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ABSTRACT. A gain graph is a graph whose edges are labelled invertibly from a group. A weighted
gain graph is a gain graph with vertex weights from a semigroup, where the gain group is lattice
ordered and acts on the weight semigroup. For weighted gain graphs we establish basic properties
and we present general dichromatic and tree-expansion polynomials that are Tutte invariants (they
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with positive integer weights, and that of rooted integral gain graphs by Forge and Zaslavsky. It
is unusual in sometimes having uncountably many variables, in contrast to other known Tutte
invariants that have at most countably many variables, and in not being itself a universal Tutte
invariant of weighted gain graphs; that remains to be found.

An evaluation of our polynomial counts proper colorations of the gain graph when the vertex
weights are lists of permissible colors from a color set with a gain-group action. When the gain
group is Z¢, the lists are order ideals in the integer lattice Z¢, and there are specified upper bounds
on the colors, then there is a formula for the number of bounded proper colorations that is a
piecewise polynomial function, of degree d|V|, of the upper bounds. This example leads to graph-
theoretical formulas for the number of integer lattice points in an orthotope but outside a finite
number of affinographic hyperplanes, and for the number of n x d integral matrices that lie between
two specified matrices but not in any of certain subspaces defined by simple row equations.
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1. INTRODUCTION

1.1. Weights, gains, and dichromatics. In 1999 Noble and Welsh introduced a dichro-
matic polynomial of graphs whose vertices are weighted by positive integers. The weights
add during contraction, so that when an edge is contracted the new vertex weight is the
sum of the endpoint weights of the edge. Having defined contraction they could formulate
a deletion-contraction reduction formula for their polynomial, and they found the gratifying
fact that the polynomial is a universal Tutte invariant. Curiously, it has infinitely many
variables, one for each positive integer.

A few years later in [5] we introduced weighted integral gain graphs, which can be regarded
as graphs whose edges are orientably labelled by integers, called the gains of the edges
(orientability means that the gain negates if the edge is reoriented), and whose vertices are
assigned integer weights which combine under contraction by taking the maximum (after

an adjustment). These graphs were suggested by a problem of counting lattice points.
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Reinterpreting the lattice points as proper colorations of a weighted integral gain graph
led us to a chromatic function (not quite a polynomial) that counts proper colorations of
the graph. Subsequently we discovered that our chromatic function is an evaluation of a
dichromatic polynomial that has infinitely many variables (one for each integer) and satisfies
Tutte invariance, though it is not universal.

When we learned of Noble and Welsh’s work we noticed that both their and our graphs
have weights taken from an abelian semigroup (the positive integers with addition, or all
integers with maximization), and in our case there is an action of Z, the group from which
the gains are drawn, on the weight semigroup. In this paper we present a vast common
generalization, in which the edges are labelled by a gain group that is lattice-ordered and
acts upon an abelian weight semigroup; furthermore, there is a color filter that restricts the
colors at each vertex, so that the number of proper colorations is a function of the choice of
filter. Then there is a dichromatic polynomial with one variable for each potential weight,
and in examples where we can define a proper coloration, the number of proper colorations,
while not a polynomial itself, is an evaluation of the dichromatic polynomial.

With this machinery we extend our prior work on integral gain graphs.

First, taking the weight semigroup to be the class of order ideals in the integer lattice Z¢
with the semigroup operation of set union and with the translation action of the additive
gain group Z¢ (Section 5.3) leads to a new definition of proper colorations of the gain graph;
these colorations correspond to lattice points in Z4Y! and can be counted in terms of the
dichromatic polynomial.

Second, letting the weight semigroup be the class of sets of integers that are bounded
below, we count integral proper list colorations of the gain graph (Section 5.2).

Finally, an integral orthotope is a rectangular parallelepiped whose edges are parallel to the
coordinate axes and whose vertices have integer coordinates. An affinographic hyperplane is
a hyperplane of the form x; = x; +a. Letting the weight semigroup be Z with maximization,
and letting the color filter be an interval (—oo, M) in Z", we obtain a formula (Theorem 1.1)
for the number of integer points that lie in an integral orthotope but are not contained in
any of a given arrangement (a finite set) of affinographic hyperplanes. This improves on [5],
which dealt only with the case of a hypercube. We also get several generalizations of this
result (see Theorem 1.2 and Section 5.4).

A brief outline is that, after introductory details, we discuss weighted gain graphs in
Section 2, our new dichromatic polynomial in Section 3 and a Tutte-style tree expansion of
it in Section 4, colorations in Section 5, weights without gains in Section 6, and in the last
section some ideas about further development of the theory.

1.2. Tutte invariance. A function defined on objects O, such as graphs or matroids, having
a ground set and operations of deletion and contraction of ground-set elements, is a Tutte
inwvariant if it satisfies the three conditions:

(A) Additivity: For every non-detachable element e, f(O) = f(O \ e) + f(O/e).
(M) Multiplicativity: The value of f on O is the product of its values on the components
of O.
(I) Invariance: If O and O are isomorphic, then f(O) = f(O’).
(U) Unitarity: f equals 1 on trivial objects.

The definitions of isomorphism, of components, of detachable element, and of triviality

depend on the kind of object under consideration.
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The most popular Tutte invariants have been those of graphs in which one takes a compo-
nent to be a block and the detachable elements to be the loops and isthmi; edgeless graphs
are trivial objects. These invariants are Tutte invariants of graphic matroids, and they ex-
tend to all matroids. Examples are the number of bases or maximal forests, the characteristic
or chromatic polynomial (modulo a normalization), and the Tutte polynomial, a 2-variable
polynomial Tp(z,y) that is not only a Tutte invariant but is universal: every other Tutte
invariant is obtained from the Tutte polynomial by fixing values for  and y. This kind of
Tutte invariant of graphs was discovered by Tutte [10] and extended to matroids by Crapo
[3]; universality on graphs is due to Tutte [10] and on matroids to Brylawski [1]. The polyno-
mial arises from graphs by taking a component to be a block and the detachable elements to
be the loops and isthmi. The trivial object is the empty matroid, corresponding to edgeless
graphs.

A different kind of Tutte invariant of graphs appears if we take components to be con-
nected components, the detachable elements to be the loops, and the empty graph to be
trivial. (Tutte called these invariants V' -functions.) For these Tutte invariants there is also
a universal Tutte-invariant polynomial; this one has infinitely many variables, one for each
nonnegative integer [10, 12].

In Noble and Welsh’s weighted ordinary graphs the detachable elements are loops, com-
ponents are connected components, and the empty graph is trivial. Once again, there is a
universal Tutte-invariant polynomial with countably infinitely many variables, which they
call Wg(xq,22,...,9).

In the weighted integral gain graphs of [5] the detachable elements are also loops, compo-
nents are connected components, and the empty graph is trivial. We found that the function
counting proper colorations is a Tutte invariant, but it is far from universal.

1.3. Something new. Our new objects are weighted gain graphs. The edges are orientably
labelled from a group and the vertices are weighted from a semigroup. There is a total dichro-
matic polynomial in which, in effect, the coloop variable x of the classical Tutte polynomial
splits into a number of variables indexed by the semigroup. (Our polynomial is not strictly a
Tutte polynomial but is a refinement and generalization of the two dichromatic polynomials
of a gain graph [15, Section I11.3], which in turn were based on Tutte’s dichromatic polyno-
mial of a graph [11].) The actual number of variables may be uncountably infinite, even in
an interesting combinatorial problem (see the end of Section 5.3 in particular). We believe
such a plethora of variables has never before been observed.

Our polynomial falls short of universality. That may be because we have not found a big
enough polynomial or the right definitions of detachable elements and so forth, but Section
7.1, where we produce other Tutte invariants that cannot be evaluations of our polynomial
(they appear to be something like quotients rather than evaluations of the dichromatic
polynomial), leads us to believe that there is a more fundamental reason. There may, in
fact, be no universal polynomial. This would be a new phenomenon for Tutte invariants,
though it is known to occur with parametrized or colored Tutte invariants (cf. [16], for
instance).

If as in Noble and Welsh’s graphs all gains equal the group identity (so in effect there are
no gains), we have weighted ordinary graphs. The number of independent variables in the
total dichromatic polynomial, though, is the same. (See Section 6.)

Reexamined in light of the generality of semigroup weights, the problem of [5] of counting

proper colorations of a weighted integral gain graph suggests the new problem of counting
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list colorations of a graph (either with or without edge gains) where the list is an upwardly
infinite set of integers and the choice of colors is constrained by a variable upper bound
m (Section 5.1). With a mild restriction on the lists, the number of proper colorations is
an evaluation of the total dichromatic polynomial of a weighted integral gain graph whose
weights are the vertex lists, in which there are uncountably many possible variables, one
for each list. Each list variable is given a value that depends on m. With a slight further
restriction on the lists the number of proper colorations becomes a polynomial function of
m when m is sufficiently large. All this generalizes to a wide range of weighted graphs and
gain graphs. An example is coloring a graph whose gains are in Z? by colors from Z? (this
is the order-ideal example we referred to earlier), and there is a partial generalization to any
lattice-ordered gain group with list coloring by colors in the group.

1.4. Lattice points in orthotopes. Our original reason for developing a theory of weighted
gain graphs was an application to geometry. An integral orthotope is a rectangular paral-
lelepiped with edges parallel to the coordinate axes. Our wish is to count the points of the
integer lattice that lie in an orthotope but not in any of a certain arrangement of affino-
graphic hyperplanes. We state two theorems of this kind here to give the flavor of our
geometrical results. (Perhaps the statements seem rather technical; it might be helpful to
read the technical definitions in Section 2 now.)

Suppose we have an arrangement A of affinographic hyperplanes. An integral gain graph
is a graph whose gain group is (Z,+). We construct an integral gain graph ¢ that has one
vertex v; for each coordinate and an edge ae;; for each hyperplane z; = z; + a in A. This
means there is an edge v;v; with gain @ in the indicated direction; the gain of that edge in
the other direction, from v; to v;, is —a. If we have an edge set B such that every circle in B
has gain 0 (then B is called balanced), we define in each component By (including isolated
vertices as components) a vertex t;, such that no path B,,, in By from any vertex w to ¢
has negative gain. The gain of such a path is the sum of the constants a appearing in the
equations of the corresponding hyperplanes x; = x; 4 a, each one oriented so that the path
leads from v; to v;. For instance, if the path is ejsesne0s With vertices vy, vy, v2,t = v, and
the corresponding hyperplanes are x4, = x; + a, x4 = x5 + b, g = 29 + ¢, then the gain of
the path is a — b+ c. Finally, let g, be the maximum gain of a path in By; this also equals
the largest gain of paths that ends at ;.

The first result generalizes the main theorem of [5], which applied only to hypercubes,
where all m; = m. We write 27 := max(0, z), the positive part of the real number x.

Theorem 1.1. Let P := [0,mq] X --- x [0,m,] be an orthotope in R"™ and let A be an
arrangement of affinographic hyperplanes. The number of integer points in P\ |JA equals

Z (_1)‘3‘ H (1 + min [ml + @(sztk)] - gk)+7

€V (B
BCE: balanced vi€V(By)

where the product is over all components of B.

The proof is in Section 5.4. One can see that the count is a polynomial function of the
arguments m; when they are all sufficiently large.

For the second theorem, suppose that for each coordinate x; we have a finite list L; of
possible integral values. We want to count lattice points in Ly X --- X L,, that are in none of
the hyperplanes of the affinographic arrangement A. Of course, this generalizes the preceding

theorem, but the viewpoint is different and the formula is much more complex.
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Theorem 1.2. The number of these lattice points is given by the formula

> (—1)\3\1‘“ M (Li+¢(Bus,))
)

BCE: balanced By v, eV(Bg

Y

where the product is over all components of B.

That is, we take the intersection of translates of the lists, governed by the gains of paths
in the chosen balanced edge set B. The proof is in Section 5.4, which also has a common
generalization of both results.

We even have a formula for the number of n x d integral matrices in an integral orthotope
in Z"¥ that do not lie in any of a class of d-codimensional subspaces whose equations compare
rows of the matrix (Section 5.4).

2. WEIGHTED GAIN GRAPHS

2.1. Graphs. Edges of a graph I' = (V| E) are of four kinds. A link has two distinct
endpoints; a loop has two coinciding endpoints. A half edge has one endpoint, and a loose
edge has no endpoints. (Half and loose edges have a negligible role in this paper except in
Section 2.4.) The set of loops and links is written E*. Multiple edges are permitted. We
write n := |V| and V = {vy,v9,...,v,}. All our graphs have finite order and indeed are
finite (except for root edges, when they appear). A (connected) component of I' is a maximal
connected subgraph that is not a loose edge; we do not count a loose edge as a component.
The number of components is ¢(I"). For S C E, we denote by ¢(S) the number of connected
components of the spanning subgraph (V,S) (which we call the components of S) and by
7(S) the partition of V' into the vertex sets of the various components. We write S, to
denote any path in S from v to w (if one exists).

2.2. Gain graphs. A gain graph ® = (I, ) consists of a graph I' = (V| E'), a group & called
the gain group, and an orientable function ¢ : E* — &, called the gain mapping. (Half and
loose edges do not have gains.) The basic reference is [15, Part I]. “Orientability” means
that, if e denotes an edge oriented in one direction and e~! the same edge with the opposite
orientation, then p(e™') = ¢(e)~t. (It does not mean that I' is directed; there is no fixed
orientation of any edge.) We sometimes use the simplified notations e;; for an edge with
endpoints v; and v;, oriented from v; to v;, and ge;; for such an edge with gain g; that is,
©(gei;) = g. (Thus ge;; is the same edge as g~ 'e;;.) A circle is a connected 2-regular subgraph
without half edges, or its edge set; for instance, a loop is a circle of length 1. We may write
a circle C' as a word ejes - - - €;; this means the edges are numbered consecutively around C'
and oriented in a consistent direction. The gain of C' is ¢(C) := p(e1)p(e2) - - - ¢(e;); this is
well defined up to conjugation and inversion, and in particular it is well defined whether the
gain is the identity 1 or not. An edge set or subgraph is called balanced if every circle in it
has gain 1 and it has no half edges. The notation ¢(®) means ¢(I).

For W C V| the subgraph induced by W is notated I':W, or with gains ®:W. The edge set
of I:W consists of all edges that have at least one endpoint in W and no endpoint outside
W thus, half edges at vertices of W are included, but loose edges are not. If S C E, then
S:W means the subset of S induced by W.

Switching ® by a switching function n:V — & : v; — n(v;) means replacing ¢ by

©(ey) == 77(%(37190(61']')77(%)-



We write ®" for the switched gain graph (I", 7). It is clear that the switching action is
an action of the group ®" of switching functions on the set &% of gain functions on the
underlying graph.

Consider a balanced edge set S. Let S,,,, denote a path in S from v; to vy, if one exists;
the gain ¢(S,,,,;) is independent of the particular path because S is balanced. There is a
switching function 7 such that 9077} ¢ = 1 [15, Section 1.5]; it is determined by any one value
in each component of S through the formula

(2.1) () = (So,0,)n(vi),

We call n a switching function for S. Any two different switching functions for S, n and 7/,
are connected by the relation

(2.2) 7 =n-ow

for constants ay € &, one for each W € w(S). (In fact, ay = n(v;)"'n'(v;) for any

v; € W; this is easy to deduce from (2.1).) Thus, as long as the endpoints of an edge
e;; are in the same component of S, ¢"(e;;) = 1(v;) " (i) (Su,v,)n(v;), which is uniquely
determined up to conjugation. (If e;; has endpoints in distinct components of S, then
©"(ei;) = n(v;)tp(ei;)n(v;) can be anything, since 7(v;) and 1(v;) are independently choos-
able elements of &.)

The operation of deleting an edge or a set of edges is obvious. The notation for ® with £\ S
deleted, called the restriction of ® to S, is ®|S = (V, S, ¢|s). The number of components of
S that are balanced is b(®|S) or briefly b(.S) (recall that this counts isolated vertices but not
loose edges); m,(S) = mp,(P|S) is the set {W € 7(S) : (S:W) is balanced}; Vy(S) is the set
of vertices that belong to no balanced component of S; and V4 (S) denotes the set of vertices
of balanced components, V,(S) =V \ 4 (9).

Contraction is not so obvious. We take the definition from [15]. First, we describe how to
contract a balanced edge set S. We first switch by 7, any switching function for S; then we
identify each block W € 7(S) to a single vertex and delete S. The notation is ®7/S. This
contraction depends on the choice of 1, so ®7/5 is well defined only up to switching. (Soon,
however, we shall see how to single out a preferred switching function.)

For a general subset S we first delete the vertex set V4(.S), then contract the remaining part
of S, which is the union of all balanced components of S, and delete any remaining edges of
S. Edges not in S that have one or more endpoints in V4(S) lose those endpoints but remain
in the graph, thus becoming half or loose edges. So, the contraction has V(®/S) = m,(5)
and E(®/S)=FE\S.

A balanced edge set S is called closed if it contains every loose edge and any edge ge;;
whose endpoints are joined by an open path P C S with the same gain (P has length 0 if
i = j) is itself in S. This is equivalent to saying S equals its own closure; the closure of a
balanced edge set S is given by

cl(S) :=SU{e ¢ S : eis contained in a balanced circle C' C S U {e}} U {loose edges},
and is balanced [15, Proposition 1.3.1]. The semilattice of all closed, balanced edge sets in

® is written Lat® .

2.3. Ordered gain groups. For the rest of this article we assume the gain group is lattice

ordered. (It may be totally ordered; this case has some special features.)
7



We continue thinking of a balanced edge set S. The ordering singles out a particular
switching function for S, the one for which the meet of its values on each block of 7(S) is
the identity. We call this the top switching function and we write it ng; it is what we use for
switching throughout the rest of this article. Because S is balanced, the gain of every path
Sy 18 the same.

Lemma 2.1. The top switching function ng has the formula
ns(v) = \/@(va)v

where w ranges over vertices connected by S to v, and for its inverse

ns(v) "t = /\ P(Sww)-

Proof. We use the identity (« A 3)™' =a~t v 7L
We know two properties of ng. As a switching function for S it satisfies (2.1). As a top
switching function it satisfies A . ns(w) = 1. Equation (2.1) lets us rewrite this as

/\ @(Swv)nS(m =1L

weW

Factoring out ng(v),

ms)= [ A e(Sw)] =V (). T

weWw

In view of the importance of the meet of switching-function values, we define

for X C V.

Now, to contract S we first switch by 7ng; then we identify each block W € 7(S) to a
single vertex and delete S. The contraction ®"$/S, which we call the top contraction, we
usually write ®/S for brevity. The contraction /S is now a unique gain graph, because the
gain-group ordering allows us to specify the switching function uniquely.

When the group is totally ordered, there is a top vertex in every component of S, a vertex
t such that no path in S that begins at ¢ has positive gain; this is any vertex for which
ns(t) = 1. Then the rule for defining ng is that its minimum value on each block is the
identity. A top vertex may also happen to exist when & is not totally ordered. If ¢; denotes
a top vertex in the same component of S as v;, then the top switching function has the
formula

(2.3) 15 (vi) = @(Su;)-
The gain function ¢ switched by ng is given by the formula
(24) SOWS (6ij) = @(Sviti)_lw(eij)gp(s’l}jtj) = @(Sth'eijsvjtj)'

8



2.4. Weights. Suppose we have an abelian semigroup 20 (written additively) and a group
6. We say & acts on 20 if each ¢ € & has a right action on 2J which is a semigroup
automorphism satisfying the usual identities, i.e., (hg)g’ = h(gg’) and h1l = h.

A weighted gain graph (®,h) is a gain graph ® together with a weight function h : V' — 20.
We usually write h; := h(v;). The way h transforms under switching is that

h? = hn(Uz‘) = hm(%’)

(as if h; were the gain of an edge oriented into v; from an extra vertex at which 7 is the
identity). Thus, the switching group " has a right action on the set 20" of weight functions.
The contraction rule is that, first, we always contract with top switching; and if W € m,(.5),
then the weight function hg in the contraction (®,h)/S is given by

hs(W) = > R,
v, eW
If R - S and Wb(R) = Wb(S), then hR = hs.

If there is a top vertex ¢; in the component S:W that contains v;, then A = h;p(S,.:,)
and hS<W) = ZvieW hisp(sﬂiti)'

We have occasion to contract the induction (®, h):W := (®:W, h|y) of the entire weighted
graph by the induction S:W of an edge set, where W € m,(S); we ought to write this
((®,h):W)/(S:W) but we simplify the notation to (®,h)/S:W.

The next result states the fundamental properties of deletion and contraction of weighted
gain graphs.

Proposition 2.2. In a weighted gain graph (®,h), let S C E be the disjoint union of @ and
R. Then

((@7 h)/@)/R = ((I)v h)/S:
((®,h)/Q)\ R =((®,h)\ R)/Q,
(@ M\NQ\R=(2,h)\5S.

Proof. We may suppose ® is connected. The two latter formulas are obvious.

The first one is not; indeed, in a purely technical sense it is false, since V(®/S) = m,(®|S)
while V((®/Q)/R) = m,(®/Q|R); but it is correct if we identify W € m,(®|S) with W” €
m(P/Q|R) in the natural way: W corresponds to W” = {X € m,(®|Q) : X C W} and
conversely W” corresponds to W = [JW" = {w € V(®) : w € X for some X € W"}.

In proving the first formula, the first step is to show that we can assume S is balanced.
It is a routine check to see that ®/S and ®/Q/R have the same half and loose edges. Since
V(®/S) = m,(S), we have

(®/8)" = [(®:U)/(S:U)]" and (2/Q/R)" = [((2:U)/(Q:0))/(R:U)]"

where U := V},(5) and the superscript * denotes that loose and half edges are to be deleted.
Since S:U is balanced, both Q:U and R:U are also balanced. The weights of the contractions
only appear on vertices of /S so they depend only on vertices and edges in U; the same
holds true for ®/Q/R. It follows that

(@, h)/5)" = [((®, h):U)/(S:U))"

and

(@,)/Q/R)" = [(((®,h):U)/(Q:U))/(R:U)]".

9



This proves that we may confine our attention to the balanced spanning subgraph (U, S:U)
in ®:U; thus, we may from now on assume S is balanced.

Let ny be the top switching function for ®72|S and let 7}, be that for ®/Q|R. (Recall that
®/@Q means 72 /Q).) The key to the proof is the factorization identity

(2.5) ns(v) = ng(v)rs(v),

which shows that the effect of g, which is to switch so ¢|s becomes 1, can be divided into
two stages: first switching by ¢ so that ¢|g becomes 1, and then switching by 7, which is
constant on components of ().

In proving (2.5), first we compare 7 and 7s. Since they are two switching functions for
@, they are related by (2.2). Specifically, let X € 7(Q) and W € x(S), with X C W; then
ns(v) = ng(v)ax for v € X. Taking the meet over X, ng(X) = ng(X)ax = lax, so

ns(v) = ne(v)ns(X)

for v € X. Next we show that ng(X) = n4(v). Define 77 := ngnjs. It is easy to verify that
7 is a switching function for S. Taking the meet over all v € W, and taking note that
ns(v) = ng(X) for v € X because 1y is constant on X, we find that

i) = N\ mewis@) = A | A na(v)]ns(x)

veW Xew" wveX
= N\ (X)) = A ns(v) = 1.
Xew" veW

Thus 7 is a top switching function for S and, as there is only one, it equals ng. This proves
(2.5).
From (2.5) it follows that s = (¢"@)"s and hs (v) = (k)" (v), thus establishing that

(2.6) (®,h)" = ((®, h)"2)"s.

Now we can analyze the process of contraction. We know from [15, Theorem 1.4.7 and
the proof of Theorem 1.5.4] that ®/Q/R ~ ®/S (where ®; ~ ®5 means that each of them
is a switching of the other). But the switching equivalence is really equality because the
switching functions employed are related by Equation (2.5). Thus, ®/S = ®/Q/R.

The last step is to prove that weights contract properly. The key here is that contraction
by ) commutes with two-stage switching, i.e.,

(2.7) ("2 /Q)" = (k)75 /Q.

Observe that ng is constant on each X € 7((Q)) and its common value is 1% (X). Expanding
both sides according to the definitions of switching and contraction, this is equivalent to

(Z he (w)> MR(X) = Y W™ (w)n(w),

which is true because n5(w) = n%(X). That concludes the proof of (2.7).
10



Equations (2.6) and (2.7) imply the double contraction formula through the sequence of
transformations

(®,h)/Q/R = (( ,h) nQ/Q)ng”/R by definition
= ((®,h)""/Q)/R by (2.7)
= ((®,h)"/Q)/R by (2.6)
= (®,h)"/5
in the loose sense previously defined in terms of the correspondence W « W”. ([l

Ezample 2.1 (Weighted integral gain graphs; linearly ordered group weights). Our original
example [5] was that of weighted integral gain graphs, where the gain group is the additive
group of integers and the weight semigroup is the integers with the operation of maximization.
In other words, ® = (Z,+) and 20 = (Z, max).

A similar kind of example exists for every linearly ordered gain group, with 20 = (&, max)
or (&, min).

Ezample 2.2 (Semilattice weights). To further generalize Example 2.1, let 20 be a semilattice
with a ®-action; the semigroup operation is the semilattice operation. In an important
example of this type there is a set € on which there is a right action of the gain group; the
weights are subsets of €, i.e., 2 C P(¢); and the semigroup operation is set intersection—so
20 must be closed under intersection. (In Section 5 € will be a color set and the weight
h; € € will be treated as the list of colors possible for vertex v;.)

Generalizing minimization, let € be a partially ordered set and let the weights be order
ideals in €. If € is a meet semilattice, one may restrict the weights to be principal ideals.
There are also the order duals of these examples.

When, on the other hand, € = & with the right translation action, one may take 20 =
P(®), for instance, or the class of principal dual order ideals (since & is a lattice), or the
class of sets that have a lower bound (that is, all subsets of principal dual ideals). The dual
of this last, with gain group Z was the prototype of weighted gain graphs, as we explain
next.

2.5. Rooted integral gain graphs. The curious reader will be wondering how we came
to semigroup weights. Originally, in [5], there was a rooted integral gain graph, which is an
integral gain graph W with a root vertex vy such that the gains of edges ey; form an interval
(—o0, h;] in the gain group Z, the infinite cyclic group. (This is the one exception to our
assumption that gain graphs are finite.) In top switching of a balanced set S of nonroot
edges of U, one always takes ng(vg) = 0. This implies a rule for how the value h; changes
under switching. We used this rule in studying the chromatic function, which count proper
colorations in an interval (—oo, m], of a rooted integral gain graph, as explained in Example
5.3.

An equivalent presentation omits the root and simply specifies an integral weight h; on
each vertex of ® := W \ vg. Then switching in ¥, transferred to the rootless integral gain
graph @, implies the rule A" = h + 7 for switching the weights h;. That is the rule adopted
and generalized in Section 2.4.

Similarly, contraction, defined in the standard gain-graphic way on ¥ and reinterpreted in

terms of integral weights h; on ®, assigns to a set W € m,(S) (as a vertex in ®/5) a weight
11



equal to the maximum weight of a vertex in W after switching; thus the weights belong to
the set Z but with the semigroup operation of maximization instead of the group operation
of addition. (Technically, contraction of a nonroot edge may create parallel root edges with
the same gain, but for our purposes parallel root edges can be ignored.)

We noticed that one could get similar but more general conclusions about the chromatic
function by allowing the root-edge gains to form fairly arbitrary sets H;, instead of just
intervals (—oo, h;] as in the original rooted integral gain graphs, and especially if the gain set
H; is any subset of Z that is bounded above and has complement bounded below (see Section
5.1, where the weights are the complements of these gain sets). The effect of contraction on
the gain sets is to take the union. Thus we had a new weight semigroup; instead of Z, it
consisted of all subsets that are bounded above and cobounded below. It became apparent
that the semigroup can be treated independently of the gain group except for the action of
the latter upon the former.

Thus, although the vertex weights can no longer be interpreted as gains of root edges, our
thinking is based on the model of a rooted integral gain graph.

3. A TUTTE-INVARIANT POLYNOMIAL

A function f defined on weighted gain graphs (with fixed gain group and weight semigroup)
is a Tutte invariant if it satisfies the three conditions from the introduction:

(Ti) (Additivity) For every link e,
f(@,h) = f(®\e h)+ f(P/e hfe),

where h/e denotes the contracted weight function.

(Tii) (Multiplicativity) The value of f on (®, h) is the product of its values on the compo-
nents of (®, h).

(Tiii) (Invariance) If (®,h) and (®’, ') are switching isomorphic, then f(®,h) = f(P',1).
(Switching isomorphism means an isomorphism of underlying graphs that preserves
gains and weights up to switching.)

(Tiv) (Unitarity) f(@) = 1.

We present here an algebraic Tutte invariant. We need variables uy for all k& € 20; the
collection of all u;’s is denoted by u. The total dichromatic polynomial of a weighted gain
graph is

(3.1) Qan(u,v,2) ;:Z |S|=n+b(S) ,c(S)—b(S) H Uns(w

SCE Wem(S)

where
hs(W) =) h™(w).
weW
This polynomial refines the balanced and ordinary dichromatic polynomials of a gain graph
or biased graph [15, Section II1.3], which are obtained by setting all ux = v and z = 0 or
z = 1, respectively. (Thus the total polynomial with all u; = w fills a gap in the theory of
[15, Part III] by unifying the balanced and ordinary polynomials.)
For a graph with no edges,

(32) (V,2) h) H uh

v; €V
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If e is a balanced loop or a loose edge,

(3.3) Qan = (v+1)Q@\en)-

Theorem 3.1. The total dichromatic polynomial Qe py (W, v, 2) is a Tutte invariant of weighted
gain graphs.

Proof. Invariance, unitarity, and multiplicativity are obvious. For additivity we follow the
usual proof method, dividing up the terms of the defining sum into two parts: those sets
S that do not contain the link e and those sets that do contain e. The sum of the for-
mer terms obviously equals Qo n)\c(u, v, 2) and the sum of the latter, we shall see, equals
Qan)/e(1,v,2).

A set S 5 e contracts to a set R = 5\ e in ®/e whose balanced components correspond
to those of S. That is, if Sy is a balanced component of S, then Sy (if e ¢ Sy or Sp/e
(if e € Sp) is a balanced component of R, and vice versa. (This follows from [15, Lemma
1.4.3].) So b(®/e|R) = b(®|S). Since ®/e has order n — 1, the term of S in Q4 ) and that
of R in Q,n)/e are the same except for the factors ujg ) in the former and wy,, ) in the
latter, where W” is the block of m,(®/e|R) that corresponds to W. We want to show that
these factors are equal, i.e., that hg(W) = hg(W"). But the former is h/S and the latter is
(h/e)/R, which we know by Proposition 2.2 to be equal.

It follows that @) satisfies additivity, so is a Tutte invariant. O

4. TREE EXPANSION

We turn to an expression for the balanced dichromatic polynomial, Q@) (u,v,0), that
depends on a linear ordering of the edge set. We fix one such ordering O and in terms of it we
define a spanning-tree expansion similar to the Tutte polynomial of a matroid. The details
are in Section 4.3, after some preliminary work with independent sets in semimatroids and
gain graphs.

4.1. Activities in semimatroids. A semimatroid is a generalization of a matroid that
extends properties like rank and closure of the family of balanced edge sets in a gain graph.
The theory was developed by Wachs and Walker in [13]. Just as with matroids, there are
many equivalent ways to define a semimatroid. We define a semimatroid in terms of a
matroid My with ground set Ey and a basepoint eg. A subset of E := Ej \ ¢y whose closure
in My does not contain e is called balanced; the family of balanced sets is denoted by Py, (M).
The semimatroid M associated with (M, eg) is the family of all balanced subsets of E with
closure operator, rank function, closed or independent sets, circuits, and so forth the same
as those of M, but restricted to balanced sets.

For instance, the independent sets of M are the ones of My whose closures do not contain
eo. The closed sets of M are those of M, that do not contain e¢;. A fundamental fact is that
if S is balanced, the closure cly S (in M) is balanced. Consequently, the closure ¢l S in M
equals clp S. Also, any circuit in cl S is balanced. A maximal balanced independent set, that
is, a maximal independent set of M, is called a semibasis.

If ey is a loop or coloop in My, then M is the matroid My \ eg. Otherwise, E is not balanced
and M is not a matroid.

We develop some facts about independent sets, activities, and broken circuits in a semima-

troid. Some of them are already known for matroids. We could not find an explicit source
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for exactly these results, but [4] and [6, Section 2] have theorems along similar lines. A
reference for the fundamentals of activities in matroids is [1] or [2].

First, some basic definitions. Let F' be independent in M. For a point e € (cly F) \ F,
there is a unique circuit contained in F' U e; it is called the fundamental circuit of e with
respect to F' and denoted by Cr(e). It is balanced if (but not only if) F' is balanced. For a
point f € F, we call clo(F) \ clo(F'\ f) the fundamental relative cocircuit of f with respect
to F, written Dpg(e). If F is balanced, the closures are in M so cly can be replaced by cl.

We fix a linear ordering O of E. Consider an independent set F' of the semimatroid M
(that is, a balanced independent set of M;). We say that a point e is externally active (in
M) with respect to F'if e ¢ F and e is the largest point in Cr(e) (so only a point in (cl F)\ F
can be externally active). A point e is internally active (in M) with respect to F' if it is in
F and it is the largest point in Dgr(e). A point that is not active is internally inactive if
it belongs to F' and externally inactive if it belongs to (cl F') \ F. The sets of internally or
externally active or inactive points with respect to F' are denoted by IA(F), EA(F), II(F),
EI(F'). The number of externally active points is €(F). The number of internally active
points is ¢(F').

The definitions for M, are the same, except for the omission of the word “balanced”,
replacement of cl by cly, and the need to linearly order all of Ey. Thus we have IAq(F), etc.;
but when F' is balanced, these are the same as [A(F), etc.

A broken (balanced) circuit is a (balanced) circuit with its largest element removed. Note
that a set may be a broken circuit and balanced without being a broken balanced circuit;
for an example let M itself be a circuit and order Ej so eq is largest; then E is balanced
and a broken circuit, but there are no broken balanced circuits.

Lemma 4.1. Let F' be independent in the semimatroid M. Then II(F) is the union of all
broken balanced circuits in F'.

Proof. If D is a broken balanced circuit in F, there is a point e € (cl )\ ' which is maximal
in its fundamental circuit Cr(e) = DU{e}. Any f € D is internally inactive because e >¢ f
and e, f € (c1F) \ F. O

Lemma 4.2. If F' is independent in the semimatroid M and F C F', then I1(F) C II(F").
Proof. Immediate from Lemma 4.1. O

Each point set S has a minimal basis F'(S), the basis that is lexicographically first in O;
it is the one obtained by the greedy algorithm applied to S. It is balanced if and only if F
is balanced. The next lemma says that the inverse of the mapping S — F'(S) partitions the
power set of Ey into intervals [F, F U EAq(F)], one for each independent set F', and either
all sets in the interval are balanced or all are unbalanced.

Lemma 4.3. Let F' be independent in My and let S C Ey. For the minimal basis of S to be
F| it is necessary and sufficient that F C S C FUEAq(F). Further, FUEAy(F) is balanced
if and only if F' is balanced.

Proof. Assume F' is the minimal basis of S and write F' = ejey - -+ in increasing order in O.
Every e € S\ F has a fundamental circuit Cr(e). Suppose e is not externally active with
respect to F, so that Cp(e) =---ee’---; let ¢ = epy1. The set {ey,..., ek, e} is independent
because the only circuit it could contain is Cr(e), but € € Cp(e) \ {e1,..., ek, e}. Consider

the greedy algorithm for finding F'. After choosing ey, ..., e, the next point chosen cannot
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be €', because e (or some other point different from €’) would be preferred as it has not been
chosen, it precedes €’ in the ordering, and {ey, ..., e, e} is independent. Thus, exq # €.
This is a contradiction. Therefore, e must be externally active.

Assume FF C S C FUEA((F). Thus, F is a basis for S; we want to show it is minimal.
Let e € S\ F and write Cr(e) = e; - - - exex41 in the ordering O; then e = ej41. In the greedy
algorithm for constructing the minimal basis F'(S), each point ey, ..., e, exy1 is considered
in order for inclusion. Let F;(.S) be the set of points that have already been chosen when e; is
considered for inclusion. If e; is not then chosen for F'(S), it is because e; € cl F;(S). If ¢; is
chosen, then e; € F;1(S). Thus, all of ey, ..., ex € cl Fi41(S). It follows that e € cl Fj41(95),
so e ¢ F(S). This shows that no point of EAg(F) can belong to the minimal basis F'(S);
hence, F/(S) C F' and by comparing ranks we see that F'(S) = F.

The last part of the lemma follows because EAq(F) C clg F', which is balanced if F is
balanced. O

Suppose we already have a balanced independent set F' that we want to extend to a
semibasis. We can do that by applying the reverse greedy algorithm. That means we take
E\ F and scan down it from the largest point (in the ordering O) to the smallest, adding a
point to the independent set whenever the resulting set remains independent and balanced.
The set obtained in this way we call the mazimal semibasis extension, T'(F'). It is clear that
T(F) is a semibasis.

Lemma 4.4. For an independent set F' in M, T(F') has the following properties:
(i) FOINT(F)) and T(F)\ F CIA(T(F)).

i) H(F) =1(T(F)).

) EA(F) C (II(T'(F)).

) EA(F) = EA(I(T(F))) = EA(T(F)); thus, e(F) = e(T(F)).

(i
(iii

(iv

Proof. In (i) the two statements are obviously equivalent; we prove the latter. Suppose we
have a balanced independent set F’ and a point e ¢ cl F’; call e F’'-tolerable if F' U {e}
is balanced. Write T'(F') \ F' = ej---e; in increasing order, so that each e; is the largest
FU{ey,...,e_1}-tolerable point. Since

e; ¢ (T(F)\e;) Dcl(FU{e,...,ei1}),

e; is larger than any other F'U {ey,...,e;_1 }-tolerable point not in cl(T'(F) \ e;). That is, it
is externally active.

In Part (ii), II(F) C II
same lemma to Part (i)
by Lemma 4.1.

In (iii), e is maximal in Cp(e) for e € EA(F). By Lemma 4.1 and Part (ii), Cr(e) \ {e} C
[I(F) = II(T(F)).

For (iv), suppose we have two balanced independent sets, F; C F». Obviously EA(Fy) C
EA(F), because (cl F1) \ Fi C (cl Fy) \ Fy. If EA(Fy) C cl Fy, then EA(F,) C EA(F}); thus
the two EAs are equal. Now apply this fact to £y = II(T'(F3)) and Fy, = F or T'(F'), recalling
(i). 0

(T'(F)) by Lemma 4.2. To prove the reverse containment, apply the
to conclude that II(F) D II(II(T'(F))); the latter equals II(T'(F))

4.2. Activities in gain graphs. When we come to gain graphs, the semimatroid we need

is that associated with the balanced edge sets of ®. Here, M, is the complete lift matroid
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Lo(®), which is the matroid on Ey := E(®) U {ep} with rank function

k() = n —c(9) if S is balanced,
"~ |n—c(S)+1 if S is unbalanced

[15, Section I1.4]. In a way, the complete lift matroid generalizes the usual graphic matroid
G(I'), since when @ is balanced, eq is a coloop and G(I') = Lo(®)\eg. We call the semimatroid
associated with Lg(®) and ey the semimatroid of graph balance of ®.

(For those concerned with loose and half edges: In this section we treat a loose edge e as
a balanced loop and a half edge as an unbalanced loop since in the matroid the two types
behave exactly the same.)

Here is how the previous discussion of semimatroids applies to gain graphs. A balanced
circle is the same thing as a semimatroid circuit, i.e., it is a matroid circuit (in Lo(®)) that
is a balanced edge set. A forest F' is the same as a balanced independent set; its closure
defined in graphical terms is

c(F):=FU{e¢ F: FU{e} contains a balanced circle}.

The reason is that Cr(e), if it exists, must be balanced so it is a balanced circle; it is called
the fundamental circle of e with respect to F'.

A broken balanced circle is a balanced circle with its largest edge removed.

Applying the general semimatroid definitions to balanced independent sets in Lo(®), an
edge e is externally active with respect to a forest ' when F'Ue contains a balanced circle C'
(which has to be the fundamental circle) and e is the largest edge in C'. For an edge e € F,
in F'\ e one component of F' is divided into two; the fundamental relative cocircuit of e with
respect to F' is the set Dp(e) of edges f € E that join these two into one and such that F'U f
is balanced. So, e is internally active with respect to F' when it is in F' and it is the largest
edge in Dp(e). (Our definitions of activity differ from the usual ones for graphs because the
latter ignore balance.) To clarify these ideas we give two descriptive lemmas; the first is a
translation of matroid theory but the second is particular to gain graphs.

Lemma 4.5. Let F be a forest in ®. Then I1(F) is the union of all broken balanced circles
n F.

Proof. The circuits that make broken balanced circles in F' are contained in cl F', which is
balanced. The matroid circuits in a balanced set are the balanced circles. Thus, in F' a
broken balanced circle is the same as a broken circuit. Apply Lemma 4.1. 0

Lemma 4.6. Suppose ® is a gain graph with no balanced digons. Let I be a forest in P.
Then EA(F) is the set of all edges e ¢ F such that e € (c1 F') \ F and Cp(e) \ e is a broken
balanced circle.

Proof. If an edge e ¢ F is externally active, it is in (cl F') \ F' and it is maximal in Cr(e).
The latter implies that C'r(e) \ e is a broken balanced circle.

To prove the converse, assume Cr(e) exists and D := Cp(e) \ e is a broken balanced
circle. Either e is maximal in Cr(e), so e is externally active, or D # @& and there is an edge
¢’ ¢ F, other than e, such that Cp(€¢’) \ ¢ = D. Then e and ¢’ are parallel links with the
same endpoints. Because they form a digon in cl ', which is balanced, they form a balanced
digon, contrary to the assumption. Consequently, e’ cannot exist. 0
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4.3. The forest expansion. The forest expansion of (®,h) is
(4.1) Flon Z?f(F [T wow
Wen(F)

summed over all forests F' of ®.
Theorem 4.7. The forest expansion is independent of O. Indeed,
Fono(n,y) = Qu@nr(a,y—1,0).

Proof. Let us expand. In each sum, S is restricted to balanced edge sets that satisfy the
stated conditions.

Qa1 (u,v,0) ZU‘S‘ tk(5) H Uhg(W

Wen(S)
=3 % s H thg(
F forest SDOF Wen(S
F(S)=F
_ S\F
-y | uh w
F forest FCSCFUEA(F) Wen(F

by Lemma 4.3, because 7(S) = w(F), and because EA(F) C cl(F) so that hg(W) =
hapy (W) = hp(W),

= > @+ PO TT wew O

F forest Wen(F)

We hoped for a spanning-tree expansion analogous to Tutte’s for graphs, but we could not
find one. The problem is that semibases do not span the matroid. When the semimatroid
of graph balance is a matroid, as when & is balanced, a semibasis is a basis; then for a basis
T and an independent set F', T'(F') = T if and only if II(T") C F C T. This property lets
us replace the sum over forests by a sum over spanning trees. We did not find an analogous
property of semibases.

5. COLORING

A proper coloration is a way of assigning to each vertex an element of a color set, subject to
exclusion rules governed by the edges. The subject of [5] was the problem of counting integral
lattice points not contained in specified integral affinographic hyperplanes (see Section 5.4).
We solved it by reinterpreting lattice points as proper colorations of a Z-weighted integral
gain graph. In this section we develop a theory of proper colorations of all weighted gain
graphs. We begin with list coloring, where the weight of a vertex is a finite list of of possible
colors (Section 5.1). We then go on to infinite lists with an additional constraint regarded as
a variable, e.g., upper bounds that make the effective list finite (Section 5.2); this generalizes
ordinary graph k-coloring, in which the list is {1,2,3,...} restricted by the variable upper
bound k. Finally, we apply the general definition to multidimensional integral gain groups
and weights, which have the geometrical meaning of counting integer lattice points that lie
in a given rectangular parallelepiped but not in any of a family of integral affinographic

subspaces (all of which will be explained).
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A general notion of proper coloring of gain graphs was developed in [15, Section IIL.5]
(and there called zero-free coloring). There is a color set €, which is any set upon which the
gain group & has a right action such that the only element of & that has any fixed points is
the identity. A coloration of ® is any function x : V' — €. The set of improper edges of z is

I(x) == {eij - 25 = zip(eqj) }-
The coloration is proper if I(x) = @. A basic fact from [15, Section II1.5] is that an improper
edge set is balanced and closed. For completeness we give the easy proof here.

Lemma 5.1. The improper edge set I(z) of a coloration is balanced and closed.

Proof. First we prove balance. Suppose a circle egera---¢-1; € I(z), where vy = v,.
Impropriety of the edges implies that ; = zop(epe12 - - - €,-1,). Thus xy = x; is a fixed point
of p(epr€e12 -+ - €,-1;). By our overall hypothesis that the action is proper, the circle has gain
1. Thus, I(z) is balanced.

Suppose now that e is an edge from v to w in the closure of I(z). Since I(x) is balanced,
there is a path ey - - - ¢_1; in I(x) connecting the endpoints of e (that is, v = v and v; = w)
whose gain p(eig - - - 6171,1) = ¢(e). Since z; = 1’17180(6171,1) = =xp(eg2) - - 90(6171,1) =
rrp(ern---e—11) = x1(e), e is improper. Hence, e € I(z); that is, I(x) is closed. O

In contrast to [15], in this paper we have an infinite color set. We use weights in various
ways to limit the possible colorations to a finite set. We have especially in mind two kinds of
example. In the first, the group and the color set are both Z and the color lists are arbitrary
subsets of Z that are bounded below and whose complements are bounded above; but there
is a variable upper bound m on the possible colors; thus the number of proper colorations
is a function of m. We call this open-ended list coloring. In the second, the group and color
set are both Z¢, the color lists are dual order ideals in Z¢, and there is a variable upper
bound m; on the colors that can be used at vertex v;. (This problem has a nice geometrical
interpretation.) We wish to cover both of these examples, as well as similar ones, in a way
that exposes to view the essential features; therefore we generalize considerably.

5.1. List coloring. A simple kind of list coloring is the basis of all our methods of coloring

a weighted gain graph. The idea is to let 20 be any class of subsets of the color set € that is

closed under intersection and the ®-action; these subsets can be used as vertex color lists.
In list coloring a contracted weight has the formula

hg(W) = m hinp(vi)-
v, EW
(Recall that if v; € W and it happens that W has a top vertex ¢;, then ng(v;) = (B, )-)
We need to switch colorations. If x is a coloration of (@, h) and 7 is a switching function,
we define 2 by
z"(v;) == zim(vi),
the result of the gain-group action on x;.

Proposition 5.2. If in (®, h) not all vertez lists h; are finite, then the number of proper col-
orations 1s either zero or infinite. If all lists are finite, then the number of proper colorations

equals
> w@B) I hsW)= > (0" ] e,

BeLat® & Wen(B) BCE: balanced Wen(B)
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where 1 is the Mébius function of Lat® ®.

For the M&bius function of a poset see, i.a., [8, 9]; note that (@, B) = 0 if the empty
set is not closed, that is, if ® has a balanced loop or a loose edge. The two sums are equal
because (@, B) = S {(—=1)¥'| : cI(B") = B} if B is balanced and closed, and 7(B’) = 7(B).

Proof. First let us suppose h,, is infinite. If there is any proper coloration z, then x1,...,z,_1
prevent z, from taking on only finitely many possible values, because ® is finite. There is
an infinite number of permitted possible choices of x,, € h,,.

Now we assume all lists are finite. To prove the first part of the formula we use Mobius
inversion over Lat” ® as in [8, p. 362] or [14, Theorem 2.4]. (The second part has a similar
proof by inversion over the class of balanced edge sets.) Throughout the proof B denotes an
element of Lat® ®. Consider all colorations of (®, ), proper or not; let f(B) be the number
of colorations = such that I(z) = B and let g(B) be the number of colorations such that
I(z) O B. By Lemma 5.1 each coloration is counted in one f(B), so

9(4) = 3 J(B),

BDA

from which by Md&bius inversion

f(A) =) u@,B)y(B).

BDA

Setting A = &, the total number of proper colorations equals
> (@, B)g(B).
B

We show by a bijection that g(B) is the number of all colorations of (®,h)/B, which
clearly equals [y c (g [hs(W)|. Let np be the top switching function for B. It is easy to
see that switching a coloration x of (®,h) gives a coloration of (®, )" that is constant on
components of B, and conversely. Therefore, if W € 7(B), yw, defined as the common value
of 2 for every v; € W, belongs to h!” for every v; € W. When we contract (®,h) by B,
yw € Ny,ew M” = hp(W), so we get a well-defined coloration y of (®,h)/B.

Conversely, for any B € Lat” ®, a coloration y of (®,h)/B pulls back to a coloration
of (®,h)" by x; = yw where v; € W € w(B). Then switching back to (®,h) we have a
coloration 275 of (®, h) whose improper edge set contains B. Since it is clear that these
correspondences are inverse to each other, the bijection is proved. 0

The last part of the proof can be strengthened to yield a formula for proper colorations of
contractions.

Proposition 5.3. If all vertex lists h; are finite and B is a balanced edge set, then the
number of colorations of (P, h) whose balanced edge set equals B equals the number of proper
colorations of (®,h)/B.

The proof is a simple modification of the evaluation of g(B) in the previous proof, and
is also a simple generalization of the evaluation of f(B) in the proof of [5, Theorem 3.3].
(In [5] we accidentally wrote f(B) when we meant g(B); but that led us to write a proof of
Proposition 5.3 in the special situation of [5]. We thank Seth Chaiken for pointing out the
error in [5].)
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Let Psn(€) be the class of finite subsets of €, and let us call a weighted gain graph with
weights in Py, (&) finitely list weighted. Then the total dichromatic polynomial has a variable
uy, for each finite subset h C €.

Theorem 5.4. If (9, h) is finitely list weighted, then the number of proper colorations equals
(=1)"Qa,n)(u,—1,0) evaluated at u, = —|h|.

Proof. The proof is by comparing the second formula of Proposition 5.2 to the definition of
Q@) O
Call a signed Tutte invariant any function that satisfies (Tii-iv) and the modified form of
(T1),
(TY") (Subtractivity) For every link e,

f(@,h) = f(®\e h)— f(®/e,h]e).

It is clear that f is a signed Tutte invariant if and only if (—1)IVIf is a Tutte invariant.

Corollary 5.5. Given a gain group & and a color set &, the number of proper colorations
s a signed Tutte invariant of finitely list weighted gain graphs with gains in &.

Proof. The family of finitely list weighted &-gain graphs is closed under deletion and con-
traction because finiteness of lists is preserved by those operations. Apply Theorem 5.4. [

Ezample 5.1 (Finite lists). If € is partially ordered, take 20 to consist of all finite order
ideals, or all finite intervals. The special case € = Z? is our main example.

5.2. Filtered lists. In examples the color lists for the vertices are not always finite. A
general picture is that there is a list h; for each vertex, which is some subset of €, and there
is also a set M; C € that acts as a filter of colors: a color must lie not only in its vertex list
but also in M;. Thus we have a function x(s ) (M) defined for M = (M, ..., M,) € P(&)"
whose value is the number of proper colorations of (®,h) using only colors in M; at vertex
v;. This is the list chromatic function of (®,h). An example, of course, is the quantity of
Proposition 5.2, which equals x( ) (€") (finite lists with no filtering). That proposition has
the following extension. We define switching of a color filter M and its contraction Mp(W)
just as for weights, so that
Mp(W) = (] Mns(v,).

v, eW
Proposition 5.6. If every intersection M; N h; is finite, then
XanM) = > w@.B) I IheW)nMW)].
BeLat® @ Wen(B)

Proof. In Proposition 5.2 replace h; by h; N M. O

Since color filters contract like weights, we can form a doubly weighted gain graph by
taking new weights (h;, M;), provided we define a &-invariant semigroup 9, from which the
double weights are drawn. To that end, let

Mo :={(W,M'): h' € 20, M' C €&, and M' N A is finite}.

The semigroup operation is componentwise intersection, i.e., (h',M’) N (h",M") := (' N
R", M' N M"). Given this weight semigroup, there is a doubly weighted total dichromatic
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polynomial, which we write Qo) m(W,v,2), with M = (M,..., M,), to emphasize the
different roles of h and M. The variables are now uy yp for each pair (h', M') € My, and of
course v and z, and the formula for the doubly Weighted polynomial is

Qo pym(u,v,2) Z ISI=nFb(S) Le(5)=b(S) H Uhg (W), Mg (W)
SCE Wem,(S)
where, as usual, hg := h" and Mg := M"s. Tt is easy to see that every (hs(W), Mg(W)) €
My if every (h;, M;) € M.

Theorem 5.7. If (®,h) and M, ..., M, C € are such that the filtered list M; N h; is

finite for each vertex v;, then the list chromatic function x @ (M, ..., M,) is obtained from
(—=1)"Qa.n),m (1, —1,0) by setting up pr = —|M' O K| for each h' € W and M' C €.
Proof. Like that of Theorem 5.4, but from Proposition 5.6. O

Fix the gain group &, color set €, and weight subsemigroup 20 C (P(€),N). Consider any
weighted gain graph (®,h) with gains in & and weights (functioning as vertex color lists)
in 20. Allow any collection of color filters (M, ..., M,) for which all h; N M; are finite; we
call ((®,h), M) a finitely filtered, list weighted gain graph. This gives us a list chromatic
function x(@n) (M, ..., M,) that is always a well defined nonnegative integer. Thinking of
((®,h), M) as a (doubly) weighted gain graph, we have deletions and contractions and we
can ask about Tutte invariance.

Corollary 5.8. The list chromatic function x @) (M, ..., M,) is a signed Tulte invariant
of finitely filtered, list weighted gain graphs.

Proof. As we noted, the class of list weighted gain graphs with suitable arguments is closed
under deletion and contraction. Now, apply Theorem 5.7. 0

Ezample 5.2 (Locally finite join semilattice). Suppose € is a locally finite join semilattice.
We may take 20 to be the set of principal dual order ideals (z)* and let the M; range over
principal ideals. The join operation makes 20 an intersection semigroup, as the intersection
(2)*N(z’)* is the principal dual ideal (zV 2’)*; and 20 is clearly &-invariant. The intersection
M; N h; will always be finite so the preceding proposition and theorem apply.

We may weaken the assumptions. Let 20 be the class of all subsets of € that have a
lower bound; that is, subsets of principal dual ideals. And let M; be any subset with an
upper bound; that is, a subset of a principal ideal. Then M; N h; is necessarily finite so the
preceding results hold good. That is, we admit as filters all upper-bounded subsets of €.

An example of this kind is that in which ¢ = Z%; it is the topic of the next subsection.

5.3. Open-ended list coloring in an integer lattice. To introduce the main applications
we turn once again to the original example from [5] but with a slight change in viewpoint.

Ezample 5.3 (Open-ended interval coloring). The gain group is Z and the weights can be
treated as upper intervals, (h;, 00) at vertex v;. A proper m-coloration of (®,h) is a function
x 1V — Z such that each z; € (h;,00) and all ; < m. One can think of this as a list
coloration in which the list for each vertex is an interval that grows with m. The integral
chromatic function X(Z@,h) (m) of [5] counts proper m-colorations. This function is obtained
from @Q(u, —1,0) by substituting vy = — max(m —k,0). Hence it is a signed Tutte invariant,
as we showed in [5] directly from its counting definition. We showed in [5] that it is eventually
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a monic polynomial of degree n = |V, and that it is a sum of simple terms that appear
successively as m increases.

We generalize this example in several ways: to higher-dimensional coloring, to upper
bounds that depend on the vertex, and to arbitrary vertex lists.

For higher-dimensional coloring the color set € is the d-dimensional integer lattice Z? with
the componentwise partial ordering and the gain group @ is the additive group Z? acting on
¢ by translation. A coloration is any x : V — Z9. The weight semigroup 20 is either of the
classes

20, :={h' CZ: 1 is bounded below},

*

that is, i’ is contained in a cone (a)* = X _ [ax, 00) for some a € Z%, and
2, = {h €20, : for some a € Z¢ h' C (a)* and (a)* \ A’ is bounded above},

that is, &' is all of (a)* except for a finite subset. Both classes 20, and 20, are closed under
intersection of pairs and under translation. For A’ € 20; we define h’ as the meet of the
members of h'; when h' € 20, and d > 1 this is the only possible a, but in dimension d = 1

it is the largest possible a and also the smallest element of A'.
d
The color filters M; are principal order ideals (m;) = X kzl(—oo,mik] for m; € Z¢ (we

write m; := (M1, ..., M4q)), so the list chromatic function has domain 7% and is defined by
X(®,n)(m) := the number of x : V' — Z% such that each x; € h;, x < m,
and x; # x; + ¢(e;;) for each edge e;;,
where m := (my, ..., m,). This number is a function of one variable m;; foreachi =1,...,n
and k = 1,...,d and is finite for each m. Our general theory shows that x () (m) is an
evaluation of the total dichromatic polynomial; and now we can generalize Example 5.3. In

the present case a switching function is 1 : V — Z? and the contraction formula for weights
takes the form

hs W) = () (b + 1(v1)
v, eEW
if B is a balanced edge set, where h; + a denotes the translation of h; by a. In the total
dichromatic polynomial there is one variable up/ m for each ' € 20, and m’ € (Z9)".
(Variables with empty A’ N (m’) can be omitted.)

Theorem 5.9. With all h; € 20,1, the list chromatic function x @y (m) is obtained from
(—=1)"Qa,n),m (1, —1,0) by setting up pm = —|h’ N (m’}} for each h' € 20, and m' € Z°.

Proof. A corollary of Theorem 5.7, since the intersections h; N M; are finite. O

Corollary 5.10. The list chromatic function is a signed Tutte invariant of gain graphs with
gain group Z¢ and weight lists belonging to 20, .

Proof. A special case of Corollary 5.8. O

For h; € 20, define h; :=h; — (1,...,1) and H; := (h;)* \ h;, and let h; = \/ H;, except
that h; = h; if H; = @. Clearly, h; is defined in Z? if and only if H; is finite, that is,
h; € 20,. For vertices v; and vj, let

aji ==\ o(P;),
Pj;
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where Pj; ranges over all paths in ® from v; to v;, and let o; := \/, vj;, the least upper
bound of the gains of all paths that begin at v;.

A function p(yi,...,y,) is a piecewise polynomial if it is defined on a domain in R” that
is a union of a finite number of closed, full-dimensional sets D,, each containing infinitely
many integer points, on each of which p is a polynomial p,(v1,...,¥,). By saying p has
leading term y; - - - y,, or has degree at most 1 in each variable, we mean that each p, has
that property. This definition is chosen to suit the following result. The numbers h;, are the
components of h;.

Theorem 5.11. Assume ® has no balanced loops or loose edges. Suppose all h; € 20s.
Define
qr(B, W) := min (max +np(vi)) — max (hir, +np(v;)) + 1

for B € Lat® ® and W € n(B), and

pm)= 3 we.B) ] (quw,vv)—\ 9 (Hi+n3<vi>>\>,

BeLatP @ Wen(B) \k=1 v EW

which is a piecewise polynomial function of the nd variables m;, having degree at most 1 in
each variable and leading term [, [Tt ma. The list chromatic function X(@,n) (M) equals
p(m) for all m > mg, where

\"/ i+ aﬂ

In the theorem, r = nd, the variables are x11,z19,...,%14, Z21, ..., ZTpq, and the domains
D, are the sets on which each of the d sets (one for each fixed k& < d) of shifted variables
my(B, W) := min,,ew (mik + 773(%’)) (one variable for each B and each W € 7(B)) assumes
a particular weakly increasing order, since the orderings of these variables determine exactly
which polynomial p(m) is

Proof. We apply the formula of Proposition 5.6 in the form
>, w@,B) I IhsW)nMs(W)],
BecLatP @ Wen(B)

which shows that the theorem is true when the range of m is such that |hg(W) N Mp(W)|
is a polynomial of degree 1 in each m;; such that v; € W. Rewrite the expression:

he(W) N Mp(W) = () (hi+n5) N ) (m; +ns(v:))

v; EW v;EW

(5.1) = ﬂ ([<h1>* \ Hi] + 773(%‘)) N m (m; +np(v;))

v, EW v;EW

=(LY ne A m oty U (ne)

v, EW v; € v, EW

since h; = (h;)* \ H; and M; = (m;), where [x,y] denotes an interval in the lattice Z<.
Let us see what natural conditions are sufficient for piecewise polynomiality (with the

specified leading term) when m is large. It should be true for each factor in each term.
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Consider W = {v;}, which is a component when B = @&. We can compute the factor
corresponding to this W it is

| (i, mg] + 15(v:) \ (H; +n5(vi))| = | i, mi] \ (H; N (my))|

(5:2) = [T = b+ 1)* = | Hi 0 (my).

This is not a piecewise polynomial function unless, firstly, m; > h; , and secondly, |H; N (m;)|
is a constant. The way to ensure the latter is for H; to be contained in (m;), or equivalently
m; > fll We assume this from now on.

Treating in the same manner each factor in Equation (5.1), rewritten as

(W) N M) = | \/ (b +ms)), A (i ns()) |\ (4 ns (),

v, EW v, EW v, EW

we see that piecewise polynomiality is ensured if

/\ (ml +773(Ui>) > \/ \/ (Hi +7713(Ui)) = \/ (flz +773(Ui))'

v, EW v, EW v, EW

This is equivalent to having m;+ng(v;) > l:lj +np(v;) for every v;, v; € W, or, rewriting again,
m; > h; + np(v;) — n5(v;). Now recall from Equation (2.1) that np(v;) — ns(v;) = ©(Bj).
Here Bj; is any path in B from v; to v;. As B is any balanced, closed set, we can take B to
be the closure of any path Pj; from v; to v; in ®. Thus, to ensure piecewise polynomiality
we require that m; > flj + ¢(Pj;) for every path Pj; that is, m; > flj + ;.

We have found a sufficient condition on m for x(x)(m) to be a piecewise polynomial
function. The term of highest degree is that for which 7(B) has the most components;
that is n components when B = &. The corresponding term is the product of the factors
associated with singleton sets W; these factors are all monic piecewise polynomials of total
degree d, as we see in Equation (5.2). O

The proof suggests that the theorem’s lower bound on m is essential; for any other choice
of m, p(m) will not agree with x4 (m). One reason is that, if m % h, then p(m) does
not extract the positive part of gx(B,W). A more subtle one is that the constant term
} Us,ew (Hi + n5(v;))| in the factor of W assumes that J, .y (H; +75(v;)) is contained in
< No,ew (mi + nB(vi))>. However, we have not tried to prove necessity of the lower bound,
and there might be exceptions. We have also not tried to decide whether the domain on
which (s »)(m) is a piecewise polynomial with the right leading term (though not necessarily
agreeing with p) is larger than (mg)*.

It is clear, though, why h; has to be bounded below and its cone complement H; must be
bounded above. If some h; has no lower bound, then x (s ) (m) will be infinite. Even when
each h; is bounded below, if some H; has no upper bound then x (¢ n) (m) will not become a
polynomial when m is large.

In the one-dimensional case, where the gain group and color set are Z,

2, = {h C Z: h' is bounded below and Z \ A’ is bounded above}
and m = (mq,...,m,) € Z". In this case h; = min h; and h; = max(Z \ h;); and «j; is the

largest gain of a path in ® from v; to v;.
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Corollary 5.12. For an integral gain graph without balanced loops or loose edges, and with
all weights h; € LWs, X(@,p) (M1, - .., My) s a monic polynomial in the n variables m; for large
enough m;’s, linear in each variable and with leading term my ---m,. Polynomiality holds
when all

m; > Mo; = max [max(Z \ hj) + ozj,-}.

j=1,..., n
The theorem simplifies when all m; equal a common value m’ € Z¢.

Corollary 5.13. For a Z%-gain graph ® with no balanced loops or loose edges, suppose all
weights h; € Ws. Define

Ge(B,W) :=mj, — max (ha +np(vi)k = np(0;)r) + 1
for B € Lat®®, W € n(B), and m’ € Z*. For large enough m’ € R?, the list chromatic
function x(@n(m’,...,m’) equals

pm’):= > u@,B) [] (chk(B,W)—\ U (H,-+n3<v,->)\>,

BeLatP @ Wen(B) \k=1 v EW

a polynomial function of the d variables m), having degree at most n in each variable and
leading term Hizl(mz)”. The equation X(on(m',...,m’) = p(m’) holds true for all

m' > \/ (h; + ay).
j=1

Now we begin to justify the claim that a total dichromatic polynomial connected with an
interesting combinatorial problem has an uncountable number of variables. (We assume the
reader finds the list chromatic function with gains in Z or Z¢ interesting, or this argument
fails! The geometrization in the next subsection may add to the interest.) The number of
variables s v when the weight semigroup is 20; (and m’ € Z%) is || = |20, - |Z4]. As
20, contains every subset of the natural numbers, its cardinality is that of the continuum.

On the other hand, |205| = Ry, for 20, is a countable union of countable sets. We see this
by describing h € 205 as an ordered pair (h’, "\ (a)*). There is a countable number of pairs
(a, X) of this type, for each a, and the number of integer vectors a is countable.

5.4. Arrangements of affinographic hyperplanes and affinographic matrix sub-
spaces. First we prove the geometrical theorems stated in the introduction. Then we gen-
eralize them to matrix subspaces. We restate Theorem 1.1 in a more sophisticated but
equivalent form. As usual, ® is the gain graph corresponding to A; t; is a top vertex of the
Combponent By, of B, whose vertex set is Wy; and p is the Mobius function of the semilattice
Lat® ®.

Theorem 5.14. With P and A as in Theorem 1.1, the number of integer points in P\ |JA
equals

. +
X@oy(ma,oma) =y p(@,B) [] (14 minfm; + o(Buy)] — o)
BeLatb ® Wien(B) '
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Proof. The lattice points to be counted are simply proper colorations in disguise. In Propo-
sition 5.6 take the list for v; to be h; = [0,00) and the filter to be M; = (—o0,m;], and
then sort through the definitions. E.g., from Equation (2.3), if v; is in the component By
of B, then ng(v;) = ¢(By,, ). Also, it W = V(By), then hg(W) = [gi, 00) where gy is the
largest gain of a path in By, and Mp(W) = (—o0, min,,ew m; + ¢(By,1, )]. Hence, the factor
in Proposition 5.6 equals

[lgw, min mi + @(Bu)]| = (1+ min[m; + ¢(Bu)] = )"

k3

Thus we have Theorem 1.1. Theorem 5.14 follows by the formula for p given at Proposition
5.2. OJ

Proof of Theorem 1.2. This follows directly from Proposition 5.2 and the formula for ng(v;).
O

We state one more theorem, a combination of the previous two. Here we have a list L; of
nonnegative integral permitted values for each coordinate, which may be infinite, and we also
have an upper bound m;, which we treat as a variable. Again we let P := [0, my] X+ - x [0, m,,]
where the m; are integers.

Theorem 5.15. The number of points in PN(Ly X ---x L,) but not in any of the hyperplanes
of the arrangement A equals

> ow@ Bl N (Lnomd)+e(Bu)

BeLatb @ By v;€V(Byg)

?

where the product is over all components of B.
Proof. The proof is similar to that of Theorem 1.2. 0

When L; has finite complement in the nonnegative integers, then for sufficiently large
variables m; this count is a polynomial in the variables, just as in Theorem 1.1.

Theorem 5.11 allows us to count integer matrices that are contained in an orthotope but
not in any of a finite set of subspaces that are determined by affinographic equations.

Write Z"*? for the lattice of n x d integer matrices and R™*¢ for the real vector space
that contains them; if X is a matrix, we write x; = (x;1,...,x;q) for the ith row vector,
an element of R%. An integral orthotope [H, M], where H and M are integer matrices with
H < M, is the convex polytope given by the constraints H < X < M in R7*d,

We call a subspace determined by an equation of the form x; = x; + a row-affinographic,
and integral if a is an integral vector in R%. (The name “affinographic” comes from the fact
that such a subspace is an affine translate of a graphic subspace, i.e., a subspace defined
by lists of equal coordinates, in this case by the equation x; = x;.) A finite set 8 of such
subspaces is an integral row-affinographic subspace arrangement.

We want to know the number N of integral matrices in an integral orthotope [H, M] but
not in any of the subspaces of §. This number is given by Theorem 5.11. Rather than
translate the theorem into purely geometrical language, which seems unnatural, we explain
how to set up a weighted gain graph (®, h) to which it applies, thereby getting the formula

N = X((b,h)(mla o, My).

There is one vertex for each row of the matrices; thus, V = {vy,...,v,}. There is one edge

for each subspace; that with equation x; = x; 4+ a becomes an edge from v; to v; with gain
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a (in that direction; the gain from v; to v; is —a). The weight of v; is the cone (h;)*. An
integral matrix X in the orthotope becomes a coloration, the color of v; being the ¢th row
vector x;. It is now clear that an integral matrix that we wish to count is precisely the same
as a proper coloration of (®, h) that satisfies the upper bound (my, ..., m,).

6. GRAPHS WITHOUT GAINS: NOBLE AND WELSH GENERALIZED

We think of a graph without gains (and with no loose or half edges) as having all gains
1 (or 0 if the gain group is additive). It is instructive to see what our results say here. We
write I' for & = (I, 1) to emphasize that, the gains being fixed, the only significant datum is
the graph. Since the graph is balanced, b(S) = ¢(S) and m,(.S) is a partition of V' for every
edge set S.

A W-weighted graph is a pair (I', h) where h : V' — 20. There is no need for switching;
thus contraction is ordinary graph contraction together with contraction of h to

— Z h;
v;EW

for W € 7(S), where summation means the semigroup operation and the subscript S is
superfluous because there is no switching. The total dichromatic polynomial becomes

(6.1) Qrn(u,v,2) ZU‘S‘ n+e(S) H Up(w

SCFE Wen(S

with tree expansion

(6.2) :Zv+1 Z H Up(w

FCT Wen(F)
FOII(T)
Observe that z drops out; thus we write Q) (u,v) for this polynomial.

These graphs with weights but no gains subsume the weighted graphs (I',w) of Noble
and Welsh [7], which have positive integral vertex weights. Indeed, their work largely
inspired our generalization to semigroup weights. At first we had the total dichromatic
polynomial only for weighted integral gain graphs with integral weights, but we compared
their definitions to ours and noticed remarkable analogies. Noble and Welsh’s weights add:
w(W) = > eww(w), while the weights on weighted integral gain graphs maximize. Our
polynomial Qrpy (for weighted integral gain graphs) and the polynomial Wr ., of [7] have
virtually the same variables (if one makes simple substitutions) and satisfy the same Tutte
relations (Ti-Tiii), initial conditions (3.2), and loop reduction identity (3.3). We had to
suspect a common generalization. This paper is the result.

The theorem without gains is stronger than our broader results.

Theorem 6.1. Given an abelian semigroup 20, the polynomial-valued function (I',h) +—
Qrpy(w,v) of W-weighted graphs is universal with the properties (Ti), (Tiii), (Tiv), (3.2),
and (3.3); (Tii) holds; and there is a tree expansion as in (6.2).

Proof. The proof is like that of Noble and Welsh. O

The treatment of coloring in Section 5 applies to ordinary graphs, without gains, simply
by taking ¢ = 1, the identity. The only differences are that every edge set is balanced, so

Lat® ® is the class of all closed edge sets (sets B such that any edge whose endpoints are
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connected by B is itself in B), and that hp(W) becomes simply h(W) = (), cy hi- Also,
the weight semigroup 20 need only be closed under intersection, as there is no group action
constraining it.

Taking gain group Z? as in Section 5.3, so that the graph can be treated as having all zero
gains, we have the following corollary of Theorem 5.11; the notation is that of the theorem.

Corollary 6.2. Let (I',h) be a weighted graph with weights h; € Wy, Assume T' has no bal-
anced loops or loose edges. For large enough m, x () (m) is a monic polynomial function of

the nd variables my,, having degree 1 in each variable and highest-degree term [, HZ:1 Mg
Polynomiality holds when all m; > \/;1:1 h;.

When the weights are principal dual ideals (h;), the lower bound on m; is \/; h;.

7. Caveat lector

7.1. Modular gains. We know we have not found the universal Tutte invariant of weighted
gain graphs. (In defining a Tutte invariant here, we take the detachable edges to be those
that are not links. This is equivalent to allowing contraction only of balanced edge sets, and
it is not precisely the same definition as used elsewhere, e.g., in [15, Part III]. We take the
components to be the connected components.)

Choosing an example from [5] (which the reader may skip; we are about to generalize it),
the modular chromatic function x2°4(m) of a rooted integral gain graph is a Tutte invariant
(once it has been multiplied by (—1)™) but it is not obtainable as an evaluation of the total
dichromatic polynomial. One can prove this by noting that y2°¢(m) = 0 when ® has a loop
with gain divisible by m, but the dichromatic polynomial of (®,h) cannot distinguish loops
with different nonzero gains.

One gets a generalization by starting with a weighted gain graph whose gain group &
has a nontrivial normal subgroup M, which could even be & itself. Ignore the weights and
take the gains modulo M. This gives a gain graph ®,,0q9 with gain group &/ whose total

dichromatic polynomial is

Qo, 40 (U, v, 2) 1= Z b (8) | S1=n-+e(8) e(S)~bm (S).

SCE

where we write by to emphasize that we count balanced components in ®,,qm. This poly-
nomial is a Tutte invariant. When z = 0 it also has a tree expansion. Let

Tq)modmjo(q;’ y) = Z QTL(T)ya(T),
T

summed over all maximal forests T', where O is, as usual, a linear ordering of the edge set
and ¢ and ¢ are the internal and external activities in ®,,oqn.

For instance, when the gain group is Z?, we can take the gains modulo a positive integer
vector m = (my,...,mg) € Z%,. This gives a gain graph ®,,0am With gain group that is an
integral torus Z,,, X -+ X Zy,,.

Theorem 7.1. The total dichromatic polynomial of ®Ppoam is a Tutte invariant of gain

graphs. The balanced dichromatic polynomial Qo4 (u,v,0) has the spanning-tree expansion

Qq)mod‘ﬁ <u7 U? 0) = /U/C(q))T@modm,O(u + 1, v + 1),

valid for every linear ordering O.
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Proof. The first part is obvious, since taking gains modulo 91 commutes with deletion and
contraction of links.
The proof of the second part begins as in that of Theorem 4.7; we obtain

Qo qy (u,v,0) Z Z w4 1)),

FCT
T(F)=T

Now we observe that ¢(F') = n — |F|. Furthermore, when F' C T, T(F) = T if and only if
F D II(T). If F does contain II(T), then EA(F) = EA(T), because II(F) is the union of
all broken circles contained in F', the same holds for 7', and the fact that 7" = T'(F') implies
that F' and T have the same internally active elements. Thus,

Q‘l’modm(uuva()):ZU—i—l Z u" —|F]

T FCT
FOI(T)
=S 1D 3 e
T T\FCT
T\FCIA(T)
= D) Z(U + 1) (u 4 1)4D),
T
because ¢(T') = ¢(I'). This proves the tree expansion formula. O

The idea of producing a new Tutte invariant by taking the total dichromatic polynomial
with gains that are quotients modulo a normal subgroup of the gain group can also be applied
to an unweighted gain graph. It appears to complicate the problem of finding the universal
Tutte invariant.

7.2. Dichromatic overgeneralization. Suppose we tried to generalize Qo) (u,v,2) to a
more powerful Tutte invariant by taking indeterminates s ) s.w, dependent on the iso-
morphism type of (®,h)/S:W. As we saw in the last step of the proof, in order to have a
Tutte invariant we would have to say that the indeterminate was not changed by adding or
subtracting any loop or half edge e. That is, u could depend only on the vertex and weight;
but being an isomorphism invariant, it could only depend on the weight. It follows that our
polynomial Tutte invariants cannot be generalized in this direction.

What we do see as a necessary generalization, if there is any hope of finding the univer-
sal Tutte invariant, is to take account of loops (and half edges). In our total dichromatic
polynomial loops and half edges play no role. We have explored a more general dichromatic
polynomial with variables corresponding to loops, but there appear to be inescapable rela-
tions among these variables that suggest the universal invariant cannot be a true polynomial
but instead lies in a quotient of a polynomial ring.
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