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Abstract—Smart Grids have recently gained increasing at-
tention as a means to efficiently manage the houses energy
consumption in order to reduce their peak absorption, thus
improving the performance of power generation and distribution
systems. In this paper, we propose a fully distributed Demand
Management System especially tailored to reduce the peak
demand of a group of residential users. We model such system
using a game theoretical approach; in particular, we propose a
dynamic pricing strategy, where energy tariffs are function of the
overall power demand of customers. In such scenario, multiple
selfish users select the cheapest time slots (minimizing their daily
bill) while satisfying their energy requests.

We theoretically show that our game is potential, and propose
a simple yet effective best response strategy that converges to
a Pure Nash Equilibrium, thus proving the robustness of the
power scheduling plan obtained without any central coordination
of the operator. Numerical results, obtained using real energy
consumption traces, show that the system-wide peak absorption
achieved in a completely distributed fashion can be reduced up to
20%, thus decreasing the CAPEX necessary to meet the growing
energy demand.

Index Terms—Demand Management System, Power Schedul-
ing, Game Theory, Potential Games.

I. INTRODUCTION

The electricity generation, distribution and consumption are
in the throes of change due to significant regulatory, societal
and environmental developments, as well as technological
progress. For these reasons, recent years have witnessed the
redefinition of the power grid in order to tackle the new
challenges that have emerged in electric systems. One of the
most relevant challenges associated with the current power
grid is represented by the peaks in the power demand due
to the high correlation among energy demands of customers.
Since electricity grids have little capacity to store energy,
power demand and supply must balance at all times; as a
consequence, energy plants capacity has to be sized to match
the total demand peaks, driving a major increase of the
infrastructure cost, which remains underutilized during off-
peak hours. High energy peaks are mostly due to residen-
tial users, which cover a relevant portion of the worldwide
energy demands [1], but are inelastic with respect to the
grid requirements as they usually run their home appliances
only depending on their own requirements. For this reason,
residential users can play a key role in addressing the peak
demand problem. Time Of Usage (TOU) tariffs represent a
clear attempt to drive users to shift their energy loads out of

the peak hours [2].

The most promising solutions to tackle the peak demand
challenge, such as other issues related to the electric grid,
is represented by the Smart Grid, in which an intelligent
infrastructure based on Information and Communication Tech-
nology (ICT) tools is deployed alongside with the distribution
network, which can deal with all the decision variables while
minimizing the effort required to end-users. All data provided
by the grid, such as the consumption of buildings [3] [4],
electricity costs and distributed renewable sources data, can
be used to optimize its efficiency through Demand Side
Management (DSM) methods. DSM represents a proactive
approach to manage the household electric devices by inte-
grating customers’ needs and requirements with the retailers’
goals [5]. The final objective of DSM is to modify consumers’
demand for energy in a proper way by deciding when and how
to execute home appliances, and how to use electricity so as to
improve the overall system efficiency while guaranteeing low
costs and high comfort to users. Demand side management
can be designed for different goals such as to reduce the
peak demand by means of shifting loads from peak hours to
off-peak hours and to achieve deep penetration of renewable
resources by means of adjusting the energy demand to the
supply.

In this paper we propose a novel, fully distributed DSM
system aimed at reducing the peak demand of a group of
residential users (e.g., a smart city neighborhood). We model
our system using a game theoretical approach, where the
players are the end customers, the set of strategies is their
daily energy demand, and the objective function the players
aim at minimizing is their daily electricity bill. Each customer
can modify his daily energy demand by means of scheduling
home device activities and deciding when to buy energy from
the electricity retailer with the final goal of reducing his daily
energy bill. Energy tariffs, in particular, are defined by the
retailer as a function of the fotal power demand of customers,
based on a dynamic pricing strategy. The proposed game,
by means of scheduling energy tasks of residential users to
minimize their bills, automatically ensures the reduction of
the electricity demand at peak hours because of the dynamic
pricing approach.

We demonstrate that our proposed pricing strategy leads
to a potential game, provided that the pricing is convex with
respect to the total demand, c. Moreover, if the pricing is linear



in ¢, we show that the game is exactly potential, the potential
function being the total cost paid by all householders, P. Such
feature guarantees the existence of at least one pure Nash
equilibrium (where no customer has an incentive to deviate
unilaterally from the scheduling pattern he decided upon),
namely the strategy that minimizes P. Furthermore, in such
games, best response dynamics always converges to a Nash
equilibrium.

In summary, our paper makes the following contributions:

o The proposition of a novel, fully distributed Demand Side
Management (DSM) method able to reduce the peak de-
mand of a group of residential users, which we model and
study using a game theoretical framework. In our vision,
the energy retailer fixes the energy price dynamically,
based on the total power demand of customers; then, end
customers automatically schedule their electrical appli-
ances, reaching an efficient Nash equilibrium point.

o Detailed mathematical proofs that our proposed game is
potential, and in particular exactly potential when the
pricing scheme imposed by the energy retailer is linear
in the total demand of customers.

o The demonstration of the Finite Improvement Property,
according to which any sequence of asynchronous im-
provement steps (and, in particular, best response dynam-
ics) converges to a pure Nash equilibrium.

o The numerical evaluation to show the effectiveness of the
proposed game and best response dynamics in several
scenarios, with real electric appliances scheduled by
householders.

The paper is organized as follows. In Section II we review
the most relevant works on demand management mechanisms.
Section 111, describes the main characteristics of the distributed
system we propose to manage the energy consumption of
residential users. Section IV presents our proposed game
model. The distributed optimization model that we propose to
reach stable (equilibrium) solutions, based on a best-response
mechanism, is presented in Section V. Numerical results are
presented and analyzed in Section VI. Finally, Section VII
concludes the paper.

II. RELATED WORK

Demand side management methods have been deeply stud-
ied by the scientific community due to the numerous ad-
vantages achievable through this kind of mechanism [6].
In [7], a dynamic programming framework is proposed to
balance user’s comfort level and preferred lifestyle with the
goal of minimizing the electricity bill. A similar solution is
presented in [8], where an optimization model is proposed
which schedules the activities with the aim of minimizing en-
ergy costs and maximizing users comfort, taking into account
users requirements. Energy costs and users’ comfort are also
modeled in [9], which proposes a method to manage houses
energy consumption with the aim of optimizing a three-term
objective function, taking into account the overall energy cost,
the schedule deviation with reference to the user preferences
and the climate comfort. In this work, houses are assumed

to be equipped with photovoltaic (PV) generation and storage
resources.

Solutions [7]-[9] are based on a single-user approach in
which the energy plans of residential customers are individu-
ally and locally optimized. However, in order to obtain relevant
results, the energy management problem must not be applied
to single users but to groups of users (e.g., neighborhood or
micro-grids). For this reason, some solutions are proposed
in the literature to manage energy resources of groups of
customers. In [10], for example, the energy bill minimization
problem is applied to a group of cooperative residential users
equipped with PV panels and storage devices (i.e., electric
vehicle batteries). A global scale optimization method is also
proposed in [11], in which an algorithm is defined to control
domestic electricity and heat demand, as well as the generation
and storage of heat and electricity of a group of houses.
These multi-user solutions require some sort of centralized
coordination system run by the operator in order to collect all
energy requests and find the optimal solution. To this purpose,
a large flow of data must be transmitted through the Smart
Grid network, hence introducing scalability constraints and
requiring the definition of high-performance communication
protocols. Furthermore, the collection and transmission of
users’ metering data can introduce novel threats to customers’
security and privacy. Finally, the coordination system should
also verify that all customers comply with the optimal task
schedule, since the operator has no guarantee that any user
can gain, deviating unilaterally from the optimal solution.
For these reasons, some distributed DSM methods have been
proposed in which decisions are taken locally, directly by
the end consumer. In this case, Game Theory represents an
ideal framework to design DSM solutions. Specifically, in
[12] a distributed demand-side energy management system
among users is proposed. In this system, the users’ energy
consumption scheduling problem is formulated as a game,
where the players are the users and their strategies are the
daily schedules of their household appliances and loads. The
goal of the game is to either reduce the peak demand or the
energy bill of users. Game theory is also used in [13], in which
a distributed load management is defined to control the power
demand of users through dynamic pricing strategies. However,
in these works, a very simplified mathematical description is
used to model houses, which does not correspond to real use
cases.

In this paper we propose a DSM method, based on a game
theoretical approach, which overcomes the most important
limitations of the works proposed in the literature and de-
scribed above. Our DSM is a fully distributed system, in which
no centralized coordination is required, and only a limited
amount of data needs to be transmitted through the Smart
Grid. For these reasons, scalability, communication, privacy
and security issues are greatly mitigated. Moreover, a realistic
model of household contexts is provided. Specifically, a math-
ematical description of home devices is provided. Devices are
defined as non-preemptable activities characterized by specific
load consumption profiles, determined based on real data, and



are scheduled according to users’ preferences defined based
on real use-case scenarios. Finally, a parallel analysis be-
tween users’ and overall electric system performance achieved
through the proposed demand management mechanisms is
provided.

III. SYSTEM MODEL

The power scheduling system here proposed is designed
to manage the electric appliances of a group of residential
users consisting of H houses (e.g., a smart city neighborhood).
This system is used to schedule the energy plan of the whole
group of users over a 24-hour time horizon based on a fully
distributed approach, with the final goal of improving the
efficiency of the whole power grid by reducing the peak
demand of electricity, while still complying with users’ needs
and preferences. More specifically, in our model we represent
the daily time as a set 7 of time slots. Each householder !
h € H has a set of non-preemptive electric appliances, Ay,
that must be executed only once during the day. Specifically,
each appliance load profile is modeled as an ordered sequence
of phases, F, in which a certain amount of energy is con-
sumed. We assume that the consumption [,y of a device
a € Ap belonging to user h € H in each phase f € F is
an average of the real consumption of the device within the
time slot’s duration (see Figure 1, where 15-minute phases are
used).

Each device a € A;, of user h € H needs to run for dgy,
consecutive slots within a total of R, slots delimited by a
minimum starting time slot, ST, and a maximum ending
time slot, KTy, verifying the constrain ST, < ET,p — dap.
These two parameters, STy, and ET,, represent the users
preferences in starting each home device; they can be directly
provided by users or automatically obtained through learning
algorithms such as the one presented in [14]. In our model,
we consider two different kinds of devices:

o Shiftable appliances (e.g., washing machine, dishwasher):
they are manageable devices that must be scheduled and
executed only once during the day. In particular, for each
shiftable device a € Aj, of the householder h € H, the
minimum starting time and the maximum ending time
verify the constraint ST,, < ETy; — dup, hence their
scheduling is a variable of the model.

o Fixed appliances (e.g., light, TV): they are not manage-
able devices that must be executed only once during the
day. For each fixed device a € Aj, of the householder
h € H, the minimum starting time and the maximum
ending time verify the constraint STy, = ETy, — dan,
hence their scheduling is not a variable of the model and
cannot be optimized.

Devices scheduling is represented by x,x¢, Which are de-
fined for each activity a € A, of each user h € H,
and for each time slot ¢ € 7 they are equal to 1 if the
activity a starts in time slot ¢, 0 otherwise. z,;: associated
with shiftable appliances are variables of the problem, while

'In this paper, we use the terms householder and user interchangeably.

Washing Machine Load Profile
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Figure 1: Example of a load profile [, s of a washing machine.

those associated with fixed appliances are only parameters
and cannot be modified. In order to use home appliances,
householders can buy energy from the electricity retailer. In
particular, the amount of electricity bought by user h € H at
time ¢t € T is denoted by yp:. Let ¢;(-) denote the price of
electricity at time ¢ € 7. In our model, we suppose that ¢;(-)
is an increasing function of the total power demand, y;, of
the group of users H at time ¢. The objective of the power
scheduling system is to minimize the daily bill of each user, by
optimally scheduling house appliance activities and managing
the power exchange with the network. Intuitively, based on the
definition of the electricity price, by reducing the users’ bills,
the model is able to decrease the corresponding peak demand.

IV. POWER SCHEDULING GAME

We now describe the power scheduling game used to model
the fully distributed DSM system we propose in our paper. In
such scenario, each user h € H must decide when to use
his home appliances (i.e., the x5, values) and, consequently,
when to buy energy from the grid (i.e. yp;) in order to
minimize his bill. Since the energy price is defined as a
function of the total energy demand of the whole group of
users, the power scheduling problem cannot be solved with
a centralized model because of the conflict between users’
goals. For this reason, a distributed approach naturally arises,
where all decisions are made locally and directly by end
consumers. Specifically, in this paper we model the power
scheduling problem as a game, since game theory naturally
models interactions in distributed decision making processes.

In this regard, let us define the total price, P, paid by all cus-
tomers to the electricity retailer, as a function of T £ {Ip, }ren,
where the strategy of user h is I, £ {Zant faca,

PO =Y yn-cily) (D

heH teT

where yp,; is a function of x,,; and ¢; is a function of y,
that represents the total power demand of users at time ¢.



The following Theorem holds:

Theorem 1. The considered power scheduling game is a
potential game if c(y;) is convex with respect to y;, with P(I)
being the potential function. Specifically, if ci(y:) is linear
w.rt. yi, P(I) is the exact potential function, i.e.,

P(Iy,1-n) — P(In,1-n) = Po(In, 1) — Po(In,I-1n)
Vhe H, I ()
where Py (1) is the price of customer h paid to the operator

under the strategy profile Iy. If ci(y:) is strictly convex w.rt.
Yy, it holds that

Py, 1-4) > P(In,I-p) <= Py(I4,I-n) > Py(In, I_1)
VheH,In'  (3)

Due to the page limit, we do not detail the proof. The above
theorem readily implies the following corollaries.

Corollary 1 (Efficiency of Equilibrium). If ¢;(y:) is convex
w.r.t. y;, then the equilibrium also minimizes the total price
paid to the operator.

Corollary 2 (Convergence to Equilibrium). If ¢;(y;) is convex
w.rt. Yy, then the game has the Finite Improvement Property
(FIP). Any sequence of asynchronous improvement steps is
finite and converges to a pure equilibrium. Particularly, the
sequence of best response update converges to a pure equilib-
rium.

Potential games have nice properties, such as existence of
at least one pure Nash equilibrium, namely the strategy that
minimizes P(I). Furthermore, in such games, best response
dynamics always converges to a Nash equilibrium.

Hereafter we describe a simple implementation of best
response dynamics, which allows each householder to improve
his cost function in the proposed power scheduling game.
Such algorithm, detailed in the following, is the best re-
sponse strategy for a user v minimizing objective function (4),
> te7 (Ct - Ynt), assuming other users are not changing their
strategies.

Specifically, each customer, in an iterative fashion, defines
his optimal power scheduling strategy based on electricity
tariffs (calculated according to other players’ strategies) and
broadcasts his energy plan (i.e., his daily power demand
profile) to the group H. At every iteration, energy prices are
updated according to the last strategy profile and, as a conse-
quence, other users can decide to modify their consumption
scheduling by changing their strategy according to the new
tariffs. The iterative process is repeated until convergence is
reached. Once convergence is reached, householders’ power
scheduling and energy prices are fixed.

The best response mechanism is executed by solving, in
an iterative way, an optimization model. Specifically, at every
iteration and based on the energy demands of other users, this
model is used to optimally decide the power plan of the user
in charge of defining his energy demand at this step of the
iterative process, with the goal of minimizing his bill. The
optimization model that we have defined for the best response
mechanism is described in the following section.

We will show in the Numerical Results section that our
proposed algorithm converges, in few iterations, to a Nash
equilibrium.

V. SINGLE USER OPTIMIZATION MODEL

The single-house problem is modeled as a Mixed Integer
Nonlinear Programming (MINLP) model which determines,
for each residential user u (here called active user), his energy
plan, i.e., when to buy energy from the grid and when to start
the shiftable appliances based on the energy plan of the other
householders, with the final aim of minimizing his daily energy
bill.

OBJECTIVE FUNCTION

The goal of the problem is to minimize the daily electricity
bill of the active householder over a 24 hour time horizon
divided into |7| time slots, 7 being the set of such time slots.
To this end, we define the continuous non-negative variables
Yyt and ¢; representing, respectively, the amount of electricity
bought by active user u and the price of electricity in each
time slot ¢ € 7. The objective function can be modeled as:

min Z (¢t Yut) 4)

CONSTRAINTS
Appliances scheduling: The house appliance activities to
be executed by the user u are represented by the set A,. For
each activity a € A, binary variables x,,; have to be defined,
which are equal to 1 if the activity a starts in time slot ¢, and 0
otherwise. Such variables must satisfy two sets of constraints:

ET,—d,+1
LTaut = 1

Ya € A, 4)
t=ST,

VYae Ay, teT, feF:f<t
(6)
The first set of constraints guarantees that the activity a
starts in exactly one time slot and it is carried out in the
required interval (ST, ET,.,). The second set of constraints
forces the power required by each appliance in each time slot,
Datf to be equal to the load profile /4, of the phase carried
out in the considered time slot.

Power demand constraints: In every time slot ¢t € T, the
power demand y,; of the active householder must meet the
total power consumption of home appliances. For this reason
we define the following constraints:

Yut = Z Zpatf

acA, fEF

Patf = laufxau(t7f+1)

Vie T (7)

Moreover, in every time slot ¢t € T, the electricity bought
from the grid cannot exceed the Peak Power Limit (PPL)
defined by the retailer and denoted by 77 7L:

< 7.‘_PPL

Yut Ve T (8)



Electricity price constraints: The price of electricity ¢,
in each time slot ¢ € 7, is a linear increasing function of the
total power demand of the group of users H. In particular, it
is computed according to the following constraints:

Yut + Dt) Vte T &)

where p; is the total power demand of other householders
of the group H, cM!¥ is the minimum electricity price and s
is the slope of the cost function [15].

e = MIN 4 g(

VI. NUMERICAL RESULTS

This section presents the numerical results that illustrate the
validity of our proposed distributed DSM system to reduce the
peak demand of a group of residential neighbors.

We first describe the experimental methodology of our
simulations, then we analyze and discuss the performance
achieved by the proposed mechanism.

A. Experimental Methodology

In our simulations, we consider two typical residential
scenarios composed of identical houses with four and five
shiftable devices out of eleven realistically-modeled appli-
ances?, respectively. The basic domestic configuration and the
load profile consumption of each appliance have been defined
based on literature data relevant to the Italian standard user
obtained in the project MICENE carried on at Politecnico di
Milano [15]. We vary the number of houses in the range [1, 5]
to assess the performance of the proposed DSM system when
the competition increases.

In order to evaluate the effect of the scheduling flexibility on
users bills and the efficiency of the electrical grid, we consider
three different scenarios, where residential users have (1) no
flexibility, (2) tight and (3) loose temporal constraints on the
execution of shiftable devices. Specifically, for each appliance
we fix different bounds both on the starting and ending time
(i.e., ST, and ET,), thus modeling the interval during which
the user is willing to use its shiftable devices. We consider a
set 7 of 24 time slots of 1 hour each.

Concerning the electricity prices, we fix the minimum
electricity price ¢V = 50 x 1076 € and the slope
of the cost function s = 4 x 1078 €/kWh, according to
the data gathered in the project [15].

In order to gauge the performance of the proposed DSM
system, we measured the following performance metrics:

e Social Welfare: defined as the sum of users utility,

> hey Un- Note that this value represents the electricity
bill of the group of houses.

o Fuirness: we consider the Jain’s Fairness Index
(JFI) [16], defined according to Equation (10):
2
Jain’s Fairness Index = M (10)
]2 hew un

The Jain’s Fairness Index measures the spread of the
price paid by users, and it varies from 1/|%| (no fairness)
to 1 (perfect fairness).

2Namely, Refrigerator, Purifier, Lights, Microwave Oven, Oven, TV, Iron,
Washing machine, Dishwasher, Boiler, Vacuum Cleaner

B. Performance Evaluation

Figures 2(a) and 2(b) show the Social Welfare achieved
by the proposed DSM system as a function of the number
of houses participating in the power scheduling game. As
illustrated in the figures, users always benefit from higher
flexibility. Indeed, long scheduling intervals for shiftable appli-
ances (curves identified by “Long” in the figures) result always
in cheaper scheduling plans than those obtained with short
and fixed intervals (curves identified by “Short” and “Fix”,
respectively), since the distributed DSM system can explore a
larger solution space.

It can be further observed that increasing the number of
shiftable devices (from 4 to 5 out of 11) does not permit to
reduce significantly the electricity bill when users have thigh
constraints on the starting and ending time of their appliances.

We underline that all houses pay an equal share of the
electricity bill illustrated in Figures 2(a) and 2(b). Indeed, the
Jain’s Fairness Index, which we do not show for the sake of
brevity, is always very close to 1. Finally, we observe that,
throughout all our tests, convergence to the equilibrium is
achieved within 5 iterations in the worst case, and in the large
majority of the scenarios within only less than 2.

[-+Fix &Short = Long|
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Figure 2: Social Welfare considering four (a) and five (b)
shiftable appliances for each house.

In Figure 3, the overall electricity demand resulting from
the proposed method, in the case of a five-house group, is
compared to that of an unmanaged group of residential users.
As illustrated in Figure 3(b), in addition to decreasing the



electricity bill, the proposed distributed DSM system reduces
the energy demand during peak hours (i.e. high-price hours)
up to 20% without any centralized coordination among users.
Note, however, that a significant energy peak reduction can be
obtained when users have loose temporal constraints on the
execution of their devices (i.e., a high degree of flexibility).
Indeed, as illustrated in Figure 3(a), when only 4 out of 11
devices are shiftable, the peak reduction is negligible (the
curves Short Flexibility and No Flexibility are overlapped).
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Figure 3: Electricity demand for five houses with four (a) and
five (b) shiftable appliances, respectively.

VII. CONCLUSIONS

In this paper, we tackled a fundamental problem that has
recently emerged in electric systems, namely the peak ab-
sorption in the power demand, which arises due to the high
correlation among energy demands of residential customers.
To solve this issue, we proposed a novel, fully distributed
Demand Side Management (DSM) system aimed at reducing
the peak demand of a group of residential users.

We modeled our system using a game theoretical approach,
where the players are the end customers, the set of strategies
is their daily energy demand, and the objective function
the customers aim at minimizing is their daily electricity
bill. We demonstrated that the proposed game is potential,
and in particular exactly potential when the pricing scheme
imposed by the energy retailer is linear in the total demand

of customers. For this reason, we proposed a best response
dynamics mechanisms which converges in few steps to effi-
cient Nash equilibrium solutions. Numerical results, obtained
using realistic load profiles and appliance models demonstrate
that residential users can minimize their electricity bill in a
completely distributed fashion and reduce the peak absorption
of the entire system.
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