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Recall that for a distribution p(z|0) with parameters 6 = {64,...,0,}, the
Fisher information matrix reads:

1) = - [ st

90:00;

where the expected value is taken w.r.t. to p(z|0), keeping 6 fixed. The Cramer-
Rao bound for an unbiased estimator € of a parameter 6 is:

A 1
Var(6) > NI

where N is the number of i.i.d. samples in the estimator. Recall that the
definition of an unbiased estimator 6 is that it satisfies:

E[f — 6] =0

where 6 is the true parameter.

Example Exponential distribution p(z) = Ae~**. The log probablity is:
—logp(z|\) = —log A + Az

By taking two time the derivatives w.r.t. A we get:

1
~BRlogp(e ) = 13

Since the second derivative does not depend on x:

1
E [—8?\ 10gp(x|)\)] =12
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Hence the Fisher information reads:

If we want rephrase the Fisher information using the average parameter of the

exponential distirbution g = 1/ we need to use the change of parameter prop-
erty of the Fisher information, namely:

AN
I(n)=1(0(n <)
) = 16n) ( 5
By choosing 8 = A and n = u we have:

di‘fu,u) _ *1/,[142

and

2
1) = 100 (522 =1

When we estimate p from data using Maximum Likelihood approach we know
that the unbiased estimator for y is:

1 N
= Nzxk
k=1

If the true parameter is u, the Variance of the estimator is:

2
Var(i) = -

By substituting our results in the Cramer-Rao bound:

1 ,U,2 H’2
CRB=——=_>1
NI(wy N~ N

In this case the inequality is saturated.
Exercise 1 Compute the Fisher information matrix for a Gaussian distribu-
tion with parameters p and o2:
1
2
p(zlp, 0%) = 7=
’ V2mo?

The matrix is given by three elements:

9?log p(a|p, o)
Ly =—E [W

o (@) /20



2 2
Ieo=_E|2 log p(x|p, %)
: 9(02)?
2 2
Ips=—E [8 log p(x|p, o0 )]

oud(o?)

We treat o2 as the parameter so we take derivatives w.r.t. 02 and not o (since
two parameters o and —o would characterize the same model).

e Repeat the discussion about the Cramer-Rao bound for the parameter pu.
Recall that an unbiased estimator for p is:

e (NOT MANDATORY) Do the same for the parameter o? knowing that
the unbiased estimator is:

1 N
~2 § ~\2
(o —7_1 _1(xk_ﬂ)

For solving this, it is necessary to compute the variance of 62 which might
not be straightforward.

Exercise 2 Repeat the same analysis for a Bernoulli random variable:
P(X=0)=1-6

P(X =1/0)=0

Remember that the unbiased estimator for 6 is:
1
0 = N Z Tk
k=1

where zp = 0,1. The variance of X w.r.t. the Bernoulli distribution is:

2
Var(X) = Z 2*p(X = 210) — ( Z ap(X = x|9)> =

z=0,1 x=0,1

= 0(1—0)



