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Opportunistic Scheduling Revisited Using Restless
Bandits: Indexability and Index Policy
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Abstract— We revisit the opportunistic scheduling problem in
which a server opportunistically serves multiple classes of users
under time-varying multi-state Markovian channels. The aim of
the server is to find an optimal policy minimizing the average
waiting cost of those users. Mathematically, the problem can be
recast to a restless multiarmed bandit one, and a pivot to solve
restless bandit by the Whittle index approach is to establish
indexability. Despite the theoretical and practical importance
of the Whittle index policy, the indexability is still open for
opportunistic scheduling in the heterogeneous multi-state channel
case. To fill this gap, we mathematically identify a set of sufficient
conditions on a channel state transition matrix under which the
indexability is guaranteed and consequently, the Whittle index
policy is feasible. Furthermore, we obtain the closed-form Whittle
index by exploiting the structural property of the channel state
transition matrix. For a generic channel state transition matrix,
we propose an eigenvalue-arithmetic-mean scheme to obtain the
corresponding approximate matrix which satisfies the sufficient
conditions, and consequently can get an approximate Whittle
index. This paper constitutes a small step toward solving the
opportunistic scheduling problem in its generic form involving
multi-state Markovian channels and multi-class users.

Index Terms— Restless bandit, indexability, stochastic schedul-
ing, performance evaluation.

I. INTRODUCTION

E revisit the following opportunistic scheduling system
involving a base station, also referred to as a server,
different classes of users with heterogeneous demands, and
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time-varying multi-state Markovian channels. Each channel
with different states and classes has a different transmission
rate, i.e., the evolution of channels is Markovian and class-
dependent. For those users connected to (or entering) the
system but not served immediately, their waiting costs increase
with time. In such an opportunistic scheduling scenario, a
central problem is how to exploit the server’s capacity to serve
the users. This problem can be formalized to the problem
of designing an optimum opportunistic scheduling policy to
minimize the average waiting cost.

The above opportunistic scheduling problem is fundamental
in many classical and emerging wireless communication sys-
tems such as mobile cellular systems including 4G LTE and
the emerging 5G, heterogeneous networks (HetNet).

A. State of the Art

Due to its fundamental importance, the opportunistic
scheduling problem has attracted a large body of research
on channel-aware schedulers addressing one or more system
performance metrics in terms of throughput, fairness, and
stability [1]-[14], [17]-[26].

The seminal work in [2] showed that the system capac-
ity can be improved by opportunistically serving users with
maximal transmission rate. Such a scheduler is called cu-rule
or MaxRate scheduler. In fact, the MaxRate scheduler was
myopically throughput-optimal, i.e., maximizing the current
slot transmission rate but ignoring the impact of the current
scheduling on the future throughput, and consequently, was
shown to perform badly in system stability from the long-term
viewpoint. For instance, the number of waiting users in the
system explodes with the increase of system load. Meanwhile,
the MaxRate scheduler does not fairly schedule those users
with lower transmission rates.

To balance system throughput and fairness, the Proportion-
ally Fair (PF) scheduler was proposed and implemented in
CDMA 1xEV-DO system of 3G cellular networks [3]. Techni-
cally, the PF scheduler maximizes the logarithmic throughput
of the system rather than traditional throughput, and as a result,
provides better fairness [4]. In [5], the authors approximated
the PF by the relatively best (RB) scheduler, and analyzed
the flow-level stability of the PF scheduler. Actually, the RB
scheduler gives priority to users according to their ratio of
the current transmission rate to the mean transmission rate.
Accordingly, it is fair to users by taking future evolution into
account. Consequently, it can provide a minimal throughput to
the users with low accessible transmission rates, at the price
of being not maximally stable at flow-level [6].
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Other schedulers, e.g., score based (SB) [7], proportionally
best (PB), and potential improvement (PI), belong to the
family of the best-condition schedulers. These schedulers give
priority to users according to their respective evaluated channel
condition and, accordingly, do not have a direct association
with transmission rate. They are not myopically throughput-
optimal, but rather have a good performance in the long term.
They are maximally stable [8], [9], but they do not consider
fairness.

The above papers all assume independent and identically
distributed (i.i.d.) channels. For the more challenging scenar-
ios, there exist some work on homogeneous channels [10],
[11], [18], i.e., ii.d. in slots, and heterogeneous channels
[12]-[16], i.e., discrete-time Markov process in slots. Under
the Markovian channel model, the opportunistic scheduling
problem can be mathematically recast to a restless multiarmed
bandit (RMAB) [17]. The RMAB is of fundamental impor-
tance in stochastic decision theory due to its generic nature,
and has application in numerous engineering problems. The
central problem in investigating and solving an instance of
RMAB is to establish its indexability. Once the indexability is
established, an index policy can be constructed by assigning
an index for each state of each arm to measure the reward
of activating the arm at that state. The policy thus consists of
simply activating those arms with the largest indices.

In the context of opportunistic scheduling, the authors [18]
considered a flow-level scheduling problem with time-
homogeneous channel state transition where the probability of
being in a state is fixed for any time slot, regardless of the evo-
lution of the system. For the same channel model, the authors
[10] considered the opportunistic scheduling problem under
the assumption of traffic size following the Pascal distribution.
In [10], [11], [18], the indexability was first proved and then
the similar closed-form Whittle index was obtained [17]. For
heterogeneous channels, the authors of [12]-[14] considered
a generic flow-level scheduling problem with heterogeneous
channel state transition, but carried out their work based on
a conjecture that the problem is indexable. As a result, they
can only verify the indexability of the proposed policy for
some specific scenarios by numerical test before computing the
policy index. The indexability of the opportunistic scheduling
for the heterogeneous multi-state Markovian channels, despite
its theoretical and practical importance, is still open today.

B. Main Results and Contributions

To bridge the above theoretical gap, we first carry out a
deep investigation into the indexability of the heterogeneous
channel case formulated in [12]-[14] and mathematically,
identify a set of sufficient conditions on the channel state
transition matrix under which the indexability is guaranteed
and consequently the Whittle index policy is feasible. Second,
by exploiting the structural property of the channel state
transition matrix, we obtain the closed-form Whittle index.
Third, for a generic channel state transition matrix not sat-
isfying the sufficient conditions, we propose an eigenvalue-
arithmetic-mean scheme to approximate this matrix such that
the approximate matrix satisfies the sufficient conditions and
further the approximate Whittle index is easily obtained.

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 18, NO. 10, OCTOBER 2019

Finally, we present a scheduling algorithm based on the
Whittle index, and conduct extensive numerical experiments
which demonstrate that the proposed scheduling algorithm can
efficiently balance waiting cost and stability.

Our work thus consitutes a small step towards solving the
opportunistic scheduling problem in its generic form involving
multi-state Markovian channels. As a desirable feature, the
indexability conditions established in this work only depend
on channel state transition matrix without imposing constraints
on those user-dependent parameters such as service rate and
waiting cost.

The rest of the paper is organized as follows: Section II
presents our system model. Section III formulates the pro-
posed model in Markov decision process language. Section IV
studies the index policy, proves its indexability, and gives the
closed-form Whittle index. Section V extends the indexability
and supplies a simple scheduler. Then a numerical evaluation
is presented in Section VI. Finally, Section VII presents the
paper’s conclusion.

Notation: e; denotes an N-dimensional column vector with
1 in the ¢-th element and O in others. I, denotes the N x N
identity matrix. 1 denotes an /N-dimensional column vector
with 1 in all elements. O denotes an /N-dimensional column
vector with 0 in all elements. 1%, denotes the N-dimensional
column vector with 1 in the first £ elements and O in the
remaining N — k elements. diag (a1, ...,ax) denotes a diag-
onal and a block-diagonal matrix with aq,...,ax. trace(-)
denotes the sum of all elements in a diagonal of a matrix.
()T represents the transpose of a matrix or a vector. (-)~!
represents the inverse of a matrix.

II. SYSTEM MODEL

As mentioned in the introduction, we consider a wireless
communication system where a server schedules jobs of
heterogeneous users. The system operates in a time-slotted
fashion where 7 denotes the slot duration and ¢t € 7T :=
{0,1,---} denotes the slot index.

A. Job, Channel, and User Models

Suppose that there are K classes of users, £k € K :=
{1,2,---,K}. Each user of class k is uniquely associated
with a job of class k& which is requested from the server and
with a dedicated wireless channel of class k through which
the job would be transmitted.

Job sizes: The job (or flow) size by of users of class & in
bits is geometrically distributed with mean E{b;} < oo for
class k € K.

Channel condition: For each user, the channel condition
varies from slot to slot, independently of all other users. For
each class £ user, the set of discretized channel conditions is
denoted by the finite set N} := {1,2,--- , Ny }.

Channel condition evolution: We assume that at each slot,
the channel condition of each user in the system evolves
according to a class-dependent Markov chain. Thus, for each
user of class k& € K, we can define a Markov chain with
state space N. We further define qi n m = P(Zi(t + 1) =
m|Z(t) = n), where Zi(t) denotes the channel condition of a
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class k user at time t. The class k channel condition transition
probability matrix is thus defined as:

qk,1,1 qk,1,2 qk,1,Ny,

Q(k) _ qk,2,1 qk,2,2 qk,2,Ny,
. . . . . b)

Qk,N,1  4k,Ny,2 qk,Ny, Ny,

where ZmeN,; Qien,m = 1 for every n € Nj.

Transmission rates: When a usr of class k£ is in channel
condition n € N/, he can receive data at transmission rate
Sk,n, 1.€., his job is served at rate s;,. We assume that
the higher the label of the channel condition, the higher the
transmission rate, i.e., 0 < sp1 < k2 < -+ - < Sk N,

Waiting costs: For every user of class k, the system operator
accrues waiting cost ¢ (¢, > 0) at the end of every slot if its
job is uncompleted.

B. Server Model

The server is assumed to have full knowledge of the
system parameters. We investigate the case where the server
can serve one user each slot. However, our analysis can be
straightforwardly generalized to the case where multiple users
can be served each slot. At the beginning of every slot, the
server observes the actual channel conditions of all users
in the system and decides which user to serve during the
slot. We assume that the server is preemptive, i.e, at any
time it can interrupt the service of a user whose job is not
yet completed. For those jobs not completed, they will be
saved and served in the future. The server is also allowed
to stay idle, and note that it is not work-conserving because
of the time-varying transmission rate. We denote by f, ,, =
TSkn/Eo{br} [12] the departure probability that the job is
completed within the current time slot when the server serves
a user of class k in channel condition n € ;. Note that the
departure probabilities are increasing in the channel condition,
ie, 0 < pp1 < -+ < pg,nN, <1, because the transmission
rates satisfy 0 < s1 < sp2 <+ < Sk, N,-

C. Opportunistic Scheduling Problem

In the above opportunistic scheduling model, a central
problem is how to maximally exploit the server’s capacity to
serve users. This problem can be formalized to the problem
of designing an optimum opportunistic scheduling policy to
minimize the average waiting cost.

III. RESTLESS BANDIT FORMULATION AND ANALYSIS

In this section we analyze the scheduling problem by the
approach of RMAB. For the ease of analysis, we investigate
the discounted waiting costs by introducing a discount factor
0 < B < 1. Basically, the time-average case is a special case
where § — 1.

A. Job-Channel-User Bandit

We denote by Aj, := {0, 1} the action space of user of class
k where action 1 means serving the user and 0 not serving him.

4999

Every job-channel-user couple of class k is characterized
by the tuple (Nk’a (wl(g)aEAka (Tz)aeAw (PIS)GEAk)’ where
(1) Ny := {0} UN] is the user state space, where state 0

indicates that the job is completed, and state n € N
indicates that the current channel condition is n and the
job is uncompleted;

2) wi = (W}, )nen,, Where wf, is the expected one-
slot capacity consumption, or work required by a user at
state n if action a is chosen. Specifically, for every state
n € Ny, wy,,, =1 and wy ,, = 0;

(3) = (rf, n)nENk’ where rf.  is the expected one-slot
reward earned by a user at state n if action a is selected.
Specifically, for every state n € A7, it is the negative
of the expected waiting cost, i, = 0, r,ﬁm = —flk,nCk
where ik, = 1 — fign, and 7“2 W= —Ck.

4) P = (P} . )nmen,, Where pi,  is the probability
for a user evolvmg from state n to state m if action a is
selected. The one-slot transition probability matrices for
action 0 and 1 are as below:

10 - 0
0 qr1.1 Qk,1,Ny,
Pl = |0 k21 .2,
10 qr,N,1 Qk, Ny, Ny,
1 0 0
Pk,1 ke 1Gk,1,1 [k, 1qk,1,Ny,
Pl = | Hk2 Mk, 2qk,2,1 k., 29k,2,N,
| Wk,N, Mk, NGk, Ny, 1 [k, Ny, Gk, Ny, Ny,

The dynamics of user j of class k is captured by the state
process xj(-) and the action process a;(-), which correspond
to state x;(t) € N and action a;(t) € Ay, at any slot ¢.

B. Restless Bandit Formulation and Opportunistic Scheduling

Let Ht denote the set of all the policies composed
of actions a(O) a(l)---,a(t ), where a(t) is determined by
the state hlstory x(0),x(1 ) -,x(t) and the action history

ie

a(0),a(1)---,a(t = 1),
I, =

2{a<>\<> ¢(<>),z_o,1...,t},
3

—

(XO’L 0:1‘71) 0:7 =

where ¢ is a mapping ¢ :
(x(0), -+ ,x(7)) and a%i~1
is due to the Markovian feature.

Let II,, denote the space of randomized and non-
anticipativé policies depending on the joint state process X :=
(xx(+))rex and the joint action process a := (ag(:))rek, i-e.,
IT, o = Upex I, o, is the joint policy space.

Let ET denote the expectation over the future states x(-)
and the action process a(-), conditioned on past states x(0),
x(1), -++, x(7) and the policy 7 € IIF .

Consider any expected one-slot quantity GX( ) that depends
on state x(¢) and action a(t) at any time slot ¢. For any policy

a

;;1(70)7 -,a(i — 1)), and (e)
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TE H;f"a and any discount factor 0 < (8 < 1, we define the

infinite horizon (-average quantity as

. L T PE{GG)
Bo {GX(')’ﬂ’ OO} = Tlgr;o ZT*1 Bt '

t=0

In the following we consider the discount factor 3 to be
fixed and the horizon to be infinite; therefore we omit them in
Bg{ ig ;,ﬁ, } and write briefly BY {Giég} The reason
for introducing Bf {-} is that this form can smoothly transit
to the average case 3 = 1. Henceforth, we always suppose
0 < B < 1 except when explicitly emphasizing 5 = 1.

We are now ready to formulate the opportunistic scheduling
problem faced by the server as below.

Problem 1 (Optimum Opportunistic Scheduling): For any
discount factor (3, the optimum opportunistic scheduling prob-
lem is to find a joint policy m = (my, -+ ,7x) € IS
maximizing the total discounted reward (i.e., minimizing the
total discounted cost), mathematically defined as below.

. ™ O]
Prregr, B { Ti’fxm} @
kel

s.t. Zak(t):l, t=0,1,---. (3)

keK

ey

The constraints (3) of problem (P) can be relaxed to the
following

E?{Zak(t)}ZL t=0,1,---

kel
n- (t)
) o BE; {Zkeic Wi t)}
= Tlgnoo T=1 5 =1
S s
<wﬁ2@w}ﬂ @
kel

Using Lagrangian method, we obtain the following by
combining (2) and (4),

w ax () w ()
s wr {ot, boomn {5 |

keK keK
ng {rak( )
k

= max ) w0 } . (5
%’; <MHW ko ()~ YWk () ©)
Thus, we have the subproblem for class & € K:
e Joae() o ak(t)
LB B U i) ©
Hence, our goal is to ﬁnd an optimal policy 7, for the sub-
problem % (k € K) and then construct a feasible joint policy

w = (7}, -,y ) for the problem (P). In the following, we
focus on the subproblem (SP) and drop the subscript k.

(SP):

IV. INDEXABILITY ANALYSIS AND INDEX COMPUTATION

In this section, we first give a set of conditions on the
channel state transition matrix, and, based on which, we obtain
the threshold structure of the optimal scheduling strategy for
the subproblem. We then establish the indexability under the
proposed conditions.
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A. Transition Matrices and Threshold Structure

Condition 1: Transition matrix @ can be written as
Q=0+ €101+ €605+ -

where h := [hy,hs, -+ ,hn]T, Oj is defined in (8) (shown
at the top of the next page) and €; and A are real numbers
satisfying

+ ean—202N_2,

)\j IZA—EN,j—EN,1+j§0, 1<j5<N. 7

Remark 1: Basically, Condition 1 implies that

o Any two adjacent rows (i.e., Q;, Q;41) of matrix @ differ
in only two adjacent positions (i.e, 7,7+ 1). For example,
if N =3, @ is written as

hi—¢€+ X hyg—¢€1 +e hs + €1
hi + €3 ho —€1 —€s+ X hs+e
hi+ €3 ho — €3+ €4 hs —es+ A

e When \; = 0 for all j (1 < j < N), the Q degenerates
into the case of [18].

Now, we give the following lemma on the threshold struc-
ture of the optimum scheduling policy for the subproblem.
Lemma 1 (Threshold structure): Under Condition 1, for
every real-valued v, there exists n € N U {—1} such that
the optimum scheduling policy only schedules transmission in
channel states oy _,, :={m € N : m > n}.
Proof: Please see Appendix . 0

Q=

B. Indexability Analysis

For m;, € II, .., we introduce the concept of serving set,
J (& € N3), such that the user is served if n € § and not
served if n ¢ §. By slightly introducing ambiguity, 0 can also
be regarded as a policy of serving the set 6.

Thus, the subproblem (6) can be transformed to

ax () ax()
max By {Tk’ka(» - ”wk’fxm} : ©)

For further analysis, we define

5 f,.mak()
;B {0
R, = T1-3 (10)
5 n,ag(-)
B {wkyxk(.) }
1-0 ’
where n refers to the initial state of user of class k.
By Lemma 1, if there exists price v, for n € N such that
both transmitting and not transmitting are optimal for v = v,,
then there exists a set, 6*, such that both including state n in
0* and not including state n lead to the same reward, i.e.,

W .= (11)

A straightforward consequence is that changing the action

only in the initial period must also lead to the same reward,
ie.,

R{OD) — 1, W00 = RELOD —y, WELOD - (13)
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T e
1N(h) + My, if j =0,
[ONv"' aONa_lxijleijvoNv"' aON]v if 1 S] < N — ]-a
0, :— %/—/N_j_l | —/—‘4 e (8)
O, O 1y — LAY — 1y, 0y, -+, 0n], N <j<2N -2
N——— ——
j—N 2N —2—j
where (a,0*) is the policy that employs action a in the initial ~ Thus, from (19) and (20), we can obtain
eriod and then proceeds according to 0*. -
P ’ ¢ ROV = eI(I, ~ fM,) e, 1)
Then, if W — Wil # 0, we have . T -1
o ! ’ ROV = e (I, — M) en. (22)

R%l,é*} B R%O,é*)

Wi W)
We further define
R§1,a> _ R0:6)
V)= L (15)

S WY W

To circumvent the long proof of Whittle indexability,
we establish the indexability result by checking the LP-
indexability condition [27]. If a problem is LP-indexable, then
it is Whittle-indexable. In the following analysis, we show that
our problem is LP-indexable; that is, the problem is Whittle-
indexable.

Definition 1 ( [27]): Problem (6) is LP-indexable with
price

RELON-n) _ RON-n)

(16)

Up = Vian _

WS"SN_TI) . Wéo,éN_n) ’
if the following conditions hold:
(1) VneN, WHD — w5 o witM _wN) s o
@)V n e N\ {NY, W= _ w¥=) 5 0 and
Wflialz\,_,,) B W(o,aN_n> > 0:
(3) For each real value v there exists n € N'U{—1} such
that the serving set dx_,, is optimal.
To check the LP-indexability, we first characterize the four
critical quantities in (16) under d_,, for any n.
Based on balance equations, when n is not chosen in the
initial slot, we have (17) in the matrix language (see the top
of the next page) and, further, the following simplified form

(Iy — BMy) - ro = co, (19)
where,
MO:[Q-lrv"' 7Q;Iz—a Q;IL—Jrl/j'nJrlv"' aQ—]I;IﬁN]Ta
COZ[_ P L O _Cﬂn-i-lf" 7_6/-7/N]T;
ro = [R§o,émn>’, - Rﬁlo"sN"”),RflljﬂN*"), o ,Rj\}"s’v*")]T,

Similarly, when n is chosen in the initial slot, we have (18)
(shown at the top of the next page) and, further, the following

(Iy — M) -7 = ¢, (20)
where,
M, = [Q-lrv T 7Q-r|;71a Qlﬂna t aQ}I—VﬂN]Ta
C1= [_C’ o, 6 — Cﬂnv _Cﬂn-i-lv Ty _CﬂN]Ta
r1= [R§0,5N—n>’, e R’SzoiélN;”)ngzL&Nin)’ .. 7R§\}76N77L>:|T.

Similarly, replacing ¢g,A ¢; by 15 — 1%, 1n — 1"]\,71 from
(19) and (20), respectively, we have

(I, — BMyp) -wo = 1y — 1%, (23)
(I, —BM;)-w; =1y — 154 (24)
where,
wWo
= (WO ) W) N ) gy o T,
w1
= (W0 =) L 0O (L) L gy N T
Further,
WS —) — eT(I, — BMp) (1y —1%),  (25)
Wik — eI (T, — BM,) '(Iy —1%7Y). (26)

After obtaining the four critical quantities, we now check
the LP-indexability condition.
Lemma 2: Under Condition 1, for any n € N\ {N}, we
have
(1) Wi o= > yydov=r),
@) Wik S Wit
Proof: Please see Appendix II. 0
Lemma 3: Under Condition 1, Problem (6) is LP-indexable
with price v, in (16).
Proof: According to Definition 1, we prove the indexa-
bility by checking three conditions.
(1) Obviously, WSLVD =0, Wg’m > 1, and WS’/W =1

1-8
For any §, W’ < ﬁ, and further WOV « L

1-3°
(2) The second condition is proved in Lemma 2.
(3) The third condition is proved in Lemma 1.

(0,68 —n)

Therefore, the LP-indexability is proved. 0
Following Lemma 3, the following theorem states our main
result on the indexability of Problem (6).
Theorem 1 (indexability): Under Condition 1, we have
(1) if v < v, it is optimal to serve the user in state n;
(2) if v > v, it is optimal not to serve the user in state n.

C. Computing Index

In this part, we exploit the structural property of the
transition matrix @ to simplify the index computation and
further, obtain the closed-form Whittle index.
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M (0,08 —n) 7 - - Tm(00N—n) - -
Rl Y q1,1 d1,n—1 q1,N Rl a —C
(0,68 (0,65 :
R%O’ Nn) o dn,1 dn,n dn,N Rﬁzo N-n) —C
(1on_n) | =B _ _ tow o | 1 _m (17)
R’ﬂ":*l Hn+1qn+1,1 Hn+19n+1,n Hn+19n+1,N ]anrl Cln+1
RE’SN’") HANGN,1 HUNGN,n—1 HUNGN,N R;\}ﬁw—n) —ClN
M (00N —n) 7 - 1 (00N —n) ] - -
Ry " q1,1 d1,n—1 q1,n q1,N Ry N —C
Réo—?(slN_ﬂ) o anl,l anl,nfl anl,n anl,N RS);(ZN_”) —C
(Lon—n) | — B\ - = P — (1,65 ) + - (18)
Ry " Hndn,1 Hndn,n—1 Hndn,n HnQn,N Ry " Clin
R{LON-—n) | UNGN,1 UNGAN.n—1 [INGNn ANGN,N RALON—n) —ClN
Proposition 1: Under Condition 1, we have where
1 W§0,5N7n) _ _ W<O 511\7 n) _ WsLoyéNf’!L).
2) RO ) — . = RO -n) _ R0in ) J(n)
3) The Whitde index is - i —PAi
e Whittle index is _ (1_ i1 e
- Z 5Qn,z<]- H J——B/\ )"_Mndnfl,sz
(1,68 —n) i=n+1 Jj=n+1 H;
_NnR
Un = —— 5. 27 dn—y
11—, Wy,
/‘I’J 1 o BA] 1
Proof: Following the proof of Lemma 2, we have =P | tnit Z 4n.k H
k=i+1 — BAj—1
7 Jj=i+1 ,U'J
W%o,éN_m _ _ WéO_,(iN—n) _ W£o75N_ﬂ,> 1 o
K; = m 1—pi—a
and = — Bl
P lon—n) _ W(o,aN,,,L> for ¢ (n +1 g i < N).
1 —u (1 OIN— n)
1”_ {eTTL(IN BM) en} (28) V. INDEXABILITY EXTENSION AND SCHEDULING POLICY
fn In this section, we first extend the proposed Condition 1 and
Similarly, obtain the indexability as well as the Whittle index. Next, we
s s propose an eigenvalue-arithmetic-mean scheme to approximate
Rf)’ Nend =i = Rno,’l’v*” = Rflo"SN"’> any transition matrix, and further, obtain the corresponding
approximate Whittle index. Finally, based on the closed-
and form Whittle index, we construct an efficient scheduling
ON—n ON—n policy.
R{pov—r) — RpAv—)
_ R<1 N — 7,>
e [el (IN — ﬁMO)_len} ) (29) A. Indexability Extension
L= In Section IV-C, the computing process of v, shows that
Therefore, the v, only depends on the structure of @ rather than the sign
. (0,55 ) (15x ) of Aj, ie., (7). Thus, we release Condition 1 based on the
yON —n yON —n N—n .. . .
v = Ry — Ry _ —HnRp monotonicity of v, and obtain the following theorem on the
" nglvfsl\’fn> _ W’SIO:SNf'rJ 1— MTZWO ON-—n)’ mdexablhty
. Theorem 2: If @Q can be written as

Based on (27) in order to obtain v,, we only need to
compute WOV~ ") and R{ V=", Further, by some complex
operations, we can obtain the closed-form Whittle index as
follows

(30)

Q=00+¢€0;+60;+---

then Problem (6) is indexable and the Whittle index for state
nn=1,---,N)is

00,
Vn = clin
1-B+f(n)’

+eanv—20an_2, (31)

if B=1,n=
otherwise.

N,
(32)
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Proof: Please see the Appendix III. U
Remark 2: The critical constraint (7) of Condition 1 is
deleted in this theorem compared with Lemma 3.
Corollary 1: Tf Q can be written as

Q=00+¢01+4+ 60+ - +en_202n_2

and \;{ = --- = Ay_1 = A, then Problem (6) is indexable and
the Whittle index for state n (n =1,--- ,N) is

007 if /8 == ].7 n = _Z\f7
Vn = Chn otherwise.

N ni (i —pn) ’
1- ﬁ =+ ﬁZz’:n-i-l g—ﬁ)’f(l—l:bi)
(33)

Remark 3: This corollary shows that the Whittle index
degenerates into that of [18] if Ay =--- =Ay_1 = A =0.

B. Transition Matrix Approximation

Given a generic (Q, where
Q#O0g+¢e101 4+ €0 + -+ ean_202n_2,

thus the result of Theorem 2 cannot be used.
For this case, we approximate @ by the following
eigenvalue-arithmetic-mean scheme,

Q=VAV (34)
Q=VAV !, (35
A = diag(1, ), -+, ), (36)
< trace(Q) — 1

A= —— (37)

where ) is the arithmetic mean of the N — 1 eigenvalues of
Q@ (excluding the trivial eigenvalue 1). Thus, the approximate
matrix @ satisfies the condition of Corollary 1, and further-
more, the Whittle index can be approximated by

OO; if ﬁ:].,n:N,
Clln

PR
L= B+ BYL, y dedlitn)

VUp =

, otherwise.
(38)

C. Scheduling Policy

In the previous sections, we have obtained the closed-form
Whittle index for each subproblem. Now, we construct the
joint scheduling policy for the original problem.

In particular, the scheduling policy is to serve the user in
k*(t) with the highest actual price, i.e.,

E*(t) = argmax,ec [Vion )]s I Vewo) < o0 (39)

Actually, vy, ., ;) < oo always holds if 0 < 8 < 1. It
happens vy, ;. (1) — oo only when 3 = 1 and zx(t) = Ng,
corresponding to the average case.

Therefore, the second item, c;, Hezy (£) of Laurent expansion
of vy, 4, (+) would be taken as the secondary index in the case
of § =1 and x(t) = Nj since

1im(1 — B)Vk’,Nk = (1_16)_% (40)

=cC - Ny -
Gl kM, Ny,

5003

Now, we give the marginal productivity index (MPI) sched-
uler in Algorithm 1. The MPI scheduler always serves the user
currently with the best condition, i.e., vy < --- < vy and is
one of the best-condition schedulers, which has the stability
property in a Markovian setting [9].

Theorem 3 ( [9]): The MPI scheduler with one server is
maximally stable under arbitrary arrivals.

Algorithm 1 MPI Scheduler (3 = 1)
1. forteT
2:  C « number of system users in Ny (k € K)
if C' > 1 then
Serve one user in N, with max{cppr N, } (kK € K)
(breaking ties randomly)
. else
if condition (31) is satisfied
Serve the user k*(t) with highest index value by (33)
else
10:  Serve the user k*(¢) with highest index value by (38)
11:  end if
12:  (breaking ties randomly)
13: end if
14: end for

R R A A

VI. NUMERICAL SIMULATION

In this section, we compare the proposed MPI scheduler
with the following policies
o the cp rule, v;") = cppin s

c Lk 1
 the RB rule, <8 — — Cbka
’ D i, m Pk ,m

o the PB rule, v, /B = SEfEn
T Kk, Ny,

SB __ n SS
o the SB rule, Vi = Ck Emzl Aim>

N SS Ch bk ,n
the PI°° rule [14], v2> = -
° (141, v, X n @i (e m = Hien)

where qi?m is the stationary probability of state m of a user
of class k.

Specifically, we only consider the case with at most one
user served at each time slot. If there is more than one user
having the highest index value, we uniformly choose one of
them. In addition, we only consider two classes of users for a
clearer performance comparison. Moreover, before evaluating
the performance of different schedulers, we first test their
similarity for a given scenario by computing the corresponding
index and then choose one scheduler as a representative among
multiple identical schedulers. In this way, we can decrease the
time for numerical simulation and meanwhile, obtain compact
figures for performance comparison.

Let 7 = 1.67 msec for each slot for practical application
[28]. The arrival probability for a new user of class k is
characterized by &, = pipx, N, . For comparison, we adopt the
transmission rate sy, in [28], and job size Eo{bs} = 0.5Mb
for HTML, Ey{bx} = 5Mb for PDF, and Ey{b,} = 50Mb
for MP3. In this case, the departure probability is determined
by pkn = TSkn/Eo{br}. We assume that p1 = py and the
system load p = p; + po varies from 0.3 to 1 for a better
presentation. The initial channel condition of a new user at the
moment of entering the system is assumed to be determined
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TABLE I
PARAMETERS ADOPTED IN SIMULATION

o

No. Sk,n (Mb/s) (c1,c2) Channel Transition Matrices Job Size (MB)
0.00 0.80 0.20 0.00 0.80 0.20
1 22'38 4206';18 gg'gi (1,1) 0.30 0.50 0.20 |,| 0.30 0.50 0.20 0.5,0.5
’ ’ ’ i 0.30 0.60 0.10 1L 0.30 0.60 0.10 |
[ 0.00 050 0.50 | [ 0.25 0.60 0.15 ]
2 SN oo (10, 1) 0.10 040 050 |,| 0.35 050 0.15 5,0.5
’ ’ ’ 0.10 0.70 0.20 0.35 0.55 0.10
0.50 0.10 0.20 0.20 7 [ 0.10 0.35 0.25 0.30
3 8.4 16.8  50.4 67.2 2,3) 0.15 0.45 0.20 0.20 0.20 0.25 0.25 0.30 0.5.0.5
26.88 33.6 44.688 80.64 ’ 0.15 0.15 0.50 0.20 [’ | 0.20 0.30 0.20 0.30 RS
0.15 0.15 0.10 0.60 | [ 0.20 0.30 0.40 0.10
by the stationary probability vector, i.e., with probability ¢35, .
in state m for a new user of class k. The parameter setting ————
for the following scenarios is stated in Table I. i bl
SIS
A. Scenario 1 § 3t
In this case, the setting is given in Table I. In particular, the g2r
.. . . . =
users are divided into two different classes. Each user requires 1k
a job of expected size of 0.5Mb, and has the same waiting cost 0 ‘
c1 = co = 1. The channel state transition matrix is identical. 03 04
But the second class of users has a better transmission rate !
than the first class. Our goal is to minimize the number of . %0 -
users waiting for service in the system. £ 2501 poies
Under this setting, three policies (cu, RB, and MPI) can 2 200t =
be shown to bring about the same scheduling rule, i.e., the 8 sl |
scheduling (class, state) order (2,3) > (1,3) > (1,2) > 2
(2,2) > (2,1) > (1,1). Also, PB and PI® yield the same 57 I
result, ie., (1,3) = (2,3) > (1,2) > (2,2) > (2,1) > (1,1). 5 sof Mwmwmtww\;/mjmﬂw
The SB policy will generate the order (2,3) = (1,3) > S

(1,2) = (2,2) > (2,1) = (1,1). Thus, Fig. 1 shows that
the time-average waiting cost varies with system load p for
three policies, and the number of users in the system varies
with time slots. Obviously, we observe that the behavior of
all policies is quite similar. In addition, Fig. 1 clearly shows
that cu, RB, and MPI perform better than PB, SB, and PSS,
This is because cu, RB, and MPI keep scheduling balance
between class 1 and class 2. All those policies perform well
with p < 0.9 but clearly have problems with stability since
those policies become unstable close to 1 at which point the
time-average waiting cost begins rising very steeply.

B. Scenario 2

In this case, we consider two classes of users with different
job sizes: the first one requires a job of expected size 5Mb
while the second one requires a job of 0.5Mb. The waiting
costs for the two classes are ¢c; = 10 and ¢z = 1, respectively.
The two classes have the same transmission rate and different
channel state transition matrices.

Thus, we can easily check that PI5S and MPI generate the
same scheduling rule (1,3) > (2,3) > (1,2) > (2,2) >
(1,1) > (2,1), and PB and RB have the same rule (1,3) >
(1,2) > (1,1) > (2,3) > (2,2) > (2,1). Fig. 2 shows that

0 20 40 60 80 100

T (p=0.98)

120 140 160 180 200

Fig. 1. Scenario 1 [upper]: Time average waiting cost as a function of p;
[lower]: Number of users in the system as a function of time (p = 0.98).

MPI has comparable performance with cu and better perfor-
mance than other policies in both time-average waiting cost
and average number of users in system. From the scheduling
order, we observe that PB (or RB) has the worst performance
because of the extreme unbalance in user class, i.e., severing
class 1 with complete priority than class 2. SB has the worse
performance because of partial unbalance in user class from its
scheduling order (1,3) > (1,2) > (2,3) > (1,1) > (2,2) >
(2,1).

C. Scenario 3

In this case, we assume that every class of users has
4 states, different waiting costs, different transmission rates
and different channel transition matrices.

In this case, we can check that PB and RB are same, i.e.

(1,4) > (1,3) > (2,4) > (2,3) > (1,2) > (2,2) > (1,1) >
(2,1). Fig. 3 shows that M PI policy (2,4) > (1,4) >
(2,3) > (1,3) > (1,2) > (2,2) > (1,1) > (2,1) has
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Fig. 2. Scenario 2 [upper]: Time average waiting cost as a function of p;
[lower]: Number of users in the system as a function of time (p = 0.90).
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Fig. 3. Scenario 3 [upper]: Time average waiting cost as a function of p;
[lower]: Number of users in the system as a function of time (p = 0.94).

comparable performance with PI°® policy, (2,4) = (1,4) >
(2,3) > (1,3) > (1,2) > (2,2) > (1,1) > (2,1), and
better performance than others in both the average cost and
the number of waiting users.

VII. CONCLUSION

In this paper, we have investigated the opportunistic
scheduling problem involving multi-class multi-state time-
varying Markovian channels. Generally, the problem can be
formulated as a restless multiarmed bandit problem. To the
best of our knowledge, previous work only established an
index policy for a two-state channel process and derived some
limited results on multi-state time-varying channels under an

5005

assumption of indexability as a prerequisite. To fill this gap,
for the class of state transition matrices characterized by our
proposed sufficient condition, we prove the indexability of the
Whittle index policy and obtain the closed-form Whittle index.
Simulation results show that the proposed index scheduler is
effective in scheduling multi-class multi-state channels. One
future objective is to seek more generic conditions to guarantee
the indexability.

APPENDIX I
PROOF OF LEMMA 1
Let v} denote the optimal value function, and

a.__ ,.a a a *
Up i =Ty — VW, + ﬂ E pn,mvma

meN
n—1 n—2
(V7 s 0% (o)) = D EN—140] = D EN—14it] 1
i=1 i=1
N—1 N—1
+ > ensivf = Y enoiy,
i=n—+1 1=n-+2
—€EN—n, if n= 1)
Oé?llz —€EN—24n — €EN—n, 1f2§n§N—1
—€2N-2, ifn=N,
EN—n — €EN—-n—1, if 1 <n< N — 2;
oziL_H =1 €N_n, ifn=N—1,
0, if n = N.
For state n € NV, the Bellman equation is
0.,1
vy = max{v,; v, }
_ (4] 0 h * * *
= max {7 — vul+8 V4 B0, 0% (1)

meN’
+ B[(A + ap)vy + Oé}erlv;szrl];
= vy + 8 Y (1= ), + Buinvy
meN’
+ B(1 = pin)gn (v, U*—(n-i-l))
B = )\ + Q)0 + i)
= —c+ 5 Z hmv:n, + 6gn(v*—nﬂ v*—(n—i-l))
meN’
+ B[(A+ ap)vy, + a1 vh ]
+ max{(); —v+ pn (c+ Buy — 0 Z hm vy,
meN’
- ﬂg’ﬂ(vinv vi(n+1))

=B+ ab)or + ol yvn ] ) |

where the first term in the curly brackets corresponds to action
0 and the second to action 1.
Obviously, transmitting (i.e., action 1) is optimal in state
n € N\ {0} if the first term is less than the second one.
For ease of presentation, let

m#n,n+1

Z = c+ Buy = Bon (070 (1) =B D hmth,
meN’

Zn = Z = BN+ ) + ha)oy, = Blag 1 + hng1)vg s
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Now, we analyze the Bellman equation by two cases.

Case 1: If v > 0, we have v} <0 for any n € N\ {0}. If
transmitting is optimal in state n € A\{0, N}, we obtain —v+
WnZy > 0 indicating Z, > 0, and further, —v + 412, >
—V + ppZy Since fiy41 > . Thus,

vy = —CH+ upnZy, —v+p Z hmvy,
meN’

+ Bl + ap)vy + ap 1V + ga(vE,, V2 (g1))]

< —C+ pnt1Zn —V+ B Z hinvy,
meN’

+ Bl + ad)os + ag v 1+ gn (05, U (ng1y))s

equivalently,

v (1= B = png1)(N — €N—n — €ENfn—1))
m#n,n+1
< _C+/’[/"+1Z - V+ﬁ Z hmv:n_’_ﬁgn(vin?’l)i(rpkl))
meN’
+ B(1 = ping1)(hn + 0 + €N —n + EN1n1)0},

+ B(1 = png1) (hngr + o 1)05 44
m#n,n+1

= _C+Mn+IZ - V+6 Z hmv;kn'i_ﬂgn(vinv vi(n-{-l))
meN’

+B(1 = pnt1) (b + 0 )vy,

+B(1 = prng1) (hng1 + @ 1)0h 41 A1)

where, v, = % + €nyn_1 + EN_n.
For state n + 1, if action ‘1’ is adopted, then we have
according to Bellman equation

vp = —c— v+ Z PV +Bgn1(VZ (1 41y, V2 (n12))
meN’

+ BI(A + 1) s 1 + g2V

+ fnt1 (c + Buy — 3 Z himvy,
meN’

= B9n1(vZ (n41), Vo (n42)

= Bl + 0% 11)vh 1 + Oy o]
m#n,n+1

= —CcH+ ppp1Z —v+p Z hmvy,
meN’

+59n(vinav*—(n+1))

+B(1 = png1)(hn + O‘% + ENtn-1+eEN—n)V;,

+B(1 — pnt1)

X(hng1 + A+ Qb1 — €EN—n — ENfn—1)Vi 1
=

= B(1 = pnt1)(A — eN—n — EN“Fn*l)v:"L-‘rl
m#n,n+1

= —Cc+ ppp1Z—v+p Z hmvy,
meN”

+ 69n(vina v*_(n+1)) + ﬂ(l - ,UfnJrl)(hn + ’Yn)v:
+ B(1 = png1) (hngr + gy )0h 4, (42)

1
vn—i—l
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where (a) is due to  g,(v,, vi(nﬂ)) =
Inr1(V (1), (g2))  + (en—24n — en—14n)v; +
(EN—n—1—€EN—n—2)Vfy0, Qo1 = Qi) — €N —n — ENfn—1s
and @} 5 = €N_p—1 — EN_p2.

Thus, combining (41) and (42), we have

(1= B(1 = prng1) (A — eN—n — €EN4n—1))
< vrlz-l—l =B = pntr1)(A — en—n — ENJrnfl)v:H-l
<y = Bl = pny1)( A —eN—n — ENgn—1)Uny
= U;H(l - 6(1 — fing1)(A —en—pn — 6N+n—1))7

which indicates vy, < vy, 4.

Meanwhile,
(I
= —c+ ﬂ Z hmv:n + ﬂgn(vin; vi(n+1))
meN”
+ B[+ ap)oy; + a0 44]
m#n,n+1
= —c+p Z Ry, 4 Bgn (V7 ’Ui(nJrl))
meN’
+ B(hn + A+ )k + (g1 + 1) ]
=
v (1= BN —€en—pn — €Ntn-1))
m#n,n+1
> —c+p Z by, + Bgn(vZ,,, U*—(n-i-l))
meN’

+ Bl(hn +n)vy + (hpy1 + O‘}Hrl)v:wl]' (43)

On the other hand, we have according to Bellman equation

o = —c+f Z P, + Bgn1 (V2 (1141), UV (n42))
meN”’
+ Bl + ap 1)1 + gyt
(d) * * *
= —c+p Z hmvy, + 5gn(’07m ?L(n+1))
meN’
+ ﬂ[%v;’} +(A+ 04#4-1 —€EN-n — ENJrnfl)U:-H]
m#n,n+1
= —c+p Z hvg, + Bgn (V2 ’Ui(nJrl))
meN”’
+ Bl(hay 4+ )V + (Bt + 1) 05 4]
+ BN — €N—n — EN+n—1)Vp 41
(@) m#n,n+1
< —c+p Z homvy, + Bgn (v, Ui(n-ﬁ-l))
meN”’

+ B[(hn + ) + (hngr + 0 1) v 441]
+BA = €N—n — EN4n—1)Un i1

A ’U?H_l(l — B\ = €eN—n — ENtn-1))
m#n,n+1
—C + ﬁ Z hm’l]:n + Bgn(virw ’Ui(n+1))
meN”

+ B[(hn + yn)vy, + (Aot + a}wl)vr*wrl]

IN

(44)

where (a) is due to A < en_p+enin—1 and v, < vk, and
(b) is due to gn (v, 0% (1 1)) = g1 (V7 (4 1),V (hg)) F
YnUy, + (EN—n—1 = EN—n—2)V5 1.
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Thus, combining (43) and (44), we have v0_; < v}. Since
vy < v g, we conclude v) | < v <k =, thatis,
transmitting is optimal in state n + 1.

Case 2: if v < 0, then we proceed as follows. First, using
the Bellman equation it is easy to obtain that vj = —ﬁ
because action 1 is optimal in state O and thus —v is obtained
in every period forever. Notice that the one-period net reward,
ré — yw?, is for any state n € N and any action a € A
upperbounded by —v, i.e., |r® —vr?| < —v. Hence, v}, <
—ﬁ = vy for any m € N, and therefore (using ¢ > 0
and \ + Zme/\ﬂ hm =1) Z, > 0, and finally, for any state
n € N\{0}, —v+ unZ, > 0. That is, transmitting is optimal
in any state n € .

Combining the two cases, we complete the proof.

APPENDIX II
PROOF OF LEMMA 2

We first show Wi o= —p{208=") < 0 by the following
four steps.

Step 1: According to the definition of B average work, we
have Wi o) > 1, Wiy > 1wty >

To show WS(SN n) > W<15N n) > ... > W(15N 71) we

+
only need to show W<1 o) > W<1 On—n)

i <N —1).
For (24), we perform the following operations sequentially

for any ¢ (n <

1) dividing the i-th equation by 1 — ;,

2) dividing the (i + 1)-th equation by 1 — p;41,

3) subtracting the i-th equation from the (i + 1)-th one,
then we obtain the ¢-th equation

1
[__ + BXi- 1] W<1 ONen) g [ - 5)\1‘1} Wﬁ_’f’“”
' Hit1
1 1
== - =, (45)
Hit1

equivalently,

1 N—n
[_— - mi_l] (W=

Hi
1 1 (1,65 _n)
N L_LHI - E} (A=Wen™) <0,

_ W,ElﬁN_n))

which implies W9V =) < wy{tov—n),
Step 2: To show W™V — ... = WON - e only
need to show W§0’5N’"> = Wﬁ’f’v’” fori (1<i<n-—2).
For (24), we subtract the i-th equation from the (i + 1)-th
one, and come to

(1= B W =0,

0,0N—n
—[1— BAJ W) 90

(46)

which indicates W§0’5N - = WﬁfN "
To show W§0’5N’"> == Wnole MW we
have by the (n — 1)-th equation

n—1 N
[ SO L) R )
i=1 i=n

(47)
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equivalently,

16N —n
ﬂZiVnQn le< N=n)
1_521 1qn 1,2

16N —n
<a>ﬂ2mqnu ov e
B 1_521 1qn 1,2

ON—-n
© YLy an Lt poo )

1- Zz 1 On—1,i
— WoN-n)

0,08 —n) __
W, =

n—

(48)

where (a) is due to W= > WSﬁN Mo >
(1 IN_ ,L> 521':" qn—1,i
WN , and (b) is because T ot — DS
infBO<pB<.
Step 3: Considering the n-th equation of (24), we have

n—1
—B = tn) Y g W
i=1

is increasing

+ (1= B(1 = pn)an, n)W<1 8 —n)
N
B =) Y g W =1, 49)
1=n—+1
equivalently,
(1 - ﬁ(l - Mn)Qn n)W<1 N —n)
n—1
= 14 B0 = ) Y g W
N
+B1 = pn) Y G i WO
i=n+1
(a) (1,6
§1+ﬂ1_un an’b N">
i=1
B(1 — pn) Z G i WO =), (50)
1=n—+1
further,
1 1
Wihov=) < <—, (51)

T 1-B(1 = pn) Hn

due to 0 < 3 < 1, and (a) is due to W<1 0N —n) > W<O SN =)
forany i (1 <i<n-—1) andWléN n) > WMN ) for
any i (n+1<i < N).

Step 4: For the n-th equation of (24) stated as follows

(el - ﬂ(l - ,u'n)elQ)wl = ]-a

we first subtract <1 o¥=n) from both LHS and RHS of
(52), and then divide (52) by 1 — u,. As a consequence, (52)
can be written as follows

(52)

1 _ Man 6N 7L>

T T

(53)
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Combined with the other N — 1 equations of (24), then (24)
can be transformed to the following

(IN —5M1) cWw1 = ]-N — lanl

1 — p, W0 =)
& Iy —fMo) -wy =1y — 1% + ul——uen'
n
(54)
Thus,
Wg,&v_m — el ([N _ BMO)—l
1— nW<1 ON—n)
X(1y — 1% + Ml —u e 69
n
combined with
Wgo’6N77L> — el(IN — ﬁMo)_l(].N - 1nN)7
then we have
W(l,éN—n) _ W(OvéN—n)
(1 ON—n)
1 B _ (a)
Hn [eZ(IN —5M0) len} ; 0, (56)
1— pn

where (a) is due to p, <1 ¥-r) < 1 and e’ (IN —
ﬂMo) 1en > 0. Note that en( o —5M0)7len > 0 because
— M, is a diagonally dominant matrix and every element
in the diagonal line is larger than 0 when 0 < 3 < 1.
To the end, we prove Pibon=r) _yy{0On—m) 5 0 Follow-

(1,0N —n
ing the similar deduction, we can easily prove Wn +1N ) —

WﬁfﬁN ") > 0. Therefore, we complete the proof.

APPENDIX III
PROOF OF THEOREM 2

According to the definition of the Whittle index, we prove
the indexability by checking v; < 1 < .-+ < vy. When

le,wehaveyN: i’iN — 0Q.
First, we have
BAn
f(n) = Bannsr | 1 - Mﬁ + pndn—1,n+1Knt1
Hn41
7j—1
+3 Z qn,i H MJ !
i=n+2 j=n+1 m —BAj—1
N
+ Z dn—1,: K5,
1=n-+2
and
Y — BA
7j—1
f+1) =8 guiia |1 H ”Jl

i=n+2 j=n+2 m — B

N
F g1 Y dniKi
i=n—+2
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ﬁ H; 1 ﬂ)\j 1
6/\3 1

j=n+2 1147

N
=4 Z qn,i

1=n-+2

N
+ Hn+1 Z dn—l,iK'L

i=n—+2
Further,

f(n) -

= BQn,n+1Kn+1 + (Mn

fn+1)

N
—fing1) D o1 K

1=n-+2

] 1
+undn—17n+1Kn+1+ﬁZ Adn.i NJIT
j,

i=n+2 j=n4+2 Hj

_Nn+1) Z dn—l,iK'L

i—n+2

_ﬂnﬁ(Qn 1n+1+2 qn— le MJ -

1= n+2 Jj=n+2 .U’J
N
/‘I’J 1 /8 ] 1
+ﬁ Z An,i
1=n-+2

—BAj—1

j=n+2 11«7

N
—fing1) D o1 K

i—n+2
:U’J 1 /8 ] 1
_ﬂnﬁ(Qn n+1 + Z Adn.i H — B, )Kn+1
j—1

zn+2 j=n+2 H;
‘ _ﬂj 1

N
+ﬁzqn,iHHJ1 5]7

1=n-+2 j=n+2 [
MnJrl § dn 11
1=n-+2

: —‘1 —5)\]‘71

Kn—i—l

= ﬁQn,n-l—lKn-i-l + (/ln

n+1

531)

n+1

= BQn,n+1Kn+1 + (Mn

Kn—i—l

= Mnﬂqn nt1Knp1 + (

Kn+1

(@)

where (a) is due to dy—1,; <0, K; > 0, and 1, < phr41.
Hence,
Clin, - Clin,
1=pB+f(n) = 1=F+ f(n+1)
Cln+1

S1=g4 it

Vp =

which completes the proof.
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