) ) (© Birkhsuser Verlag, Basel, 2003
Annals of Combinatorics 7 (2003) 1-e e e

0218-0006/03/030001-11 | Annals of Combinatorics

Diagonal Basesin Orlik-Solomon Type Algebras

Raul Cordovill* and David Forge?'

lDepartamento de Matematica, Instituto Superior Técnico, Av. Rovisco Pais, 1049-001 Lisboa,
Portugal
cordovil@math.ist.utl.pt

2|_aboratoire de Recherche en Informatique, Batiment 490, Université Paris Sud
91405 Orsay Cedex, France
forge@lri.fr

Received June 13, 2002
AMS Subject Classification: 52C35, 05B35, 14F40

Abstract. To encode an important property of the “no broken circuit bases” of the Orlik-
Solomon-Terao algebras, Andras Szenes has introduced a particular type of bases, the so called
“diagonal basis.” We prove that this definition extends naturally to a large class of algebras, the
so called x-algebras. Our definitions make also use of an “iterative residue formula” based on the
matroidal operation of contraction. This formula can be seen as the combinatorial analogue of
an iterative residue formula introduced by Szenes. As an application we deduce nice formulas to
express a pure element in a diagonal basis.
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1. Introduction

We denote by M = M ([n]) a matroid of rank r on the ground set [n] := {1, 2,..., n}.
Let V be a vector space of dimension d over some field K. A (central) arrangement (of
hyperplanes) in V, 4x = {Hs,..., Hn}, is a finite listed set of codimension one vector
subspaces. Given an arrangement 4x, we suppose always fixed a family of linear forms
{8, €V*: Hi € Ax, Ker(By,) = H; }, where V* denotes the dual space of V. We denote
by L(4x) the intersection lattice of 4x: i.e., the set of intersections of hyperplanes in
Ay, partially ordered by reverse inclusion. There is a matroid /M (4x) on the ground
set [n] determined by Ax: a subset D C [n] is a dependent set of M (k) iff there are
scalars i € K, i € D, not all nulls, such that ¥icp ¢iBn, = 0. A circuit is a minimal
dependent set with respect to inclusion.

If K is an ordered field, an additional structure is obtained: to every circuit C,
YicciBH, = 0, we associate a partition (determined up to a factor +1) C™ = {i
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C: i >0},C ={ieC: ¢ <0}. With this new structure M (A4x) is said a (realizable)
oriented matroid and denoted by M (4k). Set M (k) = M (4k). Oriented matroids
on a ground set [n], denoted M ([n]), are a very natural mathematical concept and can
be seen as the theory of generalized hyperplane arrangements, see [2].

Set M(Ax) =V \ Unea, H- The manifold M(Ac) plays an important role in the
Aomoto-Gelfand theory of multidimensional hypergeometric functions (see [14] for a
recent introduction from the point of view of arrangement theory). Let K be a commu-
tative ring. In [10-12] the determination of the cohomology K-algebra H* (9t(4c); K)
from the matroid M (A4c) is accomplished by first defining the Orlik-Solomon K-algebra
OS(Ac) in terms of generators and relators which depends only on the matroid M (Ac),
and then by showing that this algebra is isomorphic to H*(Dﬁ(ﬂc); K). The Orlik-
Solomon algebras have been then intensively studied. Descriptions of developments
from the early 1980’s to the end of 1999, together with the contributions of many au-
thors, can be found in [8, 19].

Aomoto suggested the study of the (graded) K-vector space AO(4x ), generated by
the basis {Q(B)~1}, where I is an independent set of M (4x), B := {Hi € 4x: i €1},
and Q(Bi) = [icl 61; denotes the corresponding defining polynomial. To answer to
a conjecture of Aomoto, Orlik and Terao have introduced in [13] a commutative K-
algebra, OT(A4x), isomorphic to AO(Ax) as a graded K-vector space in terms of the
equations {6y : H € 4k }.

A “combinatorial analogue” of the algebra of Orlik-Terao was introduced in [7]:
to every oriented matroid M was associated a commutative Z-algebra, denoted by
A(M).

Here we consider a large class of algebras, the so called x-algebras, that contain the
three just mentioned algebras: Orlik-Solomon, Orlik-Terao and the algebras Ay (M),
see [9] or Definition 2.1 below. Following Szenes [15], we define a particular type
of bases of 4y, the so called “diagonal basis”, see Definition 2.7. There is a natural
example of these bases, the “no circuit basis”. We construct the dual bases of these
bases, see Theorem 2.8. Our definitions make also use of an “iterative residue formula”
based on the matroidal operation of contraction, see Equation (2.6). This formula can
be seen as the combinatorial analogue of an iterative residue formula introduced by
Szenes, [15]. As applications we deduce nice formulas to express a pure element in a
diagonal basis. We prove also that the x-algebras verify a splitting short exact sequence,
see Theorem 2.5. This theorem generalizes for the x-algebras previous similar theorems
of [7,12].

We use [17,18] as a general reference in matroid theory. We refer to [2] and [12]
for good sources of the theory of oriented matroids and arrangements of hyperplanes,
respectively.

2. Diagonal bases

Let INDy(M) C ([2‘]) be the family of independent sets of cardinal ¢ of the matroid
M and set IND(M) = Uyen IND(M). We denote by € = &€(M) the set of circuits
of M. For shortening of the notation the singleton set {x} is denoted by x. When
the smallest element o of a circuit C, |C| > 1, is deleted, the remaining set, C\ a, is
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said to be a broken circuit. (Note that our definition is slightly different of the stan-
dard one. In the standard definition C \ a can be empty.) A no broken circuit set of
a matroid M is an independent subset of [n] which does not contain any broken cir-
cuit. Let NBC/(M) C ([2]) be the set of the no broken circuit sets of cardinal ¢ of 2.
Set NBC(M) = sy NBC(M). We denote by L(M) the lattice of flats of 2. (We
remark that the lattice map @: L(Ax) — L(M (4x)), determined by the one-to-one cor-
respondence @ : Hi «—— {i},i=1,... n,isalattice isomorphism.) For an independent
set |, let /(1) be the closure of I in 2.

FixasetE ={e1,...,en}. Let E=K® E1 @ --- ® E, be the graded algebra over
the field K generated by the elements 1, e1,..., e, and satisfying the relations ei2 =0
for all e € E and ej -& = [ jei -ej with B j € K\ 0 for all i < j. Both the exte-
rior algebra (take (i ; = —1) and the commutative algebra with squares zero (take
Bi,j = 1) are such algebras and will be the only ones to be used in the examples.
Let X = (ig(1), ig(2), - +» lgm)), O € Gm, denote the ordered set ig1y < -+ < ig(m)-
When necessary we see the set X = {iy, ..., im}, as the ordered set X'd, Set X9\ x :=
(io(l), e X Io(m)) IfYP= (JB(J—)’ R jB(m)) and XNY =0, set X9 Y P the concate-
nation (ig(1),-- -, ig(m), Jg(1)s---» Jgr))- In the sequel we will denote by ex the (pure)
element ej, e, - - - &, of Z. Fix a mapping X: 2 — K. Let us also define x for ordered
sets by x(X°) = sgn(o)x(X), where sgn(o) denotes the sign of the permutation o.

The x-boundary of an element ex € E is given by the equation

m

Oex = Z (=1)PX(X\lip)exyy-
p=1

We extend 0 to Z by linearity. It is easy to see that for o € & x| we have

3

dex =sgn(0) 3 (—=1)PX (X% \i(p))exiigp:
p=1

and also forany x ¢ X,
m
+oexux = (—1)™ X (X)ex + 3 (—=1)PX(X \ip*X)exyipx:
p=1

Given an independent set |, an elementa € c£(1)\ I is said active in | if a is the minimal
element of the unique circuit contained in | Ua. We say that a subset U C [n] is a unide-
pendent of 4/, if it contains a unique circuit, denoted C(U ). Note that U is unidepen-
dent iff rk(U) = |U| — 1. We say that a unidependent set U is an inactive unidependent
if minC(U) is the minimal active element of U \ minC(U). Let us remark that U is a
unidependent of 9 iff for some (or every) x € U, rk(x) # 0, U \ x is a unidependent of
M /x.

Definition 2.1. [9] Let Oy (M) be the (right) ideal of E generated by the X-boundaries
{dec: C € €(M),|C| > 1} and the set {ej: {i} € €(M)}. We say that Ay (M) :=
E/Ox (M) is a x-algebra if x satisfies the following two properties:

(UC1) x(I) # 0if and only if | is independent.
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(UC2) For any two unidependentsU and U’ of M with U’ c U there is a scalar & u €
K\ 0, such that dey = ¢, ,, (9eyr)ey\u-

Remark 2.1. From (UC2) we conclude that Oy (9') has the basis
{ep: D dependent of M} U{dey : U inactive unidependent of M },

and that nbc := {[1],: 1 € NBC(M)} is a basis of the vector space A = Ay (M). This
fundamental property was first discovered for the Orlik-Solomon algebras [12], and
then also for other classes of x-algebras, see [7,13] and the following example for more
details. Note also that this implies that [X]4 # 0 iff X is an independent set of M.

Example 2.1. [9] Recall the three usual X-algebras. Let E be the graded algebra over
the field K generated by the elements 1, e1,..., e, and satisfying the relations ei2 =0
forall ej € E and ej -ej = 3 jei - &) where 3j j denotes a non null scalar fixed for every
pairi < j.

o Let E be the exterior algebra (taking i, j = —1). Setting x(1°) = sgn(o) for every
independent set | of a matroid 2 and every permutation o € &;|, we obtain the
Orlik-Solomon algebra, OS(M).

o Let gx = {Hi: Hi = Ker(6;),i =1,2,...,n} be a hyperplane arrangement and
M (Ax) its associated matroid. For every flat F := {f1,..., fx} C [n] of M (k)
we choose a basis B of the vector subspace of (K9)* generated by {6y, ..., 85, }.
By taking for Z the free commutative algebra with squares null (taking 3; j = 1) and
taking for any {is,...,i¢} =1 € INDy, X(I)=det(6;,...,6;,), where the vectors
are expressed in the basis B¢(j), we obtain the algebra OT(Ax ), defined in [13].

o Let M([n]) be an oriented matroid. For every flat F of AM([n]), we choose (de-
termined up to a factor +1) a basis signature in the restriction of M([n]) to F. We
define a signature of the independents of an oriented matroid M ([n]) as a mapping,
sgn: IND(M) — {£1}, where sgn(l) is equal to the basis signature of | in the re-
striction of M ([n]) to c/(l). By taking for  the free commutative algebra over the
rational field Q with squares zero (take (i ; = 1) and taking x(I) = sgn(l) (resp.
X(X) = 0) for every independent (resp. dependent) set of the matroid, we obtain
the algebra A(M) @z Q, where A(M) denotes the Z-algebra defined in [7].

For every X C [n], we denote by [X]4 or shortly by ex when no confusion will
result, the residue class in Ay () determined by the element ex. Since Oy () is a ho-
mogeneous ideal, Ay (M) inherits a grading from £. More precisely we have Ay (M) =
K®A1®---® A, where Ay = £/ E,N Oy (M) denotes the subspace of Ay (M) gen-
erated by the elements {[1]4: | € INDy(M)}. Setnbc, := {[l]s: | € NBC/(M)} and
nbc := |J,_onbc,. From Remark 2.1 we conclude that nbc, is a basis of the vector
space Ay.

Proposition 2.2. Let Ay (M) be a x-algebra. For any non loop element x of A ([n]),
we define the two maps:

Xark: 2" =K by Xanx()=x(1), and (2.1)

Xar: 2K by Xag (1) = X(1#x). (2.2)
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Then AXM/X(:M/X) and AXM\X(:M\X) are x-algebras.

Proof. The deletion case being trivial, we will just prove the contraction case. We have
to show that X 4,/ Verifies properties (UC1) and (UC2). The first property is verified
since a set | is independentin M /x iff I Ux is independent in 4. To see that the second
property is also verified, let U and U’ be two unidependents of 9/ /x (iff U Ux and
U"Ux are two unidependents of ). We know that deyux = €, .., (08urux)€u\U' -
We denote 0 the boundary defined by Xar/x and so we will show that there is a scalar

€, such that d'ey = ¢, ,(0'eyr)ey\ur- Let X, X C [n] be two disjoint subsets then

exex: = By ,,exux’, where BXX, = Meex.ejex.i>j Bi,j- We have with U = (i1y..yim)
andVU’ = (j1,..., jk):
m
+oeuux =Y (—1)PX(U \ip*x)eyuni, + (=)™ X (U)eu,
p=1

m

deu = 3 (—1)Px(U \ip*x)eyy,,
p=1
K

+ (Geurux)eu\ur = Z (=1)PX(U"\ jp* X)BU,UX\jp,U\U/equ\jp
p=1

+ (—1)k+lX(U/)I3U/,U\U/eU7

k

(@euenur = Y (=1)Px(U"\ jp= X)Byr o unu U jp-
=1

-1 —
U/UX\jp‘U\U/BU/\jp‘U\U/ - BX,U\U’

/ 1 —
U'U/(a eU/)eU\U/ with 8qu.u/ux = isU'U,Bxyu\U/. [ |

After remarking that 3
deduce that d'ey = ¢

does not depend on jp, we can

Proposition 2.3. For every non loop element x of 24 ([n]), there is a unique monomor-
phism of vector spaces, ix: A(M \ x) — A(M), such that, for every | € IND(M \ x),
we have ix(e;) =ey.

Proof. By a reordering of the elements of the matroid 9/ we can suppose that x = n. It
is clear that

NBC(M \x) = {X: X C[n—1] and X € NBC(M)}.
So the proposition is a consequence of Equation (2.1). |

Proposition 2.4. For every non loop element x of M ([n]), there is a unique epimor-
phism of vector spaces, px: A(M) — A(M /x), such that, for every e;, | € IND(M),
we have

(5,‘|\X7 ifxe |7
px(e)) = Xé:g;g eny, ifthereisye I paralleltox, (2.3)

X
0 otherwise.

)
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Proof. From Remark 2.1, it is enough to prove that px(dey) = 0, for all unidependent
U = (i1,..., im). We recall that if x € U then U \ x is a unidependent set of M /x. There
are only the following four cases:

o If U contains x but no y parallel to x then:

Epx(0e0) = px((1™XU\Xewyt Y (~1)PXU\ {ip, X} X)euyy,))

ipeU\x

= 3 (LPXU\ {ip, X} *X)eu G =0
ipeU\x

from Proposition 2.2.

o IfU does not contain x but a y parallel to x then:

px(@e0) = px((1D™XU\Vewy+ Y (~1PXU\{ip, v} #Y)euy,)
ipeU\y

XU\ {ip, X} #%)

= 5 (=DPxU\{ip, y}*y)meU\{ip,y}:O

ipeU\y
like previously since U \ y is again a unidependent of %/ /x.

o IfU contains x and a y parallel to x then:
= pu(Peu) = px (XU \ X, v} #¥)eu— XU\ {x, v} X)euy )

= XU\ {xy} *y)%eu\{w} = XU\ X, ¥} *X)eu) x v

=0.
o IfU does not contain x nor a y parallel to x then:

pe0eu) = (3 (DX \ipeuy,) =0 '

ipc

Theorem 2.5. For every element x of a simple 94 ([n]), there is a splitting short exact
sequence of vector spaces

0 — A(M\ X) 5 A(M) 25 A(M /x) — 0. (2.4)

Proof. From the definitions we know that py o ix is the null map, so Im(ix) C Ker(py).
We will prove the equality dim(Ker(pn)) = dim(Im(in)). By a reordering of the ele-
ments of [n] we can suppose that x = n. The minimal broken circuits of M /n are the
minimal sets X such that either X or X U{n} is a broken circuit of 2 (see [5, Proposi-
tion 3.2.€]). Then

NBC(M /n) = {X: X C[n—1] and XU {n} € NBC(M)} and
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NBC(M) =NBC(M \n)[H {Iun: 1 € NBC(M /n)}. (2.5)
So dim(Ker(pn)) = dim(Im(in)). There is a morphism of modules
pott A(M/n) — A, where o ([1aar/m) = [1UN]s, VI € NBC(M/n).

It is clear that ppno p;? is the identity map. From Equation (2.5) we conclude that the
exact sequence (2.4) splits. |

Similarly to [15] (see also [4]), we now construct, making use of iterated contrac-
tions, the dual basis nbc’, = (b;") of the basis nbc, = (b;). More precisely nbc} is the
basis of A; the vector space of the linear forms such that b;(bj) = &jj (the Kronecker
delta).

We associate to the ordered independent set 1° := (ig(1), .- -, ig(p)) OF M the linear
formon Ay, pio: Ay — K|

Plo=Pe_ oPe , 0 OPq . (2.6)
We call p|o the iterated residue with respect to the ordered independent set 1°. (It is
clear that the map p|o depends on the order chosen on 1 and not only on the underlying
set 1.) We associate to 19 the flag of flats of 2/,

Flag(1°) := c¢({ig(p}) S ¢t({iop):op-1}) S -+~ S CA(1)-

Proposition 2.6. LetJ € IND, (M) then we have p|s(e3) # 0 iff there is a unique per-
mutation T € &, such that Flag(J') = Flag(I°). And in this case we have pjs(e;) =
X(19)/x(3Y). In particular we have p;o(e;) = 1 for any independent set | and any per-
mutation o.

Proof. The first equivalence is very easy to prove in both direction. To obtain the
expression of pjo(e;) we just need to iterate ¢ times the residue. This gives:
X\ Jr(e) *o(e)) y X\ A{bee)s Jue—1)} *ioe—1) * ioe))
X\ Jrey % Jrey)  XQO\ ey Jre-1)} * Jre-1) *o(e)
x(1°)
X(Jr() 19 \ig(2))

pio(ey) =

After simplification we obtain the announced formula. And finally the last result comes
from the fact that if | = J then clearly T = ©. |

Remark 2.2. The fact that pjo(ey) is null depends on the permutation o. For exam-
ple, for any simple matroid of rank 2 we have pi3(e12) = 0 and ps1(e12) # 0. But if
pio(ey) # 0 then its value does not depend on 6. We mean by this that if there are two
permutations ¢ and o’ such that p;o(e3) # 0 and po(€3) #0then pio(ey) = po (€).

Definition 2.7. [15] We say that the subset I, C {[l]s: | € INDy(M)} is a diagonal
basis of A, if and only if the following three conditions hold:

(2.7.1) Forevery [l]a € I, there is a fixed permutation of the set | denoted o, € &y;
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(2.7.2) ‘]I[| > dim(Ag);
(2.7.3) Forevery [l], [J]a € Iy and every permutation T € &, the equality Flag(J") =
Flag(19') implies J = 1.

Theorem 2.8. Suppose that I, is a diagonal basis of A,. Then I, is a basis of A, and
I} == {pyor : [l]a €L} is the dual basis of I,.

Proof. Pick two elements [1]4, [J]a € I,. Note that p,q (e3) = 85 (the Kronecker delta),
from condition (2.7.2) and Proposition 2.6. The elements of I, are linearly indepen-
dent: suppose that [J] = 5 {j[1;], {j € K\ 0; then 1 = p3o ([J]) = p3os (3 [1j]) =0, a
contradiction. It is also clear that I} is the dual basis of I,. 1

The following result gives an interesting explanation of results of [6] and [7].

Corollary 2.9. nbc,(9) is a diagonal basis of A, where g is the identity for every
[l]a € nbey(M). For a given [J]a € Ay, suppose that

(2.9.2) Jla=3¢&(,I)[1]4, where [I]4 € nbc, (M) and &(I, J) € K.

Then the following two statements are equivalent:

o &(I,J) #0,

o Flag(l) = Flag(J") for some permutation T.

If&(1,J) # 0 we have &(1,J) = xX((JIT))' In particular, if A is the Orlik-Solomon algebra
then &(1, J) = sgn(1).

Proof. By hypothesis (2.7.1) and (2.7.2) are true. We claim that nbc,(M) verifies
(2.7.3). Suppose for a contradictionthat J # 1, [J] 4, [I]a € nbe, (M) and thereis T € &,
such that Flag (J%) = Flag(l). Set I = (iy, ..., i¢) and J = (jy(a),-- -, Jr(¢)), and suppose
that je(my1) = ime1,-- -, Jre) = e @nd im # jy(m)- Then there is a circuit C of M such
that

im7 jr(m) S C C {im7 j'l'(m)v im+17 im+2, R I/}

If je(m) <im [resp. im < jrm] we conclude that | ¢ NBC,(M) [resp. J ¢ NBC,(M)] a
contradiction. So nbc, (/) is a diagonal basis of A,.

From Theorem 2.8 we conclude that nbc; := {p;: [I]s € nbc} is the dual basis
of nbc. Suppose now that [J]a = S &[l]a, where [I]a € nbc,(M) and & € k. Then
& = pi(ey) and the remaining follows from Proposition 2.6. |

Making full use of the matroidal notion of iterated residue, see Equation (2.6), we
are able to prove the following result very close to [16, Proposition 2.1].

Proposition 2.10. Consider the set of vectors ¥ := {vy,..., vk} in the plane x4 = 1 of
K. Set 4k := {Hi: Hi = Ker(vi) C (K%)*,i=1,...,k} and let OT(4x) be its Orlik-
Terao corresponding algebra. Fix a diagonal basis I, C {[l]a: | € IND;(M)} of A,
and letI; = {pyo : [I]a €I} be the corresponding dual basis. Then, for anyej € A,\0,

we have
pioi(8g) = Z (pror, e5) =1.
el el
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Proof. We have for any ¢+ 1-subset of 7/, z’;;ll(fl)px(u \'ip) = 0. (This is the
development of a determinant with two lines of 1.) For any rank ¢ unidependent
U = {i1,..., igr1} of the matroid M (Ax ), we have

(+1
deu = 3 (—1)Px(U \ipleu,-
=1

Since the sum of the coefficients in these relations is 0 and that these relations are
generating, see Remark 2.1, we can deduce that the sum of the coefficients in any
relation in OT (4x) is also equal to 0 which concludes the proof. |

Example 2.2. Consider the 6 points p1,..., ps in the affine plane z = 1 of R®, whose
coordinates are indicated in Figure 1. Setv; := (0, pi), i=1,...,6. And let 4 be the
corresponding arrangement of (R%)*, 4 := {H; = Ker(v;),i = 1,...,6}. Let M (A)
[resp. M ()] be the corresponding rank three [resp. oriented] matroid.

(01 11 1) P3

Ps
(3,0,1)  (1,0,1)

Figure 1.

Let Ay be a x-algebra on M (). We know that

nbcs = {e124, €125, €126, €134, €135, €136 }

together with 0124 = 0125 = G134 = 0135 = O135 = O156 = id is a diagonal basis of Az,
from Corollary 2.9. Directly from the Definition 2.7 we see that B3 = {e124, €125, €134,
€135, €136, €156 } With 0124 = 0134 = 0135 = 0136 = 0156 = id and 0105 = (132) is also
a diagonal basis of A3. We will look at expression on the basis nbcs (resp. B3) of
the vector space Az, of some elements of the type eg, B basis of M (1), for the three
x-algebras of Example 2.1. Especially, one can verify as stated in Remark 2.2 that
P1o5id (B235) = P1,5(132) (€235). Let us also point out that for the Orlik-Terao algebra, we
have < pio(e3) = 1 as proved in Proposition 2.10.

o Consider the basis nbcs of the K-vector space A3. So we have:

235 = S0N(325)e125 +5gn(235)e135 = —€125 + €135 in OS(M(A4)),
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det(125) o det(135)
det(325) %

€235 = (125))((325)6125 +X(l35)x(235)8135 = —eqps+e3s in A(M(ﬂ)),

— —e1ps+ 20135 in OT
det(235)e135 e1o5+2e135 in OT(A4),

€235 =

€156 = Sgn 65)6125 + Sgn(156)8126 = —e125 + €126 in OS(M( ))7
det(125) . det(126) 3 1
T oMl oT
®1% = Ge t( 165) ah det(156) €126 = 5€125 — 5€126 N (a),

€156 = X(125)X(165)6125 +X(126)X(156)6126 =195 — €126 IN A(M(ﬂ))
o Consider now the basis 23 of the K-vector space As. So we have:
€235 = SgN(152)sgn(352)e125 +5gn(235)e135 = —€125 + €135 i OS(M(A)),

o, _ Jet(152) +det(135)e B
257 det(352) 2 det(235)

€235 = (152))((352)6125 + X(135)X(235)6135 = —€125+ €135 in A(./\/l(z"zl))7

—eips+2e135 in OT(A4),

e126 = Sgn(162)sgn(152)e125 +sgn(126)e1s6 = €125+ €156 IN OS(M(A4)),
_det(152) o det(156) .
€126 = 1 t(162) det(126) €156 = 3€105 — 2€156 in OT(A),

€126 = X(152)X(162)8125 + X(156)X(126)6156 = €125 — €156 in A(M(ﬂ))
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