Relevant Examples and Relevant Features: Thoughts

from Computational Learning Theory

Avrim L. Blum �

Scho ol of Computer Science

Carnegie Mellon University

Pittsburgh PA 15213-3891

Introduction

It can be said that nearly all results in machine learn-

ing, whether experimental or theoretical, deal with

problems of separating relevant from irrelevant infor-

mation in some way. In this paper I will attempt to

survey some of the results and intuitions developed in

the area of computational learning theory. My focus

will be on two issues in particular: that some exam-

ples may be more relevant than others, and that within

an example, some features may be more relevant than

others. This survey is by no means even close to com-

prehensive, and strongly re ects my own personal bi-

ases as well as issues brought up by results presented

at this workshop.

Issues of relevance are fundamental in the theoreti-

cal study of machine learning. In particular, questions

regarding the meaning of a \relevant" or \informative"

example are key motivations for the most p opular and

most basic theoretical models. Let me begin in the tra-

ditional manner of de�ning the basic models discussed,

but do so from the point of view of the motivations

from \relevance."

Mo dels and preliminaries

A common paradigm for concept learning is to have a

\training phase" in which the learning procedure stud-

ies some set of examples and produces a hyp othesis,

and then a separate \testing phase" in which that hy-

pothesis is evaluated. The Probably-Approximately-

Correct or \PAC" learning model of Valiant [ Valiant,

1984 ] , [ Kearns et al., 1987 ] is a model of concept learn-

ing of this form. It is currently the most p opular the-

oretical model studied.

The motivation behind the PAC model can be

thought of as follows. In order for a learning algo-

rithm to be able to generalize from its training data

and produce a hypothesis of good quality for the test-

ing phase, the training examples need to be \relevant"

� This material is based up on work supp orted un-

der NSF National Young Investigator grant CCR-9357793

and a Sloan Foundation Research Fellowship. Email:

avrim@cs.cmu.edu to the �nal test in some way. For instance, if the goal

of a learning program was to distinguish between pen-

cils and pens, and all pencils in the training phase were

wood but all in the testing phase were mechanical, one

would not expect to see good performance (and the test

would seem a bit unfair). One of the key ideas of the

PAC model is to postulate a �xed (but unknown) dis-

tribution on examples, and assume that the algorithm

will be trained and tested on this same distribution.

Because there is always the possibility that examples

selected for training may not b e represen tative of the

distribution (and therefore not so relevant), this model

requires two \fudge" parameters: an error � and a con-

�dence � . We say that an algorithm succeeds in learn-

ing a \class" or set of concepts C in the PAC model

if for any distribution D on examples and any target

concept c 2 C , the algorithm with probability at least

1 � � produces a hypothesis with error at most � with

resp ect to D. We generally will require an algorithm

to run in time p olynomial in various parameters such

as 1=�, 1=� , and the description length of the target

concept under some agreed-up on enco ding.

Perhaps one of the most important general results

in learnability theory is that in the PAC model, one

can e�ectively say that \learning is data compression".

In particular, if one can take a large sample of data

and extract the relevant information into a rule sig-

ni�cantly smaller than the data set, then this is guar-

anteed to achieve good generalization [ Blumer et al.,

1987 ] [ Blumer et al., 1989 ] . Conversely, any good learn-

ing algorithm can either be viewed as behaving in this

manner or transformed into one that does [ Board and

Pitt, 1992 ] [ Schapire, 1990 ] .

The mistake-bound model [ Littlestone, 1988 ] is a

model for on-line prediction motivated in part by this

same basic issue. For an on-line prediction scenario (ad

in�nitum you are given an unlabeled example, asked to

predict its classi�cation, and then told the correct an-

swer) we would like to say that a good algorithm will

\converge quickly." However if the same example is

rep eated over and over, we cannot expect this to hap-

pen. So, in the mistake-bound model, we just count

the number of mistakes made and use that quantity, rather than the total number of examples seen, as our

measure of time. In particular, in this model, we say

that an algorithm succeeds to learn a concept class if

the number of mistakes it makes given that examples

are classi�ed by some concept in the class is guaranteed

to b e at most some polynomial in certain relevant pa-

rameters (the number of features and the description

length of the target concept).

In this paper I will use the terms \variable", \fea-

ture", and \attribute" interchangeably. The features

will b e named x 1 ; x 2 ; . . . ; x n and an example is an as-

signment of some value (usually 0 or 1) to each of them.

Filtering irrelevant examples

Boosting

The PAC model guarantees that the distribution used

for training will b e relevant to the success criteria

used to test hypotheses. However, as learning pro-

gresses, the learner’s knowledge about certain parts of

the input space increases, and examples in the \well-

understo od" portion of the space become less useful.

Thus, if one has an algorithm for which training is ex-

pensive but prediction is cheap, then as its hypotheses

improve, it makes sense to try to �lter the training

data to weed out those less useful examples. As dis-

cussed in Freund’s paper in this workshop, the boost-

ing technique of Schapire [ Schapire, 1990 ] and Freund

[ Freund, 1990; Freund, 1992 ] provides a mechanism for

doing this.

To get some intuition about the degree of �ltering

one might hope to achieve, it is helpful to consider

the simpler case of conservative algorithms. A conser-

vative algorithm only pays attention to an example if

its current hypothesis predicts incorrectly on it. Since

such an algorithm ignores all the examples on which

its hypothesis is correct, it is clear one can �lter those

out without causing harm. Thus, when the algorithm

is predicting with 20% error one can �lter out 80% of

the examples, and when it achieves 10% error one can

�lter out 90% of the examples and so forth. Learn-

ing algorithms in the PAC model can be assumed to

need to roughly double the number of examples seen

in order to halve their error rate [ Schapire, 1990 ] , [ Fre-

und, 1992 ] , [ Blumer et al., 1989 ] . Since the number of

example passing through the �lter is proportional to

the error rate, however, the number of new examples

actually used by the algorithm each time it wishes to

halve its error rate remains (roughly) constant. Thus

the number of examples actually used is really just

logarithmic in 1=� rather than linear. The boosting

techniques enable one to achieve this kind of �ltering

in much more general conditions.

It is interesting to relate this use of boosting to its

original motivations. Boosting was developed as an an-

swer to the following puzzling question: Why are there

no classes known that are \somewhat learnable" in the

PAC model in the sense that some algorithm achieves, say, 40% error under arbitrary distributions but no al-

gorithm can achieve an arbitrarily small error rate?

Schapire [ 1990 ] proved that no such class could exist

(i.e. weak-learnability implies strong-learnability) by

providing a general technique to transform any algo-

rithm of the former type into an algorithm of the lat-

ter type. The intuitive idea is that since the former

algorithm is supposed to be (weakly) successful over

every distribution, you can improve any mediocre hy-

pothesis by applying the weak algorithm to a modi�ed

(�ltered) distribution on which your current hypothe-

sis gives you very little information. In other words,

�ltering to focus on the current \hard cases" is not just

a method for focusing on the relevant examples, but is

also a way of forcing one’s algorithm to do something

useful with them.

Perhaps the biggest contribution of the boosting

technique to computational learning theory is to point

out that in the standard PAC model, the quantity � is

\irrelevant" in the same sense that the quantity � can

be seen to be \irrelevant" by more elementary meth-

ods. Namely, one may as well assume that � = � = 1=3

and attack that case. Boosting will take care of the

rest.

Query by Committee

As describ ed in Freund’s paper, the Query by Com-

mittee (QBC) algorithm allows one to �lter examples

in a stronger sense than boosting: examples can be

�ltered out without even knowing their labels. This

is useful if the labeling process is expensive. QBC as-

sumes a Bayesian prior distribution on the target con-

cepts. This assumption means there is a natural notion

of the information in an unlabeled example: how well

does it split the concepts currently under considera-

tion? The basic idea of QBC is to allow through only

the more informative examples, and the assumptions

imply that if such examples are rare then random con-

sistent hypotheses are likely to b e quite good. What

QBC requires, however, is having a much better han-

dle on the space of hyp otheses than boosting requires.

To use QBC one needs to be able to sample consistent

concepts according to the prior, which can b e quite dif-

�cult, although it is also a major topic of algorithmic

research, e.g., [ Sinclair and Jerrum, 1989 ] , [ Dyer et al.,

1989 ] , [ Lov� asz and Simonovits, 1992 ] .

Comments

It is useful to keep in mind a distinction between ex-

amples that are relevant from the p oint of view of in-

formation, and examples that are relevant or helpful

from the p oint of view of one’s algorithm. In this re-

gard, let us consider the model in which in addition to

seeing examples from a distribution, one is allowed to

select one’s own unlabeled examples and ask for their

labelings. These requests are often called membership

queries. This ability to make active queries seems to

greatly enlarge the types of concept classes for which one can guarantee p olynomial-time learning [ Angluin,

1987 ] , [ Angluin et al., 1989 ] , [ Hancock, 1991 ] , [ Bshouty,

1993 ] , [ Jackson, 1994 ] .... One very common technique

used in these algorithms is to take some example that

one wants to understand b etter and slightly tweak it

to see how this would a�ect its labeling. For instance

one might take two examples with di�erent labelings

and slowly \walk" one example to the other to see

when the classi�cation changes. From the p ersp ective

of \relevance" the point here is that even though these

slight variations may not b e the most relevant from

an information-theoretic viewpoint, the type of infor-

mation that one gets is in an esp ecially usable form.

This phenomenon has been noticed for quite some time

[ Winston, 1975 ] .

Relevant Features

Much of the work in machine learning theory regard-

ing \relevancy" concerns the issue of relevant features.

Given the setup of the basic models, one can de�ne a

feature x i to be relevant to a given target concept f if

there exists a pair of examples A and B in the input

space such that A and B di�er only in their assignment

to x i and f (A) 6= f (B ). Notice that in this de�nition,

\relevancy" dep ends on the target concept, and not the

distribution or the set of examples seen by the learner.

For instance, it might be that in all the examples seen

by the learner so far, the values of features x 1 and x 2

are exactly the same, but x 1 could be deemed relevant

and x 2 not. A discussion of a useful way to view this

de�nition is given in the comments section below.

In [ Blum and Kannan, 1993 ] (also presented at this

workshop), a generalization of this notion of relevance

to the idea of relevant linear combinations of features

is addressed.

The question most commonly addressed in theoret-

ical work with resp ect to the issue of relevant features

can be stated roughly as follows:

For a given concept class, is there a polynomial-

time algorithm whose performance is esp ecially

good when the number of relevant features is

small? That is, can one devise an algorithm whose

sample size or mistake bound has a low dep en-

dence on the number of irrelevant features?

These sorts of algorithms are termed \attribute e�-

cient" in [ Blum et al., 1991 ] . A similar question, ad-

dressed by the work of [ Dhagat and Hellerstein, 1994 ]

(presented at this workshop), is whether one can pro-

duce a hypothesis that also itself dep ends only on a

small subset of features.

In the framework of computational learning theory,

two main techniques have come to light for achieving

performance guarantees of the form describ ed above.

In the PAC model, the technique is \greedy set cover,"

�rst used in this context by Haussler [ Haussler, 1986 ] .

In the mistake-b ound model, the technique is that of multiplicative weight updating, intro duced by Little-

stone [ Littlestone, 1988 ] .

The greedy set cover algorithm, applied to the case

of learning a disjunction of boolean variables, is as fol-

lows. Given a training set, ignore any variable with

the property that some negative example sets it to 1.

For each variable remaining, count the numb er of p os-

itive examples that do set it to 1. Pick the variable x i

whose count is highest and place it into the hypoth-

esis disjunction. Now throw away those positive ex-

amples with x i = 1 and rep eat. The guarantee [ John-

son, 1974 ] is that the number of variables included will

be at most a logarithmic factor (in n) larger than the

smallest possible. � This approach can be applied di-

rectly to other situations where the learning algorithm

can produce a list of functions with the prop erty that

the target concept can b e viewed as a disjunction (or

conjunction) of some small set of them. Situations of

this form include learning intersections of halfspaces

in constant-dimensional spaces [ Blumer et al., 1989 ] ,

learning DNF formulas in n

O(log n)

time under the uni-

form distribution [ Verb eurgt, 1990 ] , and many others.

The greedy set-cover approach is the basis for the re-

sults of Dhagat and Hellerstein presented in this work-

shop. They extend this technique in a recursive fashion

to apply to other classes of target functions.

In the setting of on-line learning, Littlestone [ Lit-

tlestone, 1988 ] was the �rst to demonstrate that in

interesting cases one could achieve a mistake b ound

with provably low dependence on the number of irrele-

vant features. His Winnow algorithms apply to learn-

ing a variety of concept classes such as conjunctions,

k-DNF, and linear threshold functions with good sep-

aration between p ositive and negative examples. For

these, he gives a very elegant proof that the number of

mistakes made has only a logarithmic dep endence on

the number of irrelevant variables. For instance, the

number of mistakes made in learning a disjunction of r

out of n variables is O(r log n). His general technique

involves attaching weights to each element in a given

set of \predictors" (for instance to learn disjunctions

one would assign a weight to each variable). These

weights represent the p erceived importance of each

one. The weights are then updated in a multiplica-

tive manner based on the examples seen. This general

approach has then been used in other algorithms such

as the weighted majority algorithm of Littlestone and

Warmuth [ 1994 ] , and the algorithms of [ Vovk, 1990;

Littlestone et al., 1991; Cesa-Bianchi et al., 1993 ] .

Kivinen and Warmuth in this workshop describ e rela-

tions between these approaches and additive updating

methods such as the Widrow-Ho� algorithm [ Widrow

and Ho�, 1960 ] .

� Finding the smallest consistent disjunction is NP-hard

[ Garey and Johnson, 1979 ] ; in fact, a polynomial-time algo-

rithm to �nd disjunctions only c log n times larger than the

smallest for c < 1=4 would place NP into quasi-p olynomial

time [ Lund and Yannakakis, 1993 ] .

One general fact regarding attribute-e�cient algo-

rithms is that if membership queries are allowed, then

any mistake-bound algorithm can be converted into

one that has only a logarithmic dep endence (in terms

of number of mistakes plus queries made) on the num-

ber of irrelevant features [ Blum et al., 1991 ] .

Comments

It is worth pointing out that in the PAC and mistake-

bound models (without membership queries) the no-

tion of relevance is really being used as a measure of

complexity. In other words, the algorithms do not re-

ally care what features are relevant and (generally)

they are not really searching for a set of relevant ones.

Rather, relevance is used to say how \complicated" a

target function is, and the goal of the algorithms is to

perform well when this quantity is low.

Suppose, for instance, we saw the following exam-

ples:

111111111100000000000000000000 +

000000000011111111110000000000 +

000000000000000000001111111111 +

000000000000000000000000000000 -

According to our de�nition of relevance, one cannot

tell which features are relevant from the above data

since that dep ends on the unknown target concept.

In a practical sense, if somebody asks which features

are relevant, perhaps all you can say is that they are

all somewhat relevant (see the de�nition in [ Kohavi,

1994 ] ). On the other hand, another useful thing one

can say is \3". Namely, 3 is the size of the smallest

relevant set, assuming we are learning a class like \dis-

junctions" where it is possible to b e consistent with

the data.

One other point: algorithms such as the Winnow

and Weighted-Ma jority algorithm have the following

nice property related to their ability to focus on the rel-

evant features. By dropping predictors (or \exp erts")

whose weights become too low, the algorithm can be

made to actually sp eed up as it learns more. (Dropping

bad predictors can be justi�ed under distributional as-

sumptions). This behavior is in contrast to a large

number of algorithms in use that slow down as they

learn more because their internal representations get

increasingly complicated.

Other thoughts

It is my belief that some of the most central open

problems in computational learning theory are, at their

core, questions about �nding relevant variables. In this

last section, I will describ e one of my personal favorite

open questions. I believe this is the essence of the

di�culty in learning DNF formulas and decision trees

(without membership queries) in the PAC model. The

problem is the following:

Does there exists a polynomial time algorithm for

learning the class of b oolean functions over f0; 1g n that have log 2 (n) relevant variables, when the ex-

ample distribution D is the uniform distribution?

A few points regarding this question: First, notice that

the class of functions having log 2 n relevant variables

is a special case of polynomial-size DNF formulas and

decision trees. That is because any function which

has only log 2 n relevant variables can, by de�nition, be

written as a truth table having only n entries. Second,

this class is easy to learn when memb ership queries are

allowed (exercise for reader). Indeed, the algorithm of

Bshouty [ Bshouty, 1993 ] learns the larger class of deci-

sion trees with membership queries in the exact lean-

ing model, and a recent algorithm of Jackson [ Jackson,

1994 ] learns the even larger class of general DNF for-

mulas using membership queries, with resp ect to the

uniform distribution. Third, random functions in this

class, namely functions with random truth tables, turn

out to b e easy to learn. The hard cases seem to be

close to, but not exactly, parity functions (see below).

Finally, the base \2" in the logarithm is just for con-

creteness. Any constant base greater than 1 will do.

As a practical matter, one di�culty with the above

open problem is that since no distribution on the target

functions is stated, it is unclear how to experimentally

test a prop osed algorithm. To handle this issue, the fol-

lowing is a speci�c distribution on the target functions

that seems quite hard (for convenience, the number of

relevant variables will be 2 log 2 n).

Select at random two disjoint sets A; B �

f1; . . . ; ng each of size log 2 n. On input x, com-

pute the exclusive-or of the bits indexed by A and

the majority function of the bits indexed by B ,

and output the exclusive-or of the two results.

For instance, if A = f1; 2; 3g and B = f4; 5; 6g then

the classi�cation of the example 011101001010 would

be positive since the �rst 3 bits have XOR equal to 0,

and the majority function applied to the next 3 bits is

1, and the XOR of those two quantities is 1.

Formally, the asso ciated open question is this. Does

there exist a polynomial-time algorithm A, a p olyno-

mial p, and a constant � > 0 such that with probabil-

ity at least 1=2 + �, A passes the following test: given

p(n) uniformly-selected random examples classi�ed by

a target function drawn from the above distribution, it

correctly classi�es a new unlabeled random example.

One interesting feature about this open question is

that in [ Blum et al., 1994 ] it is shown how to create a

pseudorandom bit generator with the prop erty that if

the answer to this question is \no", then the generator

is secure (against polynomial-time adversaries).

Conclusions

Issues of relevant examples and relevant features are

central to the theoretical study of machine learning.

This paper has attempted to survey just a few of the

many results related to this topic.

References

D. Angluin, L. Hellerstein, and M. Karpinski. Learn-

ing read-once formulas with queries. Technical Re-

p ort UCB/CSD 89/528, University of California Berkeley

Computer Science Division, 1989.

Dana Angluin. Learning regular sets from queries and

counterexamples. Information and Computation, 75:87{

106, Novemb er 1987.

A. Blum and R. Kannan. Learning an intersection of

k halfspaces over a uniform distribution. In Proceedings

of the 34 th Annual IEEE Symposium on Foundations of

Computer Science, pages 312{320, November 1993.

A. Blum, L. Hellerstein, and N. Littlestone. Learning

in the presence of �nitely or in�nitely many irrelevant

attributes. In Proceedings of the Fourth Annual Workshop

on Computational Learning Theory, pages 157{166, Santa

Cruz, California, August 1991. Morgan Kaufmann.

A. Blum, M. Furst, M. Kearns, and D. Lipton. Crypto-

graphic primitiv es based on hard learning problems. In

D. Stinson, editor, Proceedings CRYPTO 93. Springer,

1994. Lecture Notes in Computer Science No. 773.

Anselm Blumer, Andrzej Ehrenfeucht, David Haussler,

and Manfred K. Warmuth. Occam’s razor. Information

Processing Letters, 24:377{380, April 1987.

Anselm Blumer, Andrzej Ehrenfeucht, David Haussler,

and Manfred K. Warmuth. Learnabilit y and the Vapnik-

Chervonenkis dimension. Journal of the ACM, 36(4):929{

965, 1989.

Raymond Board and Leonard Pitt. On the necessity

of Occam algorithms. Theoretical Computer Science,

100:157{184, 1992.

N. H. Bshouty. Exact learning via the monotone theory.

In Proceedings of the IEEE Symp. on Foundation of Com-

puter Science, pages 302{311, Palo Alto, CA., 1993.

N. Cesa-Bianchi, Y. Freund, D.P. Helmb old, D. Haussler,

R.E. Schapire, and M.K. Warmuth. How to use exp ert

advice. In Proceedings of the Annual ACM Symp. on the

Theory of Computing, pages 382{391, 1993.

A. Dhagat and L. Hellerstein. PAC learning with irrel-

evant attributes. In Proceedings of the IEEE Symp. on

Foundation of Computer Science, 1994. To app ear.

M. Dyer, A. Frieze, and R. Kannan. A random p olynomial

time algorithm for approximating the volume of convex

b odies. In Proceedings of the Annual ACM Symp. on the

Theory of Computing, pages 375{381, 1989.

Yoav Freund. Boosting a weak learning algorithm by ma-

jority. In Proceedings of the Third Annual Workshop on

Computational Learning Theory, pages 202{216. Morgan

Kaufmann, 1990.

Yoav Freund. An improved boosting algorithm and its

implications on learning complexity. In Proceedings of the

Fifth Annual ACM Workshop on Computational Learning

Theory, pages 391{398. ACM Press, 1992.

M. Garey and D. Johnson. Computers and Intractabil-

ity: A Guide to the Theory of NP-Completeness. W. H.

Freeman, San Francisco, 1979.

Thomas Hancock. Learning 2� DNF formulas and k� de-

cision trees. In Proceedings of the Fourth Annual Work-

shop on Computational Learning Theory, pages 199{209,

Santa Cruz, California, August 1991. Morgan Kaufmann.

David Haussler. Quantifying the inductiv e bias in concept

learning. In Proceedings AAAI-86, pages 485{489. Amer-

ican Asso ciation for Arti�cial Intelligence, August 1986.

J. Jackson. An e�cient membership-query algorithm for

learning DNF with resp ect to the uniform distribution. In

Proceedings of the IEEE Symp. on Foundation of Com-

puter Science, 1994. To App ear.

D.S. Johnson. Approximation algorithms for combina-

torial problems. J. of Computer and System Sciences,

9:256{278, 1974.

Michael Kearns, Ming Li, Leonard Pitt, and Leslie

Valiant. On the learnabilit y of b oolean formulae. In

Proceedings of the Ninetenth Annual ACM Symposium

on Theory of Computing, pages 285{295, New York, New

York, May 1987.

Ron Kohavi. Feature subset selection as search with prob-

ability estimates. This workshop, 1994.

N. Littlestone and M. K. Warmuth. The weighted ma jor-

ity algorithm. Information and Computation, 108(2):212{

261, 1994.

Nick Littlestone, Philip M. Long, and Manfred K. War-

muth. On-line learning of linear functions. In Proceedings

of the Twenty-third Annual ACM Symposium on Theory

of Computing, pages 465{475, New Orleans, Louisiana,

May 1991. ACM.

Nick Littlestone. Learning quickly when irrelevant at-

tributes ab ound: A new linear-threshold algorithm. Ma-

chine Learning, 2:285{318, 1988.

L. Lov� asz and M. Simonovits. On the randomized com-

plexity of volume and diameter. In Proceedings of the

IEEE Symp. on Foundation of Computer Science, pages

482{491, 1992.

C. Lund and M. Yannakakis. On the hardness of ap-

proximating minimization problems. In Proceedings of the

Annual ACM Symp. on the Theory of Computing, pages

286{293, 1993.

Rob ert E. Schapire. The strength of weak learnabilit y.

Machine Learning, 5(2):197{227, 1990.

Alistair Sinclair and Mark Jerrum. Approximate count-

ing, uniform generation and rapidly mixing markov

chains. Information and Computation, 82(1):93{133, July

1989.

Leslie G. Valiant. A theory of the learnable. Communi-

cations of the ACM, 27(11):1134{1142, November 1984.

K. Verbeurgt. Learning DNF under the uniform distribu-

tion in polynomial time. In Proceedings of the Third An-

nual Workshop on Computational Learning Theory, pages

314{325. Morgan Kaufmann, 1990.

V. Vovk. Aggregating strategies. In Proceedings of the

Third Annual Workshop on Computational Learning The-

ory, pages 371{383. Morgan Kaufmann, 1990.

Bernard Widrow and Marcian E. Ho�. Adaptive switching

circuits. 1960 IRE WESCON Convention Record, pages

96{104, 1960. Reprinted in Neuro computing (MIT Press,

1988).

Patrick H. Winston. Learning structural descriptions from

examples. In Patrick H. Winston, editor, The Psychology

of Computer Vision. McGraw-Hill, New York, 1975.