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tWe 
onsider an all-opti
al network whi
h topology is a ring inter
onne
ting n nodes. Ea
hnode 
an be 
onne
ted as sender and re
eiver on ` of the � wavelengths of the ring. Ea
h pairof nodes has to share at least � 
ommon wavelengths. The load of a wavelength is equal to thenumber of nodes 
onne
ted to it.In this paper, we give some bounds and some (near)optimal polynomial strategies for as-signing wavelengths to nodes for given 
onstraints n, `, � and �.Keywords : all-opti
al ring, wavelengths assignment, bounds, polynomial algorithms, 
ombi-natorial problems.1 Introdu
tionIn the past few years, there has been growing interest in wide area \All-Opti
al Networks" be
auseof the large bandwidth of opti
al �ber and the use of wavelength division multiplexing (WDM)[1, 4℄. This is mainly due to the evolution of the WDM and Time-WDM transmission te
hnologiesproposed by many fa
tories (Al
atel, Ciena, Fujitsu, Hita
hi,..) [4, 8℄. From their point of view, wewill qui
kly be able to use opti
al 
hannels with 128 wavelengths to obtain a bandwidth of manyhundred Gbit/s, with a good ratio \signal over noise".Thus, all-opti
al pa
ket networks are an attra
tive possibility to 
on
eive a tele
ommuni
ationnetwork made of a WAN 
onne
ting metropolitan area networks (MAN) (see european resear
hproje
ts SONATA, MEPHISTO, DAVID [5℄). In many of these networks, the topology of the MANis a ring, be
ause of fault toleran
e and 
ommuni
ation properties [7℄.Thus, in the model we 
onsider in this paper, the MAN inter
onne
ts several rings (and 
onne
tsthe rings to the outside world through the WAN) on a same global node. Ea
h ring serves severalnodes, allowing them to send and re
eive pa
kets on one or several wavelengths. We fo
us only on�This work was supported by the european PRCD proje
t DAVID.1



the point-to-point 
ommuni
ation on the same ring. It is likely that a given node will not makeuse of the full 
apa
ity available, whi
h implies that the Transmitters/Re
eivers of the node neednot be fully equipped - whi
h may be an appealing 
ost saving, espe
ially during the early networkdeployment.Now, for load balan
ing reasons (both in a ring, and among rings), it would be advisable to havea regular repartition of all available wavelengths among all nodes, su
h that ea
h pair of nodes shareat least one wavelength to ex
hange data. Thus, the problem we deal with here 
an be des
ribedas follows.Wavelengths allo
ation problem des
riptionConsider a network whi
h topology is a dire
ted ring with n nodes fd : 0; : : : ; d : ng. The number ofavailable wavelengths on this ring is �, denoted L = fl : 0; : : : ; l : �g. The number of transmittersand re
eivers in ea
h node is equal to `. Ea
h pair transmitter-re
eiver is 
onne
ted to one samewavelength. A wavelength assignment 
on�guration C is given by the dis
rete variables ti;j and ri;j,with 1 � i � n and 1 � j � � de�ned as follows : ti;j = 1 (resp. ri;j = 1) if the node i is able to send(resp. re
eive) pa
kets on wavelength j and 0 otherwise. Thus, by de�nition Pj ti;j =Pj ri;j = `.
Load = 3

Load = 6

Load = 6

Figure 1: A (non optimal) 
on�guration for n = 8, � = 3, ` = 2 and � = 1The load of a wavelength k is de�ned by the number of transmitters 
onne
ted on it, i.e.,load(k) = P1�i�n ti;k. The load of the assignment C is de�ned by load(C) = max1�k�� load(k).To ensure the 
ommuni
ation eÆ
ien
y, we introdu
e a parameter � 
alled minimal point-to-point bandwidth (MPB), with 1 � � � `. We want the 
on�guration to guarantee that for ea
hpair i; i0 of nodes, there are at least � 
ommon wavelengths between the transmitters of i and there
eivers of i0 (see �gure 1). More pre
isely, we say that an assignment 
on�guration C is �-balan
edi� for ea
h ordered pair i; i0, with 1 � i; i0 � n,jflk 2 L : ti;k = ri0;k = 1gjProblem: Wavelengths-Assignment (n; �; `; �; 
)2



Given : a ring with n nodes, � wavelengths, ` transmitters/re
eivers per node, a MPB� and an integer 
 � 1Question : Does there exist a �-balan
ed 
onfiguration C su
h that load(C) � 
?It is still an open problem to know if this problem is NP-
omplete or not (see [6℄ for de�nition).Our results : we deal with the optimisation problem related to Wavelengths-Assignment, i.e.,�nding the minimal load of a 
on�guration for a given instan
e (n; �; `; �; 
). We �rst give a generallower bound for this minimal load. We then present a polynomial 
onstru
tion of a 
on�guration fora parti
ular 
ase of instan
es (i.e., with ` � � j��k). This 
onstru
tion gives us a 2-approximationalgorithm for this 
ase. At the end, we show that the lower bound of Theorem 1 is tight by givinga 
onstru
tion of optimal load 
on�gurations for a non trivial restri
ted set of instan
es. Lo
alVariables:2 Bounds and polynomial strategiesThis se
tion is devoted to 
ompute a lower bound for a �-balan
ed 
on�guration and an upperbound for parti
ular 
ases.2.1 Lower BoundTheorem 1 Let A be a dire
ted ring with n nodes. Let � and ` be respe
tively the numberof wavelengths and the number of transmitters. For any �-balan
ed 
on�guration C, we haveload(C) � max(d `�n� e; d��(n�1)` + 1e):Proof. 1 Ea
h node has ` transmitters and thus there are ` � n transmitters over � wavelengths.We 
an dedu
e that for any �-balan
ed 
on�guration C, we have load(C) � `�n� .Let u be a node in the dire
ted ring. By de�nition, node u has ` transmitters and it 
an send(or re
eive) only on ` wavelengths. Moreover, it has at least � 
ommon wavelengths with ea
h nodeof the ring. Thus, there are � � (n� 1) transmitters belonging to all other nodes of the ring plus `transmitters of u over ` wavelengths. So we 
an dedu
e that for any �-balan
ed 
on�guration C,we have load(C) � ��(n�1)` + 1. �2.2 An upper bound for parti
ular 
ase.Proposition 1 Let A be a dire
ted ring with n nodes. Let � and ` be respe
tively the number ofwavelengths and the number of transmitters, with � � �x2 � (`��)+ ` where x = j �̀k. A �-balan
ed
on�guration C 
an be polynomially 
omputed for A, with2dn=(x + 1)e � load(C) � dn=(x+ 1)e:The lower bound of Proposition 1 follows easily from Theorem 1. Indeed, we 
an noti
e that, inthis 
ase, we have, by de�nition, �(x+ 1) � ` � �x and thus, 1�x � 1̀ � 1�(x+1) . From Theorem 1,we 
an dedu
e that any �-balan
ed 
on�guration C, we has this load less than ��(n�1)` + 1. As��(n�1)` + 1 � n�1x+1 + 1, the lower bound of Proposition 1 is proven.3



Before proving the proposition, we �rst build a �-balan
ed 
on�guration C for the 
ase whered`=2e = � and � � 3�. we generalise the 
onstru
tion for the 
ase where (x+ 1)� � ` � x�, and� � `(�+1)2 .Case where j �̀k = 2 and � � 2`� �We build a �-balan
ed 
on�guration C as follow.Let r be an integer su
h that n mod 3 = r. The set of the nodes is split into three subsets
alled V1; V2; V3. r of them 
ontain dn=3e verti
es and the others 
ontain bn=3
 verti
es.Nodes in V1 and V2 have one transmitter on � wavelengths fl : 0; : : : ; l : � � 1g. Nodes in V1and V3 have one transmitter on � wavelengths fl : �; : : : ; l : 2� � 1g. Nodes in V2 and V3 have onetransmitter on � wavelengths fl : 2�; : : : ; l : 3� � 1g.Let q be an integer su
h that ` mod � = q. Nodes in V1 and V2 have one transmitter on� wavelengths fl : 3�; : : : ; l : 3� + q � 1g.Nodes in V3 have one transmitter on � wavelengthsfl : 3� + q; : : : ; l : 3� + 2q � 1g.
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2 3ββFigure 2: Con�guration C where �̀ = 2 and � � 2l � �This 
on�guration C (see �gure 2) is �-balan
ed and its load is equals to 2dn=3e.Lemma 1 Wet C� be the �-balan
ed 
on�guration whi
h minimises this load,2dn=3e � load(C�) � dn=3eProof of Proposition 1 (i.e., 
ase x = j �̀k, and � � �x2 � (`� �) + `)We 
an now generalise the method given for the previous 
ase. We build a �-balan
ed 
on�gurationC as follow. The set of the nodes is split into (x + 1) subsets 
alled V1; V2; : : : Vx+1. Let r be aninteger su
h that n mod (x+1) = r. r of them 
ontain dn=(x+1)e verti
es and the others 
ontainbn=(x+ 1)
 verti
es.The main idea, is that � wavelengths is asso
iated to ea
h 
ouple of fV1; V2; : : : Vx+1g. Thus,we de�ne some groups of wavelengths as follows:1. 81 � i < j � x+ 1, W (i; j) is a set 
ontaining � di�erent wavelengths.4



2. 81 � i � dx+12 e, W 0(i) is a set 
ontaining q di�erent wavelengths where ` = x� + q.3. all these groups have no 
ommon wavelength.Let us des
ribe the 
onstru
tion of this 
on�guration. for any integer i, j su
h that i < j � x+1,nodes in Vi and Vj have one transmitter on � wavelengths in W (i; j) After this operation, everynode has x� transmitters on � wavelengths among �rst x(x+1)2 � wavelengths. As every node shouldhave ` transmitters, this 
onstru
tion is not still 
ompleted. Let q be an integer su
h that ` = x�+q.� for any integer i = 1; � � � ; bx+12 
, nodes in V2i�1 and V2i have one transmitter on q wavelengthsof W 0(i).� if (x+ 1) is odd, nodes in V(x+1) have one transmitter on q wavelengths of W 0(dx+12 e).The load of this �-balan
ed 
on�guration is 2� dn=(x+ 1)e. Proposition 1 is proved. �3 An optimal 1-
on�guration s
heme for a restri
ted parameterspa
eProposition 2 Consider any prime number p � 3. Let A be a dire
ted ring with n nodes, p2 �n � p3. Let � = p(p+ 1) and ` = p+ 1 be respe
tively the number of wavelengths and the numberof transmitters. An optimal 1-
on�guration for A, with load lnpm, 
an be polynomially build.First, we give a lower bound for the 
ase. And �nally, for this 
ase, we give a 
onstru
tion of1-
on�guration whi
h its load is equal to the lower bound.The lower bound is given by applying Theorem 1: the load of 1-
on�guration for this 
ase isgreater or equal to lnpm = (max(d (p+1)�np(p+1) e; d (n�1)p+1 + 1e)).Now, we give a 
onstru
tion for two parti
ular 
ases.The basi
 s
heme: 
ase where n = p2Suppose that the number of nodes in a ring that wish to parti
ipate in the allo
ation of thewavelength is a square of a prime number n = p2. In this 
ase a perfe
t allo
ation of p(p + 1)wavelengths 
an be performed. Ea
h node is assigned p + 1 wavelengths and ea
h wavelength isshared by p nodes in a way that there is a single 
ommon wavelength for ea
h pair of nodes.The way this s
heme works is the following: the p2 nodes are arranged in a p�p square matrix.Using this matrix the wavelengths are assigned to the nodes. In total p+1 groups of wavelengths,ea
h group 
ontaining p di�erent wavelengths are used. The �rst group of wavelengths, denoted byWr, is assigned to the p rows of the matrix, a di�erent wavelength per row (see Table 2(a)). These
ond group, denoted by W
, is assigned to the p 
olumns of the matrix, a di�erent wavelengthper 
olumn (see Table 2(b)). The subsequent groups of wavelengths are assigned to the diagonalsof the matrix. The p � 1 groups of diagonals with shifts from 1 to p � 1. See Table 2(
) for theassignment of wavelengths to the 1-shift diagonals, Table 2(d) for the 2-shift diagonals, Table 2(e)for the 3-shift diagonals, and �nally Table 2(f) for the 4-shift diagonals. In ea
h 
ase the entriesin the prin
ipal i-shift diagonal are given in boldfa
e. These p� 1 last groups of wavelengths aredenoted by W id for i from 1 to p� 1, where the index i 
orresponds to the shift of the diagonal.5



d:0 d:1 d:2 d:3 d:4d:5 d:6 d:7 d:8 d:9d:10 d:11 d:12 d:13 d:14d:15 d:16 d:17 d:18 d:19d:20 d:21 d:22 d:23 d:24Table 1: n = 25 nodes arranged in a square matrix.Note that, this te
hni
 works if p is a prime number but does not work if p 
an be 
ompositenumber. Tables 1 to 3 show a perfe
t allo
ation s
heme for n = p2 = 52 = 25 nodes.In Table 3 we 
an see the wavelengths allo
ated to ea
h node. We 
an noti
e that there is asingle 
ommon wavelength between any pair of nodes. It is enough to 
ompare the wavelengths intwo di�erent entries of the table.Although this s
hemes seems to be extremely restri
ted and appli
able to su
h a narrow pa-rameter spa
e that seems to be of little use, it would be interesting to noti
e 30 wavelengths 
an beperfe
tly assigned to for n = 25 nodes, so that ea
h node is 
onne
ted to 6 wavelengths (meaningthat there is need for 6 trans
eivers per node), ea
h wavelength is assigned to exa
tly 5 nodes,and as a result there is a single 
ommon wavelengths per pair of nodes. These parameter valuesresemble to real for a MAN network. The only two parameters that may need to be relaxed arethe number of nodes per MAN ring and the number of 
ommon wavelengths per pair of nodes.Proof of Proposition 2 (i.e., 
ase where (p2 < n � p3 ).Now, let k be an integer su
h that (k � 1)p2 < n � kp2. In this 
ase, the lower bound is equal tomax( `�n� ; ��(n�1)` + 1) = dn=pe.First, we 
onsider a dire
t ring A0 of p2 nodes. The perfe
t allo
ation C 0 for the ring A0 is
omputed using the previous te
hnique. Thus, the load of the perfe
t allo
ation C 0 equals to p.Let r be an integer su
h that n = (k � 1)p2 + r.Now, we will 
onsider a dire
t ring A of n nodes and we will build an perfe
t allo
ation for thering A from allo
ation C. r nodes of ring A0 represents a group of k nodes of ring A and p2 � rnodes of ring A0 is asso
iated a group of k � 1 nodes of ring A. Now, we 
ompute the load of
on�guration C. By 
onstru
tion, the load of allo
ation C is greater than load(C 0) � k(= pk). Askp � load(C), the load of allo
ation C is pk. �4 Con
lusionThe lower bound given in Theorem 1 is tight (see Proposition 2), but one open question is to knowwhether it 
an be 
hanged to improve the result of Proposition 1. In spite of many e�orts, thelower bound given in Theorem 1 seems to be diÆ
ult to improve.Proposition 2 gives an optimal results for restri
tive parameter spa
e. One interesting questionis : how 
an we generalise to in
rease the number of nodes, without 
hanging the number ofwavelengths, and by altering as little as possible the perfe
t allo
ation des
ribed in the previousparagraph? First answers 
an be the following: 6



l:0 l:0 l:0 l:0 l:0l:1 l:1 l:1 l:1 l:1l:2 l:2 l:2 l:2 l:2l:3 l:3 l:3 l:3 l:3l:4 l:4 l:4 l:4 l:4 l:5 l:6 l:7 l:8 l:9l:5 l:6 l:7 l:8 l:9l:5 l:6 l:7 l:8 l:9l:5 l:6 l:7 l:8 l:9l:5 l:6 l:7 l:8 l:9(a) (b)l:10 l:11 l:12 l:13 l:14l:14 l:10 l:11 l:12 l:13l:13 l:14 l:10 l:11 l:12l:12 l:13 l:14 l:10 l:11l:11 l:12 l:13 l:14 l:10 l:15 l:16 l:17 l:18 l:19l:18 l:19 l:15 l:16 l:17l:16 l:17 l:18 l:19 l:15l:19 l:15 l:16 l:17 l:18l:17 l:18 l:19 l:15 l:16(
) (d)l:20 l:21 l:22 l:23 l:24l:22 l:23 l:24 l:20 l:21l:24 l:20 l:21 l:22 l:23l:21 l:22 l:23 l:24 l:20l:23 l:24 l:20 l:21 l:22 l:25 l:26 l:27 l:28 l:29l:26 l:27 l:28 l:29 l:25l:27 l:28 l:29 l:25 l:26l:28 l:29 l:25 l:26 l:27l:29 l:25 l:26 l:27 l:28(e) (f)Table 2: The allo
ation of wavelengths to (a) rows, (b) 
olumns, (
) 1-shift diagonals, (d) 2-shiftdiagonals, (e) 3-shift diagonals, and (f) 4-shift diagonals of the square matrix.1. Give l wavelengths to ea
h row, 
olumn, diagonal. This multiplies the number of wavelengthsby l, but make the number of shared wavelengths per pair of nodes equal to l.2. Give more than a single wavelength per row, 
olumn, diagonal. Choose wavelengths from thesame group i.e., Wr;W
;W id.This generalisation slightly alters the perfe
t allo
ation obtained in Proposition 2.Referen
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