BOUNDS FOR THE GENERALIZED REPETITION THRESHOLD
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ABSTRACT. The notion of repetition threshold, which is the object of Dejean’s
conjecture (1972), was generalized by Ilie, Ochem, and Shallit in 2005, to
include the lengths of the avoided words. We give a lower and an upper bound
on this generalized repetition threshold.

1. INTRODUCTION

The study of repetitions in words has been one of the main topics in combina-
torics on words. Thue [13] showed the existence of an infinite square-free word on
three letters, that is without concatenated occurrences of the same non-empty fac-
tor. This fact was actually implied by the existence of an infinite binary overlap-free
word (i.e., without factors of the form wvuvu with u non empty).

A natural extension of this problem takes into account repetitions of a fractional
exponent, where the exponent of a non-empty finite word is the ratio between
its length and its period. This notion has been introduced by Dejean [7] and
Brandenburg [1]. Dejean proved the existence of an infinite word over a three-letter
alphabet without repetitions of exponent strictly greater than 7/4. This bound is
the best possible because every sufficiently long word over a three-letter alphabet
contains a repetition of exponent at least 7/4. The least real number o > 1 such
that there exists an infinite word on k letters avoiding repetitions of exponent
strictly greater than « is called the repetition threshold on & letters. Thus Thue’s
result implies that the repetition threshold on two letters is 2, while Dejean’s result
means that the repetition threshold on three letters is 7/4.

Dejean observed that for k > 5, the repetition threshold is not smaller than
kle, while for k£ = 4 it is not smaller than 7/5. She conjectured that these are the
actual values of the repetition thresholds. This conjecture has been proved true
for k = 4 by Pansiot [11]. For k > 5, the conjecture has been solved thanks to
the contribution of many authors: Moulin-Ollagnier [10], Currie and Mohammad-
Noori [3], Rao [12], Currie and Rampersad [6, 4, 5], and Carpi [2].

In [8] the authors generalize the repetition threshold of Dejean to handle avoid-
ance of repetitions with sufficiently long period. They define R(k,¢) as the least
real number « > 1 such that there exists an infinite word on k letters avoiding
repetitions of exponent strictly greater than v and period not smaller than ¢. This
naturally extends the classical notion of repetition threshold. Moreover, in [8] its
value has been calculated in some particular cases and general lower and upper
bounds have been given. In this paper we improve these bounds by studying the
asymptotics of the generalized repetition threshold. Part of this paper was pre-
sented at the conference WORDS 2009.
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2. DEFINITIONS

Let a > 1 be a rational number, and let £ > 1 be an integer. A word w is
an (a, £)-repetition if w = (uwv)"u, where |uv| = ¢ and a = ‘%‘. In this case « is
called exponent of the repetition and ¢ its period. Notice that in our definitions,
exponent and period of a repetition are not univocally defined. For instance, the
word aabcaabcaa on the alphabet {a,b,c} is a (%, 4)-repetition, a (%, 8)-repetition
and a (4, 9)-repetition. We say a word (a, )-free if it contains no factor that is
an (o/, ¢')-repetition with o/ > «a and ¢/ > £. We say a word (a™,£)-free if it is
(o, 0)-free for all &' > «. Finally, a word is a-free if it does not contain a repetition
with exponent > « and is a™-free if it is o/-free for all o/ > a.

Let X denote the k-letter alphabet {0,1,...,k — 1}. For integers k > 2 and
¢ > 1, the generalized repetition threshold R(k, () is defined as the smallest real
number « such that there exists an infinite (a™, £)-free word over . Indeed, there
always exists an infinite (R(k,£)", f)-free word over Y. Nevertheless, as pointed
out in [8], there is no known instance of a (R(k,{),{)-free infinite word. Finally,
notice that by definition, R(k + 1,¢) < R(k,¢) and R(k,£+ 1) < R(k, {).

The finiteness of R(k,¢) is due to the existence of an infinite binary overlap-free
word. Ilie, Ochem and Shallit [8] also obtained a lower bound on R(k, ), namely

l
1+W < R(k,0) < 2.
The aim of the paper is to improve the above inequalities.
The case ¢ = 1 corresponds to the classical repetition threshold and the values of
R(k,1) are now all determined. Moreover, the proof of our upper bound explicitly
uses the fact that R(k,1) = 2 for k > 5.

3. LOWER BOUND

A natural way of obtaining a bound of the form R(k,¢) > « is to show that there
is no infinite word over ¥} which is (c, ¢)-free. In this section we give lower bounds
on R(k,?). We treat separately the cases k = 2,¢ > 2 (Theorem 1), k > 2,0 = 2
(Theorem 4) and k,¢ > 3 (Theorem 14).

Theorem 1. R(2,¢) > 1+ e%.

Proof. Suppose for the sake of contradiction that R(2,/¢) < 1+ é_%. That is, there
exists an infinite binary word w with no repetition of period > ¢ and exponent
>14 54%2' In particular, repetitions uvu such that |u| = 2 and £ < |uv| < £+ 2
cannot appear in w. Moreover, we can assume without loss of generality that w is
double-infinite, that is, infinite in both directions. We say that a factor is forbidden
if it cannot appear in w.

First, we check that the factor 0010 is forbidden. Indeed, if 0010 was a factor
of w, then w would have a factor of the form uju20010v1v9, with |u1| = |ve| = 4,
|ug| = ¢ — 3 and |vi| = £ — 2. The following picture illustrates the situation.

{—3 {—2
[ XX N} 0010 [ XX N

By previous considerations about the distances, we have that the blocks u; and
v coincide necessarily with 1111. This creates a repetition of period 2¢ + 3 and
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exponent 1+ %H > 14 H%‘ Hence the factor 0010 and, by symmetry, the factors
0100, 1101, and 1011, are forbidden.

Similarly, we check that the factor 0011 is forbidden. Otherwise we had a factor
of the form uiu20011v1v2, with |u1| = |v2| = 4 and |ug| = vy = £ — 3.

{—3 {—3
[ XN N} 0011 [ XN N}

The block 11 on the left of the factor 0011 must be of the form e10e , then 110e
and finally 1100 since 1101 is forbidden. The block v on the right of the factor 0011
must be of the form e10e , then 100 , and finally 1100 since 0100 is forbidden.
This creates a repetition of period 2¢ 4+ 2 and exponent 1 + e% > 14 24%2'

The factor 001 is forbidden because 0010 and 0011 are forbidden. By symmetry,
100, 110, and 011 are also forbidden. Thus, the only remaining possibilities for w are
the words “0%, “1¢, and “(01)“, which obviously contain repetitions of arbitrarily
great exponent and period. 1

Theorem 1 is certainly not optimal, since numerical evidences suggest that
R(2,0) =1+ ﬁ for £ > 6, £ = 0 (mod 3). We also mention that Kolpakov
and Rao [9] have proved that R(3,¢) > 1+ 7, which would be a tight lower bound
for the conjecture in [8] that R(3,¢) =1+  for £ > 2.

We now consider the problem for a general k. The (a, £)-freeness of a word im-
poses conditions on the length of some of its factors. Such conditions are described
in the following, and will be used in the proof of Theorem 4 and Theorem 14.

Definition 2. Let k, ¢ be integers, let m > ¢ be a real number, and let a be a letter
in X;. We denote by £(k, ¢, m,a) the language of the words w over ¥j such that
the following conditions (Cf ™) hold for 1 <4 </
(CE™): if a’za’ is a subword of w, then |a’z| > im or |alz| < L.
We denote by £(k, ¢, m) the language [\ £(k,¢,m,a).
aeXy,

Proposition 3. Let k, ¢ be integers, m > £ be a real number, and w € 3. If w is
(1+ %,6)—]”7’66, then, w € £(k, ¢, m).

Proof. Let a be a letter in X;. Let ¢ € {1,...,¢} be an integer. Suppose that w
does not satisfy condition (C™), i.e., there exists a subword a’za’ of w such that
¢ <l|a'z| < im. Then, a‘za® is a repetition with period |a‘z| > ¢, and exponent

la‘zal| i 1
—— =14+ ——2>1+—.
lax| |atx] m
Hence w is not (1 + X, ¢)-free. O

First we consider the case ¢ = 2, and look for a lower bound of R(k,2).

Theorem 4. Let k > 2. We have
1
R(k,2) > 1+ —,
m
where m =1+ |3(k —1)].
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Proof. As m =1+ |3(k —1)], we observe that 2m + 3 > 3k + 1. Hence we have
(2m + 3)k > 3k? + (k — 1). Consider r = 3k + 1 and a word w € X} such that
|w] = rk + 1. Then, there exists a letter a € ¥ such that

|wle >7r+1=3k+2.

Suppose that w is (14—, 2)-free. Then, asm = 1+|3(k — 1)| > 2, by Proposition 3,
the word w € £(k,2,m,a).

Conditions (C™) and (C3™) imply that in w there are at least m letters between
two non-consecutive occurrences of the letter a and at least 2m — 1 letters between
two occurrences of the factor aa.

We prove by induction on s € N that any word in £(k,2,m,a) containing 3s + 2
occurrences of the letter a is not shorter than (2m + 3)s + 2.

This is evident for s = 0. If the statement is true up to s, consider a word
v € £(k,2,m,a) containing 3(s + 1) 4+ 2 occurrences of the letter a. Then v can be
written as

VUV =0V103.. .1)5+2
where v; contains exactly two occurrences of a and for each ¢ > 2, the factor v;
begins with a letter a and contains exactly three occurrences of this letter. Clearly
we have that |veio| > 2m + 2.

If the last letter of vg4q is different from a, we have that the last m letters of
vs4+1 are different from a and we apply the inductive hypothesis on the prefix of v of
length |v1vg ... vsy1|—m. Thus |v] > (2m+3)s+2+m+2m+2 > (2m+3)(s+1)+2.

Otherwise, suppose that the last letter of vsy1 is a. If for each 2 < i < s+ 1,
the last letter of the factor v; is a, then this factor v; has the form az;ay;a with
|zila = |Yila = 0. Thus

V=010 22 G Y2 QA T3 G Y3 A ... G Ts A Ys A0 Ts1 G Ys+1 A Vg2
and for each i > 3 we have |z;| > m and |y;| > m. Moreover |vi| > m + 2 and
|z2|+|y2| > 2m—1. This implies |v| > m+24+34+2m—1+(2m+3)(s—1)+2m+2 >
2m+3)(s+1)+2.

Finally, if for some 2 < ¢ < s the factor v; does not end with a, we can apply the
induction hypothesis on a proper prefix of v, and similar arguments on the lengths
as before, to conclude that |v| > (2m + 3)(s+ 1) + 2.

Hence

lw| > (2m+3)k+2
> 3K +k+1=rk+1,
which is a contradiction since |w| = rk+ 1. Thus, there is no infinite (1+ L, 2)-free
word over Y, and
R(k,2) > 1+ i
m
O

In Theorem 14, the result of Theorem 4 is generalized to any ¢ > 3. The proof
also uses considerations on letter frequencies in the words of £(k,¢,m). In the
following, ¢ is a fixed integer greater than 2.

Definition 5. Let a € X5, A word w = w1 ... w,| € X} is of type S, if 1 < |w| </,
w1 = Wiy = a, and if b1by € Fact(w) for each by, by € ¥y, \ {a}.

Notice that any word of type S, is in £(k, £, m,a), for any real number m > /.
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Definition 6. Let a € X;. Let w be a word of type S,. The weight p,(w) of w is
defined by

pa(w) = max{j € N| a’ € Fact(w)}.
Notice that 1 < p,(w) < £ for each word w.

Proposition 7. Let a € Xi. Let w be a word of type S,. We have

]y < £ {LJ _ [Mw ,
pa(w) +1 pa(w) + 1
Proof. Let us denote p = p,(w), and write w as

W= 2122 ...2n%,

where n € N, |z;] = p+1, for 1 <i < n, and |z| = r < p. For each i, we have
|zila < p (because aP™t & Fact(w)), and |z|, < |2|. Hence

lwla < n +T|w|_{ﬂJ<5_LLJ[£_pW
o =P p+1]~ p+1| |p+1]|

O

Definition 8. Let a € ¥j. A word w = w1 ... w),| € Xf is of type Sy, if |w| < ¢,
wp = w|w| = Q.

Definition 9. Let a € ¥;, and m > ¢ be a real number. A word w € X7 is of type
Ly if |lw| >m —1 and |w|, = 0.

Notice that any word of type L, is in £(k, ¢, m,a).

Lemma 10. Let k,? be integers, let m > 20 — 2 be a real number, a € X, and
w € £(k,¢,m,a). Then w can be written as

/ ! /
w=x510185l2. .. lr_15,Y,

where v € N (if r = 0 then w = x), each word s, is of type S.,, each word l; is of
type Lq and |z|q = |yla = 0.

Proof. As w € £(k,£,m,a), w satisfies condition (Cf’m): if axa is a subword of w,
then, |axza| > m + 1 or |aza| < £+ 1.
If |w|, = 0, we have the result with x = w and r = 0.

Now, if |w,| > 0, let us write w = zw'y, where w’ begins and ends with a,
while 2 and y do not contain a. The maximal factors without a’s in w’ either have
length < ¢ — 1, or length > m — 1. Take the latter factors as l1,...,l,—1 to get
the factorization w = wslysh...l,—1s,y. Each s, begins and ends with a, all other
blocks do not contain a, and by definition, |I;| > m — 1 for all i. Thus, to prove the
lemma, it suffices to show that |s}| < ¢ for any 4. If it is not the case, then for some
st = aua, we have |s;| > m + 1. Then |u| > m — 1, and u contains the letter a by
construction. So we have s, = aujausa. At least one of the words auja and ausa
has length > m + 1, because if both have length > ¢ —1, then |s}| < 20 —3 < m+1.
Thus, w1 also contains a, and we repeat the argument to get a contradiction after

a finite number of steps.
O



6 F. FIORENZI, P. OCHEM, AND E. VASLET

Proposition 11. Let k, ¢ be integers, let m > 20 — 2 be a real number, a € Xy,
and w € £(k,¢,m,a). There exists a word w in L£(k,¢,m,a), such that |0| = |w],
|@0], = |w|q and W can be written as

w = .ISlllSQlQ [P lrflsry,

where r € N (if r = 0 then w = x), each word s; is of type S,, each word l; is of
type Lq, and |z|, = |yl = 0.
Proof. By Lemma 10, w is of the form:

w=2a's\lish... 1.5y,
where r € N, 2/, ¢’ € (Xx \ {a})*, s, are words of type S/, and [ are words of type
L,. For each 1 <i < r, let us consider the factor s, and iterate the rewriting rules
bibaa +— brabs,Vby,ba € X \ {a}, on it. After each iteration, with regard to the
lexicographic order (where a < b, Vb € i \ {a}), we get a smaller word, because
biabs < bibaa. So the iteration finishes, and we get a word of the form s;x;, where
s; is a word of type S,, and where z; € (Zj \ {a})*. We remark that |s;| < s},
[sizi] = |si], |sila = |5i]a, and |s;xi|la = |S}|a, since the iteration conserves the
number of occurrences of each letter in s.

Finally, let w = xs1l1s2l2...l—18,y, where © = 2/, y = z,y/, and |; = x;l..
It is clear that |w| = |w| and |W|, = |w|s. It is then sufficient to prove that
w € L£(k, ¢, m,a). Condition (Cf’m) is clearly satisfied by definition of the types S,
and L,. Let now j € [2,...,¢] and z € X} be such that a’za’ € Fact(w).

Then, as w € £(k, £, m,a), we have |a’z| = |a’2'| > jm+1, and condition (Cf’m)
holds.

The letter a moved by the iteration of the rewriting rules always has some letter b
on its immediate left. Hence the iteration cannot result in a new factor a?. So, if W
contains a’za’, then w contains a’/z’a?, where |2’| = |z|. Then, as w € £(k, £, m, a),
we have |a?z| = |a’z’| > jm, and condition (C’f’m) holds.

1

Lemma 12. Let p > 1 be an integer. Let v be a word in £(k,¢,m,a), of the form
described in Proposition 11:

v =x81l183lo ... l,_18:y,

and where the words s; of type S, are such that p,(s;) = p for each i = 1,...,r.
Then,

T+ =ty —1
T<{ mn p

bl—p
1+W1§)_€1fp>1

Proof. Consider two consecutive blocks s; and s;41, with 1 <4 <7 — 1. As they
have weight p, they both contain a? as a factor. So, s;l;s;+1 has a factor a?ua?,
and by condition (CL™), we have |aPuaP| > p(m +1). So [silisit1] > p(m + 1).
But [s;+1] < ¢, by definition of the type S,. Thus, V1 <i <r —1,
|sil;| > p(m + 1) — ¢.
Moreover, |s — r| > p. Then,
r—1

o] =) Isilil + [s = [ > (r = 1) (p(m +1) = ) + p,
i=1
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and we deduce that

ol —p
r<l+——r—o.
p(m—+1)—4¢
In the case p = 1, we can have a better bound: as |l;| > m—1 and |s;| > 1, we have
|Sili| >m,
hence
—1
r<l+4+—— i
m

O

Proposition 13. Let k, ¢ be integers, let £ > 2 be a real number, let m > (£ — 1)
be a real number, a € ¥y, and w € S(k ,m,a). We have

W|q
|wl ¢ L1 R N A A
Tl T im (5_ Pl <£eél><2571>) if € > 3.

Proof. By Proposition 11, we can assume without loss of generality that
w = .ISlllSQlQ [P lrflsry,

where r € N, each word s; is of type S,, each word [; is of type L,, and |z|, =
lyle = 0. Words of type L, contain no occurrences of a thus, by Proposition 7,

T 14
|w|a:;|5i|a Z ’Vp+1-‘

where
np(w) = #{7’ € [17 s 77’] |pa(sl) = p}
For any 1 < j </, we denote
w) =3 ny(w) = #{i € [L,...,1] | palsi) > j}.
p2j

For any 1 < p < £ — 1, we have n,(w) = gp(w) — gp+1(w), and ne(w) = ge(w).
Hence

N

e = 3 0o~ gpeat) 2] o [ 2]

p=1 ptl

= oot ([5] - [5]):

Let n = |w|. Because of Proposition 11, it makes sense to speak of ¢,(v) for any
word v € £(k, £, m,a). Thus for any 1 < p < ¢, we have

gp(w) < max{g,(v) |ve L(k,l,m,a), and |v| = n}.

If v reaches this maximum, by replacing some occurrences of a by any other letter,
we construct a word v’ such that |v'| = |v| and n,(v") = 0 for each i # p. So,

gp(w) < max{gy(v) | v e L(k,£,m,a), [v]| =n, and n;(v) =0, Vi # p}.
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Finally, if n,;(v) = 0 for each i # p, then ¢,(v) = n,(v), and we obtain
gp(w) < max{n,(v)|ve L(k,l,m,a), [v|]=n, and n;(v) =0,Vi # p}
{1 +olifp—=1
1+ W ifp>1,

by Lemma 12. Hence

ule < i:([@’w_[KP—UW)+QZ:QEﬂ+§éUwﬂﬂGg%]_[mzn

p=1

p=2
[ e
< ent (e |t Ll
m 2 — p— =
p=2 1S
Indeed, from m > £(¢ — 1) followsp(m+1)—€>(p—%)m. Then, if £ = 2,
wle _ 2,1 3¢-1
|w] n m 26—1
and if / > 3 we have
¢
n / E—1 l 1
o < o2 (8 21 ]
m 2] 26-1 1 1
LR -y (p-1-y)
Since
‘ ¢
KJ 1 1
> =23
e e B
_ £-2)
@ 1)EE—1)
we obtain

wle £ 1(, E-DE-1)  £r-2)
o] < n+mQ 20E 1) w—wm—n)

Theorem 14. For any k > 3, £ > 3, we have R(k,¢) > 1+ %, where
5 1 2
=ll—=+—— )k
" <6€ 2 Tz 1>
Proof. Let N > 0 be an integer and my = (%f — % + % + %) k. Let v € ¥7.
Suppose v is (1 + mLN,é)—free, and |v| > N - £-mp.

As k > 3, we have my > gé — % > (. Thus, by Proposition 3, v € £(k, ¢, my).
Moreover, as Y is the k-letter alphabet, there exists a letter a in ¥j such that
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wle > 1 Then, by Proposition 13 with ¢ = 2 (notice that my > 30— 3 > 20— 2),

[v]
and since |v| > N - £ - my, we have

LBl 01 (5, 1, 2 \_ 1 (5, 1 2 1
E~ v [v] my\6 2 20—-1) " my\6 2 20—1 N)°

<5€1+2+1k
MNS\G T2 Ty 1 TN

Then, we have

Hence we have a contradiction because my = (%E — % + % + %) k, and

Rk, ) > 1+ ——.

my

Finally, as m = lim my, we have
N —+oc0

R(k,0) > 1+~
m
O

Remark 15. For ¢ = 2, the result of Proposition 13 and the same arguments as in
the proof of Theorem 14 give R(k,2) > 1+ ﬁ with m = %, which is not as good
as the bound of Theorem 4.

Remark 16. Theorem 14 gives a general result and its proof is based on estimations
used in Proposition 13. In order to have better results in some particular cases, one
could improve these estimations as follows.

— For small values of ¢, we can explicitly compute the value of the sum

ZZ:EJ (p—%)(zj—l—%)

p=3

in Proposition 13, instead of taking a lower bound for it. For example, for
=6, we get R(k,6) > 1+ #, with m = 1?}28’“.

— In the proof of Theorem 14, we choose £ = 2 in applying Proposition 13.
As it appears clear from the statement of this latter proposition, a greater

lwle  Though, we need

[w]
§ < 774 and this implies a constraint on k. For example, if k¥ > 5 one can

choose ¢ =3 and get m = (20— 2 + ;27 )k .

& would give a better upper bound on the frequency

4. UPPER BOUND

In this section we explicitly use the fact that Dejean’s conjecture is proved for
K > 5. We describe a morphism from a K-letter alphabet to a k-letter one that

+
transforms an infinite (%) -free word into a word in which the sufficiently large

repetitions are of exponent not much greater than %

Let Sy be the set of words of length ¢ over Xj of the form 0°w where e > 2,
|w| > 1, the first and the last letter of w are different from 0, and w does not
contain 00 as a factor. For example, we have Sy 5 = {00001, 00011,00101,00111}.

Let K = |Sk,.| and let h be a t-uniform morphism h : X% — Xj such that the set of
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h-images of letters in X is Sj ;. Now, if K > 5, we consider the h-image of some

. . K +
infinite (ﬁ) -free word over Y.

A uniform morphism h : A* — B* is said to be comma-free if for any a,b,c € A
and s, € B*, h(ab) = rh(c)s implies that either »r = ¢ and @ = c or s = ¢ and
b=c

Remark 17. A comma-free morphism h is always injective (actually it is injective
on the set A of monoid generators). Moreover, if it is t-uniform, then for each
factor u of a word in h(A*) such that |u| > 2t—1, there exists a unique factorization
u = zh(u')y where v’ € A* and 0 < |z|,|y| < t.

Lemma 18. The t-uniform morphism h : X3, — X}, defined above is comma-free.

Proof. Suppose that the h is not comma-free. Then there exist a,b,c € Y and
s,r € 37 such that h(ab) = rh(c)s = w[l,...,2t] with 0 < |r| < t. We obtain a
contradiction for every possible value of |r|:

— if |r| =1 or |r| = 2, then the letter w[t + |r|] is 0 in h(ab) and is not 0 in

rh(c)s,

— if |[r] =t —1 or |r| =t — 2, then the letter wt] is not 0 in h(ab) and is 0 in
rh(c)s,

— if 2 < |r| < t—2, then h(c) contains the factor wlt, ..., t+2]. In h(ab), this

factor is of the form z00 with x # 0, whereas factors of this form do not
exist in h(c).
O

In order to get the mentioned repetition-freeness property in h(Xj), we use

the following lemma. For any real number £ > 1, we write (o™, £)-free to mean
(at, [€])-free and hence R(k,¢) to mean R(k, [(]).

Lemma 19. Let a,0 € R, 1 < a < B < 2. Let h : A* — B* be a comma-free

t-uniform morphism. If w € A* is at-free, then h(w) is (3T, QBt_—*j)—free.

Proof. Let uvu be a f/-repetition in h(w) with 5’ > 5. Suppose |u| > 2t — 1. Hence
u contains an h-image and it can be uniquely written as zh(u')y with 0 < |z|, |y| < ¢.
Thus this h-image @ = h(u') appears at the same position of u in uvu.

The factor ¥ = yvx is an h-image. We have that uvu is the h-image of a repetition
in w and hence ‘T,vfl“ < a. Moreover, 3/ = 228 4 [zt 41q 3 > 3 implies that

z|+|y
o] > [ — . Hence

|zy| 2t -2
<
fuv] g—a ﬁ —a
Suppose now that |u| < 2t — 2. Hence ' > [ implies that % > (3 — 1. Thus
Luv]
T < ﬁ and

u| _2t—2 2t—2
< < .
p-1"p5-1 p-a

luv| <
O

Recall that, by definition, if there exists a (87, £)-free infinite word over X, then
R(k,0) < 5.
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Corollary 20. Let h : X3 — X} be a comma-free t-uniform morphism as above.
IFRER, £ <p<2, andK>5thenR(k:,B )<5

We now compute K = K}, ;. Consider the prefixes of length (¢ — 1) of the words
in Sk

— Kj,t—1 of them are such that the last letter is not 0,

— Ky 1o of them are such that the last letter is 0 and the penultimate letter
is not 0,

— one them is the word 0~ !.

Each prefix can be extended by one of the (k — 1) letters distinct from 0 to get a
word in Sy, so Ky, satisfies the recurrence relation

K1 =Kpo=0,Kps=(k—1)(Kpt—1+ Kpi—2+1).

Solving this relation, we obtain that

k—1 E—1

Ky = A — gt — (k= 2) (N — i) — :

BT 2k - 3) (k—l)(k+3)( w— (k= 2)( K -3
where \ — =D+ (Qkfl)(k+3) and p — (k—1)— (2k71)(k+3).

We thus have

k—1)(/(k—1)(k k
Kpy = CpA™1 — O(1), where = +3)-k+3)

2(2k — 3)\/(k — 1)(k + 3)

For each real number «a, |«] denotes the nearest integer to c.

Theorem 21. R(k,¢) <1+ ?ll;‘f\ +0 ( ) if k is fixed and € tends to infinity.

Proof. Let us fix t = H;‘ﬂ +land g =1+ 2t 24 ﬁ For ¢ sufficiently large,

we have t > 6 which ensures that K > 5, and We also have 8 < 2. We can thus use
Corollary 20, which gives

2t — 2 2t — 2 1
REkONH=R|k, —— | <pB= .
( ) ) ( ,6—%> _6 / K —1
Since 1
-2 _ 2| 2] _ 2l (1
/ fln A\ /
and
- 1 B 1 O< >
K—1 Cpat—1 —0(1) o Ck/\\_llr?fjl _0(1) - ()’
the result follows. O

5. AN EXAMPLE

Let us illustrate our results with a concrete example: £k =8 and ¢ = 100. Theo-

rem 14 gives R(8,100) > 1+ ((2 x 100 — 1 + 2-) x 8) ™' = 1.001508871... . For
the upper bound, we have to decide which morphism h will be used, or equivalently
to choose the value of the parameter t. For a given ¢, we can compute K = Kj,

and then the bound § = 1+ 2t_2 + KL So, we have to choose t so that (§ is
minimized. The choice of t = Llnq + 1 in Theorem 21 is well-suited to get such an
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asymptotic result, but for a given pair (k, £) like this example, it is better to make
a specific case study.
— Ift=3, then K =7and g = % = 1.20666666 . . . .
— Ift = 4, then K =56 and 3 = 233 = 1.07818181 ... .
~ Ift =5, then K =448 and # = $2992 = 1.08223713....
In?

Since 3 gets bigger if t > 5, the minimum is reached at ¢t = 4, whereas Lm1 +1=3.
We thus obtain R(8,100) < 2% < 1.078182.

6. CONCLUSION

For k fixed and /¢ tending to infinity, we know now in particular that the asymp-
totics of the generalized repetition threshold R(k,{) is between 1 + Q(1/¢) and
1+0(n¢/¢). New ideas are needed to settle this and other questions about R(k, ¢),
such as good estimates for R(k,2) or R(k,k). The case 1.001848 < R(8,100) <
1.078182 suggests that there is still room for improvement.
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