow f, feeding back into (1), we have

Uy = us (Y tog(14++])) =€ =y (Y log (14C7ky) ) €
1€ER

€Sy

where k; =

N <\sf\71>e{>
) f ]

i€sy € 2jesy €
Theorem 3. There exists a unique NE of the leaders’ game
in the MLMF-SG.

Proof. Given a specific flow f, the second derivative of Uy
with respect to C7 is

0°Uy —uf (D 1081+ CTR) ) (3 H%)Z

20f
0*C i€S i€S

5

: K
—uf(ZIOg(1+kai)) Zm < 0.

i€S i€S

Thus, Uy = uf(ZieR log(1 + rlf)) — €7 is concave in C/
for C/ € [0,00). Since Uy|cr—g = 0 and Uf|cr—oe = —00,
Uy has a unique maximizer, denoted by cl = argmaxcqy U !

The Cf , [ € F, compose the price vector C which achieves
the unique NE of the leaders’ game in the MLMF-SG. O

Thus far, we have established the existence and uniqueness
of the NE for the MLMF-SG when the offloading capacity of
the APs is not limited. However, due to hardware limitation
and energy consumption limits, in practice, constraints on the
APs’ offloading capability are inevitable, which makes the
interaction between APs and flows more complex. In the next
section, we will further study the properties of the NE of
the MLMF-SG if a constraint on APs’ offloading capacity is
present.

IV. STACKELBERG GAME EQUILIBRIUM ANALYSIS WITH
CAPACITY BOUND

In the previous section, we have analyzed the NE of
the considered MLMF-SG for the case when the offloading
capacity of the APs is not limited. Now, we consider the game
if a capacity constraint on the APs is present, and characterize
the properties of the NE. First, we establish some structural
properties of some relevant quantities in the leaders’ game,
and then we prove the existence and uniqueness of the NE
for the leaders’ game in the MLMF-SG. Finally, we present
a distributed pricing algorithm for the leaders’ game that
converges to the unique equilibrium.

A. Followers’ Game

To make the analysis of the game tractable, we assume that
the offloading cost of a specific flow does not depend on the
APs, that is, e{ = e/ for any AP i € R given f. Note that
this assumption is reasonable as all APs are assumed to be
located in the vicinity of flow f.

We commence our discussion of the properties of the
equilibrium by considering the best response of AP ¢ using the
strategy r; = (r},- - ,riﬂ). The corresponding optimization
problem from the perspective of AP ¢ can be stated as:
n}axVi(ri,r_i) s.t. Z rlf < B, rzf >0, VfeF. (8

feF

¢ Thus, the corresponding Lagrangian function is given by:

L(ri, Aiyv) = Vi(risr—i) — A - ( > rf - B) +> vir].
feF feF
©)

Since V; is continuously differentiable in rlf , it follows that
the Karush-Kuhn-Tucker (KKT) conditions corresponding to
problem (9) are necessary for optimality. On the other hand,
we note from (2) that, for a fixed r_;, function V;(r;,r_;)
is concave in r; although it is not concave in r according to
Lemma 1. This implies that the KKT conditions are sufficient
for optimality as well. Thus, we conclude that a strategy profile
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is an equilibrium if and only if (i.i.f) there exist A; > 0
and {ylf >0, f € F} such that the following conditions are
satisfied:

QJ

Vi

(A): —=N—-v/, VfeF
(AQ): l ( 1f_ ):0

f
(43): virl =0, vferF

For ease of further discussion, we introduce the concept
of strictly interior equilibrium which is formally defined as
follows:

Definition 2. We say that an equilibrium is a strictly interior
equilibrium if the offloading size of any AP i € R for any flow
f € F is strictly positive, i.e., r; > 0.

Now, we are ready to provide the following theorem, which
guarantees the symmetry of a strictly interior equilibrium.

Theorem 4. If a strictly interior equilibrium exists in the

followers’ game, then it is symmetrical, i.e., rzf =l for any
1€ R.
Proof. Please refer to Appendix C. O

Thus, in the following, we focus on symmetric strategy
profiles, that is, all nodes use a symmetric strategy, i.e.,

Tzf =1/ for any i € R. To this end, we define the function
aV; R-1
Fpfy o 9V —of O T N A AN
T2 e = ()=,

where b/ (rf) £ B=1

Given a symmetric strategy profile, by Theorem 4, the KKT
conditions for (9) can be refined to the existence of \; > 0
and {I/Zf =0, f € F} such that (A1)-(A3) are satisfied.

Now, we are ready to state the main result of this subsection.

Theorem 5. For any vector of flow price C, there exists a
unique set of {p?, f € F} such that the symmetric strategy
profile {r = p/,j € R} is a Nash equilibrium. Furthermore,
there exist A > 0 and {vf =0, f € F}, such that

(Bi): gl (ph)=A=v, vferF
)\( S - B) —0
fer
(Bs): vipf =0, VfelF.
Proof. Please refer to Appendix D. O

Based on Theorem 5, we obtain that the solution of the
following convex optimization problem is the NE of the
followers’ game in the MLMF-SG.

R—
cf
(5

max
1. plFl
prp feF

> o/ <B, pf>0VferF,
fEF

Liog(pf) - efpf)
(10)

which can be easily solved by software packages, such as
Matlab.

6

B. Leaders’ Game

In this subsection, we study the effect of the payment rate
C/ of a specific flow f € F on the followers’ symmetric equi-
librium when all other rates C~/ remain fixed. To streamline
the discussion, we express the value of p/ of the equilibrium
corresponding to a given C as a function p/ = ¥(C/) (since
we focus only on pf and are not interested in the strategy
values for other flows). Also, we define the value of A that
satisfies condition (B1)-(B3) in the equilibrium as a function
A= A(CH).

We begin by exploring these functions for extreme values
of Cf. Clearly, for Cf = 0, the utility of any AP cooperating
with flow f is non-positive, implying pf = ¥(Cf = 0) = 0.
However, from the KKT conditions (B1)-(B3), we know p/ >
0, which implies C/ > 0. Thus, we assume that p/ must be
larger than a infinitesimal positive value, i.e., p/ = 0. Define
Cf =0 1(p/ =0t) 2 ¢/ and A = A(CT = ). A(C)
and ¥(C7) have the following properties.

Lemma 2. A(CY) and U(C') have the following properties:

1) A= A(CY) is continuous and non-decreasing in C7;

2) pf = W(CY) is continuous, and strictly increasing in
Cf € (0,00);
3) pf =W (CY) is concave in C7 € (0,00);

Proof. Please refer to Appendix E. O

Lemma 3. For a fixed C~/, the function Uy (CT,C~f) is
concave in C.

Proof. Assuming the followers respond with a symmetric
equilibrium, the first order derivative of utility function Uy
with respect to C7 is given by

oU;
ac’

R Opy
1+pfoct 7

:u’f(Rlog(pr)) (11
where p/ = U(C/). Since us(-) is concave by assumption,
Rlog(1 + pf) is increasing and concave in p/, and p/ is
concave in C/ by 994 is non-

decreasing in C/, i.e., Uy is 1ndeed concave in C7. 0

Lemma 4. The best-response function Y (C~7) of flow f is
bounded by 0 < YF(C~1) < uy (Rlog(l + B)).

Proof. Notice that U = u; (R log(14p%)) —C7. Obviously,
for the best response, the utility is nonnegative (utility O can
always be obtained by Cf = 0). Hence, 0 < Yf(C~7) <
max,s uy (Rlog(l—i—pf)) = uf<Rlog(1+B)). O

Due to the concavity of Uy in C/ (Lemma 3), a unique
solution is guaranteed; furthermore, we observe that if uy
is continuously differentiable, the best response function is
continuous as well.

Theorem 6. If the followers always respond with their sym-
metrical NE, then an equilibrium of the leaders’ game, i.e.,
an SNE of the overall system, exists and is unique.

Proof. Please refer to Appendix F. O
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Thus far, we have obtained the static characteristics of the
leaders’ game, i.e., the existence and uniqueness of the equi-
librium. Next, we analyze the dynamic behavior of the leaders’
game, i.e., how the game converges to the equilibrium from
any initial strategy profile by best-response strategy updates.
Before delving into the convergence analysis, we discuss the
monotonicity of the best response function Y(C~7) of flow

1.

Lemma 5. The best response Y(C~7) of flow f is monotonic
and non-decreasing in C" for any f' € F\ {f}.

Proof. Please refer to Appendix G. O

Now, we are ready to state the following theorem which
characterizes the dynamic behavior of the leaders’ game.

Theorem 7. Given some initial price vector C(0), if
each flow [ responds according to Algorithm 2, where

(p1 (n),---,pll (n)) can be obtained by solving (10), that is,
flow f € F updates its strategy as Cf(n+1) = Y(C~/(n)),
then lim,,_, o C(n) = C*, where C* is the equilibrium of the
leaders’ game.

Proof. Please refer to Appendix H. O

Distributed Algorithm 2 computes the price C/(n + 1) of
flow f (f € F) at n + 1, where the price Cf(n + 1) of flow
f depends on (pl (n),---

,pl7] (n)) rather than the price of
other flows, i.e., C1'(n) (f' # f).

Algorithm 2 Computing price for flow f

1 input: p'(n), -, p¥l(n);
2: if flow f € F updates its strategy then
3 if pf(n) + 3 ;s p7 (n) < B then
f n
& Of(n+1) = uj(Rlog(1+ pf (n)))
5. else
. A _ {u}(Rlog(ler (M) R—1 _
f pf(n)(1+pf(n)) R
1
Zf/e]-' 7 :|Zf’e}'p (n)
7: Cf(n—i—l):pf( YA+ ef ) 2= for flow f;
8: end if
9: end if

10: output: C/(n +1).

In this section, when the capacity of APs is limited, by
considering a symmetric strategy profile, we have established
the existence and uniqueness of the equilibrium of the corre-
sponding MLMF-SG, and further, based on the best response
strategy, presented a distributed price algorithm that allows the
flows to computer their price independently.

V. NUMERICAL SIMULATION

In this section, we demonstrate some of the theoretical
results derived in this paper, and gain further insight into the
behavior of the game for different scenarios via a numerical
study. Our goal is to present several scenarios indicative of
the typical interactions among the players in the game. First,
we consider the case when the offloading capacity of the

7

APs is not limited. Specifically, we evaluate the effect of the
offloading cost, heterogeneity of traffics, the number of APs
etc, on the performance of the equilibrium. In the second part
of this section, we evaluate the performance of the game when
the offloading capacity of APs is limited.

A. Multiple Cellular Flows and Multiple APs with Offloading
Capacity Limit

First, we introduce the price of anarchy (PoA). Denote the
unique equilibrium of the proposed MLMF-SG as (r},, C:.),
we know that (r_,Cy_.) can be obtained by solving prob-
lem (10) and running Algorithm 2, and the optimum System
utility Un g at equilibrium is a function of (r}.,C;.), i.

Ung = [Zfef Ur+2 icr Vi (=, O . On the 0ther

hand, the social utility Up,; can be obtamea by solving the
following optimization problem,

A f f
ol {US B Z uf(Rlog ) Z fetp }
fer FEF
Y ' <B >0 feF
feF
Denote p* = argmax .., {Us}, and then, Upy: = Us o
Therefore, PoOA= ZO"‘
NE

1) Convergence: We first consider the simplest scenario
with two cellular traffic flows |F| = 2 and two APs |R| = 2,
which allows us to illustrate the interactions between flows
and APs. Specifically, for the cellular traffic flow f 6 F, we
adopt a linear utility function Uy = wy ), 5 log(l—i-r )—C¥.
The parameters are set as follows: offloading costs e! = 0.1
and e2 = 0.3, weight coefficients w; = 1 and wy = 2,
and capacity limit B = 7 in Fig. 1(a) and B = 1 in
Figs. l(b) (d), respectively. By solving problem (10), we
obtain p' = 4 and p? = 2.33, and further, C! = 1.6 and
C? =238 from C’f = efpf i = according to Algorithm 2.
Note that p! + p? = 6.33 < 7 implying that the condition
p' + p? < B holds, which is shown in Fig. 1(a). On the
other hand, for B = 1, p' + p> = 1 must be satisfied
at the NE, which is illustrated in Figs. 1(b)—(d). Moreover,
we observe from Figs. 1(b)—(d) that the price vector and the
strategy profile converge from different initial price vectors
C(0) = (0.01,0.01), C(0) = (5,0.01), and C(0) = (10,10),
respectively, which validates the proposed Algorithm 2.

2) Offloading Cost: Considering two cellular traffics | F| =
2, two APs |R| = 2 and two linear utility functions with w; =
2 and wo = 1, respectively, we fix the offloading capacity to
B = 2 and the offloading cost of AP 1 to e! = 0.5, and
then show how the price vector and strategy profile change as
function of the offloading cost e? of AP 2. From Fig. 2, we
make the following observations.

(@) e? € (0.1,0.25]. Assume p' + p? < B, then according
to (23), we have pf = 2 =1 _ 1 (which is decreasing in
el), and furthermore, p \61 —o0.5 = 1 and p?|,2—g.; = 4, which
implies that p'|.i_g5 + p?|e2—01 = 5 > B = 2 contradicts
the assumption p' + p? < B. Thus, p' + p? = B = 2 must
be satisfied for 2 € (0.1,0.25], which is shown in Fig. 2;
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Fig. 1. Convergence of price vector and policy vector to NE: e! = 0.1,
e2 =03, w; =1, wa = 2,and B = 7in (a), and B = 1 in (b)-
(d). For Figs. 1 (b)—(d), different initial price vectors C(0) = (0.01,0.01),
C(0) = (5,0.01), and C(0) = (10, 10), are used, respectively.

2.5

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
e?: offloading cost of flow 2

Fig. 2. The impact of offloading cost on the price vector and strategy profile.
wy =2, wy =1, B=2and el =05.

(b) €2 € (0.25,0.5]. The condition p! + p?> < B = 2 is
met with equality until e = 0.25. That is, when e = 0.25,
Pz|e2:0.25 =1land p'leigs +,02|e2:0.25 =2 = B. Hence, if
e? > 0.25, then the condition pt+pP<B=2is no longer
met with equahty and p' +p? < B, which leads to p =1and
C' =w R ¢ = 2 from Algorithm 2. Also, as e? increases,
p2 = %RT — 1 decreases, which can be observed in Fig. 2;

© e? € (0.5,1]. When e2 > 05, p? = @ E1 1 =
262 — 1 < 0, which 1mphes that AP 2 does not offload any
data and accordingly, p? = 0 and C? = 0.

3) Heterogeneity of Data Traffic Flows: For |F| =2, |R| =
2,w; =1,e! =0.1, e? = 0.3, and B = 1, Fig. 3 illustrates the
relation between ws and the price of anarchy (PoA), defined
as the ratio between the optimal social utility Up,; and the
system utility Uy g achieved at NE. In particular, the peak
at wo = 1 can be explained as follows. When w; = wo,
the two traffic flows are homogeneous. In this case, the APs
prefer to offload the traffic flow f = 1 because of its lower
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Fig. 3. The impact of the heterogenelty of traffic flows on PoA. |F|] = 2,
|R|—2w1ﬁlel—01 2=03,and B=1." -
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Fig. 4. The impact of the number of APs on PoA. w1 = 2, wa = 3,
e% =0.1. and e? = 0.2 for any 7 € R.

offloading cost (i.e., el =0.1 < 0.3 = e?), and flow f=2
cannot be treated equally, which leads to the peak of PoA at
w1 = wa. On the other hand, as the difference between w; and
wo increases, corresponding to a larger heterogeneity of traffic
flows, the NE strategy requires that the APs participate in
pricing fully and offload each traffic flow as much as possible,
and thus, PoA — 1.

4) Number of APs: We consider two data traffic flows and
multiple APs with a linear utility function for each traffic
flow, i.e., uy(d ;e log(l + rh)) = wr Y er log(l + 1y
where w1 = 2 and ws = 3. Fig. 4 reveals that the PoA
decreases with the number of APs. Since the APs have the
same offloading cost for each traffic flow, they equally and
fully participate in the pricing process of each traffic flow,
and thus the equilibrium utility Uy g becomes much closer to
the social utility Up, as the increasing number of APs.

5) Large System: To demonstrate the asymptotic properties
of the game in a large-scale symmetric scenario, we consider
30 APs and 3 cellular traffic flows with e! = 0.1, ¢? = 0.3,

3 = 0.2, and wy = 1, f € F, for more complex utility
functions, namely, power-law functions u s (z) =w fx 0<
b < 1, and the logarithmic function uy(z) = wylog(l + z).
Fig. 5 shows the PoA for the considered utility functions when
the number of APs increases from 2 to 30. Specifically, for the
logarithmic utility function as well as the linear function, the
PoA decreases with increasing number of APs, while the PoA
increases for the power-law utility functions. Moreover, the
PoA increases as the value of b decreases (actually the linear
function can be seen as a power-law function with b = 1).
Fig. 5 suggests that the proposed framework can achieve an
efficient equilibrium with at most 15% loss of system utility

1536-1276 (c) 2015 |EEE. Personal useis permitted, but republication/redistribution requires | EEE permission. See
http://www.ieee.org/publications_standards/publicationg/rights/index.html for more information.




This article has been accepted for publication in afuture issue of thisjournal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI

10.1109/TWC.2015.2480394, | EEE Transactions on Wireless Communications

=
IS

T
== Log
=@~ Power b=0.6
=== Power b=0.8
b | i

-
w
A

=
w

1.25

Price of Anarchy

17
R: Number of APs
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compared to the optimum system utility when 3 < R < 30.

B. Multiple Cellular Flows and Multiple APs without Offload-
ing Capacity Limit

In this subsection, for the case where the offloading capacity
of the APs is not limited, we analyze how the PoA is affected
by different parameters, i.e., the offloading cost, heterogeneity
of traffic, the number of APs, and the number of traffic flows.
First, we note that the optimum system utility, Uy g, at equi-
librium is a function of C* which is determined by the leaders’
utility functions. Specifically, from % = uy ( Y ier log(1+

2
HON) Sier e~
tain C*, and further, Uyg = Zfef“f(ZieR log(1 +
klfC’f)) — Zfe]-‘zieRE{szcf which shows that

Unpg is determined by the leade?sTCprice vector. On the
other hand, the social utility Up,, is the maximum of Uy =
S pertir( Sierlog(+1])) = X per Sier efr!. Hence,
g[ff “}(Zzen log(1 + rzf)) Dier ﬁ —ef
0, i € R, f € F, we have the optimum r* and further
Uopt = Us|., which shows that Up,,; is determined by the
offloading size of the followers.

1) Offloading Cost and Heterogeneity of Data Traffic
Flows: In this scenario, we consider two symmetric APs
and two traffic flows. In particular, the offloading cost of the
APs for flow f is homogeneous, i.e., e% = e% = 0.2 and
e? = e3 = 2. Meanwhile, the utility function of each flow is
assumed to be a linear function, i.e, uy (D, 5 log(1+ rlf)) =
Wy er log(l + rlf) where w; = 1. Fig. 6 show how the
PoA is affected by the offloading cost and the heterogeneity
of flows. We observe that as ws increases, corresponding to an
increasing heterogeneity of flows, the PoA tends to decrease
and approaches 1; on the other hand, as e? increases from 0.2
to 0.8, PoA tends to increase. For example, when wy = 2, the
APs are more reluctant to offload flow f = 2 for its larger
offloading cost, and accordingly, the two traffic flows are not
treated equally. In this case, flow f = 2 cannot participate in
the market pricing to the same extent as its counterpart f = 1,
which leads to an increase of the PoA.

2) Number of APs: We consider two data traffic flows and
multiple APs with a linear utility function for each traffic

flow, i.e., uy(d ;e log(l + rlf)) = wf Y ;e log(l + rlf)

1 =0, f € F, we can ob-

from

S

Price of Anarchy

Fig. 6. The impact of the offloading cost and heterogeneity of traffic flows
onPoA. w1 =1, el =el =0.2,and €3 = €3 = €%
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Fig. 7. The impact of the number of APs on PoA. (Homogeneous) wi = 2,
wo = 3, ell = 0.1 and ef = 0.2 for any ¢ € R. (Heterogeneous) w1 = 2,
wy =3, el =01, e2 =02 ande | =€/ +01j€R.

where w; = 2 and wy = 3. We consider two kinds of APs:
homogeneous APs (with the same offloading cost for each
traffic flow) and heterogeneous APs (with different offloading
costs for different traffic flows).

(a) Homogenous APs: Assume e; = 0.1 and €? = 0.2 for
any ¢ € R. From Fig. 7, we observe that the PoA decreases as
the number of the APs increases, and approaches 1 for R > 5.
This can be explained as follows. As each traffic flow has the
same offloading cost, the APs equally and fully participate
in the pricing process, and as a consequence, the equilibrium
utility Un g approaches the social utility Up,; as the number
of APs increases.

(b) Heterogenous APs: In this case, we assume e%
0.1,e2 = 0.2, and 6;—&-1 = e{ + 0.1 to generate the offloading
cost for each AP j € R, which reflects the different QoS re-
quirements of the APs. From Fig. 7, we observe that PoA tends
to increase as the number of APs increases, and ultimately
converges to a stable value. Because of the adopted generating
rule for offloading cost, the offloading cost increases as the
number of the APs. Hence, when the number of APs exceeds
a certain threshold, the APs with larger offloading cost cannot
obtain positive utility by offloading data traffic flow, and thus,
do not offload data because of their selfishness. This is the
reason for the stability of the PoA when the number of APs
exceeds a certain threshold.

3) Number of Data Traffic Flows: We consider two APs
and multiple data traffic flows with a linear utility func-
tion for each traffic flow, ie., us(} ,cr log(l + rf))
wy Y er log(l —|—7“f ). Specifically, we consider homogeneous
and heterogeneous data traffic flows, respectively.
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(a) Homogeneous Data Traffic Flows: We use the rule, w; =
2, wp = 3, and wyp1 = wy,2 < f < F, to generate a
linear utility for each flow, and set the offloading cost to e} =
0.1,e = 0.2 and e/ = 0.3,¢] = 0.4 for 2 < f < F. From
Fig. 8, we observe that the PoA decreases with the number
of flows. This can be explained as follows. As the number of
homogenous flows increases, a larger number of flows compete
in the market, which makes the Uy g more efficient and close
to the optimum social utility.

(b) Heterogeneous Data Traffic Flows: We use the rule,
wy = 2, el = 0.1, and e} = 0.2, w1 = wy + 1, and
eft = e; + 0.1 to generate a linear utility for each flow and
a offloading cost for each AP, respectively. Fig. 8 shows that
the PoA first decreases steeply and then increases slowly as
the number of flows increases. In the steep region (F' < 5),
the effect of the heterogeneous utility functions dominates the
effect of the heterogenous offloading costs, which incentivizes
the APs to offload data traffic flows, and as a consequence,
Un g comes closer to Up,,. In the flat region (F' > 5), as the
number of flows increases, the advantage of the heterogeneous
utility functions decreases while the negative effect of the
offloading cost becomes much stronger, i.e., the APs have less
incentive to offload data traffic flows, and consequently, the
PoA begins to increase slowly.

VI. CONCLUSIONS

In this paper, we have proposed a pricing framework for
cellular networks to offload mobile data traffic with the assis-
tance of WiFi network. Specifically, the proposed framework
can be utilized to motivate offloading service providers to
participate in mobile data offloading, which is a new paradigm
to alleviate cellular network congestion and to improve the
level of user satisfaction as well. We have modeled the pricing
mechanism as a multi-leader multi-follower Stackelberg game
in which the offloading service providers are the followers and
the offloading service consumers are the leaders. Technically
speaking, we have analyzed the proposed Stackelberg game
by distinguishing two different cases based on the offloading
capacity of the APs. For the case where the APs do not have an
offloading capacity limit, we have decomposed the followers’
game of the multi-leader multi-follower Stackelberg game into
a fixed number of followers’ games, and proved the existence
and uniqueness of the equilibrium, and obtained an efficient

S
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algorithm to compute the equilibrium. For the case with of-
floading capacity limit, by considering the symmetric strategy
profile, we have established some structural results for the
equilibrium, and further proved the existence and uniqueness
of the equilibrium of the Stackelberg game. Consequently, we
presented a distributed algorithm to compute the offloading
price for each flow, and proved its convergence to the unique
equilibrium. Finally, extensive numerical experiments were
provided to demonstrate that the Stackelberg equilibrium is
very close to the corresponding social optimum for both
considered cases.

There are some future research directions. One direction is
the investigation of the case of asymmetric strategy profiles,
where each AP may have different offloading cost and of-
floading capacity. One of the possible approaches is to analyze
the followers’ game as a non-cooperative game [24], and we
expect that a unique equilibrium exists. Another promising
direction for research is the investigation of other allocation
rules for reimbursement (rather than the proportional allocation
rule considered in this paper) such that the offloading service
providers can be motivated to participate in mobile data
offloading more actively.
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APPENDIX A
PROOF OF THEOREM 1

Based on Proposition 1, to prove ¥ = (¥',72,--- , 77 1) is

an NE of the FG-MLMF-SG, we only need to show that for
a given flow f the strategy profile T/ is an NE of the FG(f).

First, we prove that for FG(f) and any ¢ ¢ Sf, = 0is the
best response strategy given rj From Algorlthm 1, we have
E./ €S f J

s
S

for any i ¢ Sy at the NE point. Since 4 ¢ Sy,
=f fod e; (|Sgl=1
we have elf ZJ'Gsf\{i} 7‘] € ZjESf Jf Mcf >

ZJ ESf J
C', which implies that I‘{ (r_i) = 0 according to (7)

Next, we prove that for FG(f) and any o; € S f, is the

0- .

71<7

best response strategy given ?f . Since ef < L (line

4 of Algorithm 1), we have
(IS¢l = Def, = (171) L+ (IS5 —i)e]

11

Therefore, given f, ¥ is an NE of FG(f), and con-
sequently, T is an NE of the FG-MLMF-SG according to
Proposition 1.

APPENDIX B
PROOF OF THEOREM 2

Based on Proposition 1, to prove the uniqueness of the NE
of FG-MLMF-SG, it is sufficient to show the uniqueness of
the NE of F'G(f) foranyfe}' LetSf—{zeR 1> 0.

1 A = (S120C > (1 _ U81=nef ) if i € Sf; 0therw1se
Z]E-Sf J E]ESf J
7/ = 0. Considering that deR i = Zjeéf ff, we obtain
v/
from orT =0,
—ofpf of .
L ——el=0 ieS. 2
[Zjeéf j] ZjESf "
Furthermore, ~we  have |S;Cf — O =

(2768f j) (desf ]) by summing up the left hand side
(LHS) of (12) over all nodes in S +. Therefore, we have

S = (IS¢ — 1!
;= 7

(13)
ZjESf ej

JE€Ss
Feeding (13) back into (12) and letting f’f = 0 for any j €
R\ S, we obtain

U810 () (810l
Zjeéf ef Zjesf e;'t

for every ¢ € S. This proves 1).
2) ¢ > 2. Assume 7 = 0, then any AP, e.g., AP j, can

increase its utility from O to % by unilaterally changing

(14)

cf
its offloading data size from 0 to 27 contradicting the NE

assumption and demonstrating ¢ > 1 Now assume that ¢ = 1.
This means #{ > 0 and #{ = 0 for all k € R\ {1}.
According to (2), the current utility of AP oy for flow f is
C7 —#f el . Hence, AP oy can increase its utility by unilat-
erally changing the amount of data it offloads, contradicting

IS¢l
f fo_ f the NE assumption. Therefore ¢ > 2.
< e, + el = e,

j; 77 j;ﬂ 7 jezs:f ’ On the other hand, considering the definition of Sy, we
; ; know that 7/ > 0 for every ¢ € S . From (14), 7 Af > 0 implies

where e/ <e] fori+1<j <S¢l (185 ]— ) f Zjesf el
Furthermore,J that Tf] < 1. Therefore, we have e; < T for
f
- - Sl -1 2 Dies; €
egi Z rf :e();i Z 7“; (1S, = 1) (fo;) of < oRny i € Sy, which implies that max;c s {e } < ﬁ
jeER\{o:} j€Ss\{o:} [Zjesf ej] for any ¢ € Sf That is, when APs are ordered such that

According to (7), we have

CIS o cmvion N
Tl )= J;\{ JI N o
7 JER\{o:}
_ (S =1C7 (81 -1)*Cep, _
2jes; 6§ [>jes, ef]Q '

el <el <. <el, Sy is always composed of the APs

W1th the least offloading cost. Assume S; = {oy,--- 0%}
R,

eO‘
where e(’;kH < %, we have op41 ¢ Sf, and further
rak+1 = 0. Thus,

/ o
Vo'k+1 o Cf ef o ZjGSf e] _f
fo _af Ok+1 _

ar£k+1 Topr1= "okt ZJESf j k-1
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which implies that AP o can increase its utility by unilat-

erally increasing its offloading data size, contradicting the NE

Sioiel,
assumption. Hence, S; = {0y, --- ,0;} and em+1 > %

Statement 1), which gives the optimal amount of offloaded
data, and Statement 2), which implies that S + has a threshold
structure concerning the offloading cost, show the uniqueness
of the NE of FG(f), and furthermore, the uniqueness of the
NE of FG-MLMF-SG is obtained based on Proposition 1.

APPENDIX C
PROOF OF THEOREM 4

We prove this theorem by contradiction. Suppose that in a
strictly interior equihbrlum r, there exists a flow fy and APs

1, j such that ri < r . Consider the first order derivative
f f
oV =T
= Lker s 1 75O =l (15)
r; > ker k]
It follows that, for flow f,, we have
fo _ .fo
Tzfo < T;”o :>Zke7€ T - ’; o _ oo
D oker ']
v _ v,
B 8,rfo or fo
fo _ ..fo
—Z“R Lol el (16)
Cher 12

On the other hand, since r is strictly interior, it follows
from KKT condition (A3) that z/z-f =0,V¥i € R, f € F. Thus,
combing (A1) and (16), we have

aV; av;
8rf° 8rf°

>\'L' = = )‘ju
which therefore leads to rf < rf for any f € F (not just fo),
and, therefore, }_, T <X r < B which implies \; = 0

according to (A2) Obvrously, thls contradicts A; > A; > 0.
This completes the proof of the theorem.

APPENDIX D
PROOF OF THEOREM 5

Note that g/ (p/) = 07"

profile {pf ,f € F}. Thus, canditions (B1)-(B3) coincide with
the KKT conditions (A1)-(A3) in this case. Accordingly, the
set {pf, f € F} corresponds to a symmetrical NE i.if it
satisfies conditions (B1)-(B3).

It remains to be shown that there exists a unique com-
bination of {p/}, A\, and {v/} satisfying conditions (B1)-
(B3). To that end, we define the function W (x), where
(zt, 22, 2), ass W(x) £ 3,0 fozfg (€)de
Consider the following optimization problem:

Y 2/ <Banda/ >0, VfeF.
feF

; for the symmetric strategy

X =
max W (x) s.t.

Since W (x) is a sum of integrals of decreasing functions,
it is continuously differential and concave, and therefore, the
above constrained optimization problem over a compact region

12

must have a unique solution, which is denoted by {p/, f € F}.
This solution must satisfy the KKT conditions for problem (8),
which are precisely the conditions listed in (B1)-(B3).

APPENDIX E
PROOF OF LEMMA 2

(1) The continuity of A with respect to C/ is imme-
diate from conditions (B1)-(B3) and the continuity of g7.
To establish the monotonicity, suppose to the contrary that
Ao = A(CT0) > A(Cf") =\ for some Cfo < C{°. Suppose
that {p], f € F} and {pb , f € F} correspond to the equilibria
at Cf and Cb, respectively. Then, A, > Ay > 0 implies
that A\, = CThl(p) — e/ > CIhI(p ) — el = )\ for
all f e ]-" \ {fo}. Since hf(p) is monotonically decreasing
in p, we have pf < pl for all f € F\ {fo}. Thus,

— f f
P5°, = B = erm Pt > B = Xrern Po z
which implies, according to the decreasing monotonicity of

ht (p) and Clo < Cf“ that Cohfo(plo) —efo = N\, < \y =
Cfonfo(pfo) — efo, which obviously contradicts A, > Ap.
Thus, we conclude that A\ = A(CY) is continuous and non-
decreasing in C7.

(2) The continuity of W(C/) can be proved in a similar
manner as that of A\ = A(C/). We now prove the monotonicity
of U(CT). Assume 0 < Cfo < CJ°, we consider the following
two cases.

Case L A(C’f ®) = 0. Because of the monotonicity of A(CY),
we have A(C’f ) = 0 as well. In the equilibria corresponding
to C7 and C’g respectively, we have C/h/ (U (C))) — ef =
cf hf( (cf)) — ¢/ = 0, which implies ¥(C/) < ¥(C/)
because of the monotonicity of hf(-).

Case II. A(Cfo) > 0. We prove the property by con-
tradiction. Suppose to the contrary that pfo = W(Clo) <

(C’f0 = pl° for some ch > ¢ Jo Suppose that {pf, f €
F} and {pfb f e F} correspond to the equilibriums at
CS and Cb, respectively. According to the monotonicity of
A = A(CY), we have A\, > )\, > 0, which implies that
Na = CIRI(pf) —ef > thf(p{:) —ef = ) for all
f € F\ {fo}. Since hf (p) is monotonically decreasing
1n p, we have pf < p for all f € .7:\ {fo} Thus,

=B=Y jer i PL > B jer(o) P) 2 01 which
contradlcts pfo < pl° . Thus, we conclude that p/ = W (C)
is continuous, and strictly increasing in C7 € (0, 00).

(3) From the continuity of W(CY), it follows that, for
any 0 < p/ < B, there exist unique C/ = U~1(pf), A,
and {p/',f' # f} that construct a symmetric equilibrium
together with pf. Therefore, these quantities can be regarded as
functions of p/, and we consider their derivatives with respect
to pf.

We rewrite condition (B1) for flow f as:

CIRI () — ef = a17)
and, for any flow f’ € F\ {f},
C’f/hf/(pf/)fef/:/\. (18)
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Taking the derivative of both sides in (17) and (18) with
respect to p/, respectively, we obtain

dc/ R-1 1  dA
F(pf f —

ar ") TR G T
’ — f/

CorR-1 1 dpf_dx 0)

Rz (pf")2 dpl — dpf

Now, we distinguish two subregions of \. If p/ +
Zf’#f pf" < B, according to (B2), A\ = 0 in the vicinity
of p/. Thus, % = 0 and ¢/ (pf) = CTR/(pf) —ef = 0.
Substituting these results into (19), we thus obtain

act ¢t fR?
== @1
dpf pf R-1

which is non-decreasing in pf with ef > 0.

Otherwise, for p/ + > Frf p!" = B, taking the derivative
of both sides'with respect to pf, then > Y % = —1 in the
vicinity of pf , combined with (20), which implies

d\  R-1 1
dpf ~  R2 (/)2
p Zf’#f ct’

which can be fed back into (19) to yield

el _; R—1 1 L1 R-1 1

dp? hi(ph)R? (pT)2 ~ hWi(p) R* & Gl
(A +ef)R—1 1 1 R-1 1
TIGNE R (D RGN Ry Wy
(e 2 2)

which is increasing in p/, since \ is increasing in p/ (Lem-
ma 2) and pf "is decreasing in p/ according to (20).
Combing our findings that both (21) and (22) are non-
. . Vi .. . . dot
decreasing in p’, and noticing that the jump in 7 At the
boundary between the two subregions (namely, the difference
between (22) at A = 0 and (21)) is positive, we conclude that
Cf = U=1(pf) is convex, and, therefore, ¥(C¥) is concave

in the entire range C/ > 0.

APPENDIX F
PROOF OF THEOREM 6

Existence: Define the mapping ®(C) = {Y/(C~/), f ¢
F} as the collection of best-response functions to the respec-
tive strategy vectors of other flows. Since each component
of ®(C) is continuous and bounded (Lemma 4), the entire
mapping is continuous and bounded. Therefore, it has a fixed
point, which is an equilibrium of the leaders’ game. This
establishes the existence of the SNE.

Uniqueness: The uniqueness of the fixed point requires that,
in an equilibrium 9Us — 0 must be satisfied for any f € F.

> oCf
We distinguish two cases in the following.

Ifpl +3 045 p!" < B, we have % = %{ = e;f'f.Thus,
oy _ R Opy

=, (Rlog(1 f) ~1
acs u; (Rlog(1+ ") 1+ p 9CF

13

—a f _

that is to say,

R-1
ef (1+ pf) = uy (Rlog(1 +pf))T.

Since the LHS of (23) is increasing in p/ while the RHS
of (23) is decreasing in pf , we can conclude that (23) has one
solution at most. ;

: " dct _

On the oiher hand, 1ff pf + s p!" = B, we have G =

R
()\ + ef)ﬁ + % Thus,
FEE o

(23)

ouy _ N R
g7 =4 (Rlos(+p) =5 585 ~1=0,
that is to say,
n_ B p! / f
A+ e s +Z — =y (Rlog(1 + p ))pr.
I

(24)

Similarly, it is easily to see that the LHS of (24) is increasing
in p/ while the RHS of (24) is decreasing in p/. Thus, we
can conclude that (24) has one solution at most.

APPENDIX G
PROOF OF LEMMA 5

Given flow f, we consider two price vectors (Cf C.7)
and (Cg, C;f) such that Cf = T(C; /) and be = T(C;f),
and the only difference between C; 7/ and Cb_f is that one
component ol f # f, is changed between C’({l and Cf/,
where C{" < C{’. The lemma then states that CJ < C{ .

We prove the lemma by contradiction. Suppose that Cgf >
C’g when CI" < Cg,. If Cl{ = uy (Rlog(l + B)), then the
lemma holds trivially since C’lf is already an upper bound
for possible values of Cf. Therefore, we assume C{ <

Uy (Rlog(l + B)), ie., C’l{ is the solution of the equation

% =0 at (le , C;f ), and further define A\, and p{: as the
respective values of the corresponding followers’ eci}lilibrium.
Similarly, we assume that Cl{ is the solution of % =0 at
(CS,C ), and define \, and p/ as the respective values of
the corresponding followers’ equilibrium.

Next, consider the followers’ equilibrium for the price
vector (C’g ,C. /), and denote the respective values by Ay,
and p{;. For flow f’, because of the increasing monotonicity
of A(Cf /) from Lemma 2, we conclude )\,, < A since
cf < Cz{ B Consequently, for flow f, according to condition
(B1), we have C b/ (pf ) —ef = Npu < Xy = CTR (p]) — €/,
which implies pfa > pl’)gz as hf(p) is monotonically decreasing.

Considering the two equilibria for the price vectors
(Ccf,C;7%) and (C,{, C; /), respectively, we have p! > pfa
since Cf > Cf because of the monotonicity of W(C/).

Since each of the terms on the RHS of (11) is decreasing
in p/ and Uy is concave in C/, % is decreasing in p/ and
C/, respectively. Then, for p{ < pl < pl and Cf < Cf, we
have

oUy

0=22L
oct pg,Ct{

o,
oCt P{lb’cz{

oU; ouU;
BC’f p({,be, 8Cf p({,C({
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which implies a contradiction. This completes the proof of the
lemma.

APPENDIX H
PROOF OF THEOREM 7

First, consider an arbitrary sequence of update steps com-
mencing from an initial vector C(0) = (4,6, ,0) where
d — 07, and denote by C(n) the resulting sequence of flow
price vector after n updates. Obviously, for any flow f, the
first time the flow updates its strategy will be a non-decreasing
update. In light of Lemma 35, it follows by induction that all
updates must be non-decreasing, i.e., C(n) is a non-decreasing
sequence. Since C(n) is bounded as well (Lemma 4), it
follows that it must converge to a limit. Due to the continuity
of the best response function ®(C/), this limit must be its
(unique) fixed point C*.

In a similar manner, consider a sequence of best-response

updates C(n) from an initial vector C(0) = {n1, -+ ,nr}
where 1y = uy (R log(1+ B)) (i.e., the upper bounds of the
respective flows’ best responses). By the same token, Lemma 5
implies that all the updates in the sequence must be non-
increasing, and the sequence must therefore converge to C*.

Finally, consider an arbitrary initial vector of flow prices
commencing from an arbitrary initial vector of flow prices
C(0). Without loss of generality, assume that all the prices
are within the bounds set by Lemma 4 (otherwise, consider
instead the sequence only after every flow has had at least
one opportunity to update its strategy). Then, it follows that
C(n) < C(n) < C(n) provided that for every n the update
step is performed by the same flow in all three sequences.
Since, as established above, C(n) and C(n) converge to C*,
it follows that the same is true for C(n) as well.
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