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Motivation

The Permutahedron
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Motivation

As a convex hull of permutations

Entrée [1]: P = Polyhedron(list(Permutations(3)))
P
Out[1]: A 2-dimensional polyhedron in Zz*3 defined as the convex hull of 6 vertices (use the .plot() method to plot)

Entrée [2]: P.plot()
out[2]:
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Motivation

For size 4

Entrée [3]: P = Polyhedron(list(Permutations(4)))
3

Out[3]: A 3-dimensional polyhedron in ZZ"4 defined as the convex hull of 24 vertices (use the .plot() method to plot)

Entrée [4]: P.plot()
Out[4]:
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Weak order
321 321
/SN N
312 231 231 312
A R
213 132 213 132
N/ N/
123 123

left weak order right weak order
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Right weak Order
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Right weak Order
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Right weak Order
4321

/N

3421 4231 4312

321 /XX N
/ \ 3241 2431 3412 4213 4132
/NS OKN /NN
231 312 3214 2341 3142 2413 4123 1432
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2314 3124 2143 1342 1423
213 132

N X X
2134 1324 1243
\ / N\ |/
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2413 N 4213 = 2413 2413 v 4213 = 4231
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Right weak Order
4321

/N

3421 4231 4312

321 /XX N
/ \ 3241 2431 3412 4213 4132
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2413 N 4213 = 2413 2413 v 4213 = 4231
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From the Weak Order to the Tamari lattice
4321

/1IN

3421 4231 4312

321 /X XN
/ \ 3241 2431 3412 4213 4132
/NN /NN
231 312 3214 2341 3142 2413 4123 1432

VA O XY

2314 3124 2143 1342 1423

213 132 N X XS

\ / 2134 1324 1243
N

123 1234
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From the Weak Order to the Tamari lattice
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/1IN

3421 4231 4312

321 /X XN
/ \ 3241 2431 3412 4213 4132
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231 312 3214 2341 3142 2413 4123 1432
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\ / 2134 1324 1243
N
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Motivation

From the Weak Order to the Tamari lattice

4321
/7
3421
321 e
//// 3241 2431
/ N\ /
231 3214 2341 1432

\ 7
2314 2143 1342
213 132 AN X

\\\\ //// 2134 1324 1243
N

123 1234
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Motivation

From the Weak Order to the Tamari lattice
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From the permuathedron to the associahedron : removing
faces
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x1 =x3

/-
AV

AN

4

JCn =) X

123
213
23|1
312
132
123

(|J| + 1>
jed

X1 +x >3
xp >1
X2 +x3 >3
x3>1
x1+x32>3
X121
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Motivation

JQ[”]*ZXJZ(U';l)

jed
=3 J interval

].2|3 X1+ x0 >3

2]113 xx>1

23’1 Xo+x3>3
x1=x3 3|12 X3 Z 1

13]2

1123 x3 >1

Cesar Ceballos — Viviane Pons s-weak order and s-permutahedra



Motivation

e
AN
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JC ;>

_[n]—>§ xj > 5
jed
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Weak order

Motivation

Tamari lattice
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Motivation

Weak order Permutahedron

Tamari lattice | Associahedron
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Weak order Permutahedron

N

T

)

Tamari lattice | Associahedron v-Tamari

Préville-Ratelle, Viennot
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Weak order Permutahedron

Tamari lattice | Associahedron v-Tamari v-Associahedron

Préville-Ratelle, Viennot | Ceballos, Padrol, Sarmiento
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Weak order

Permutahedron

Tamari lattice

Associahedron

N

T

)

v-Tamari v-Associahedron

Préville-Ratelle, Viennot | Ceballos, Padrol, Sarmiento
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Weak order

Permutahedron

s-Weak order

s-Permutahedron

Tamari lattice

Associahedron
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v-Tamari

Préville-Ratelle, Viennot

v-Associahedron

Ceballos, Padrol, Sarmiento
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s-decreasing trees
The s-Weak order tree-inversions and lattice
s-Tamari lattice

s-weak order

s-decreasing trees

P> s is a sequence of non-negative integers

» The node i has s(i) + 1 children

» Nodes labels decreasing from root to leaves
s=(0,1,3,0,4,3)
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s-decreasing trees
The s-Weak order tree-inversions and lattice

s-Tamari lattice

How many trees?

s=(0,1,3,0,4,3)

Number of s-decreasing trees:
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s-decreasing trees
The s-Weak order tree-inversions and lattice

s-Tamari lattice

How many trees?

s=(0,1,3,0,4,3)

Number of s-decreasing trees:

(1+3)

7S
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s-decreasing trees
The s-Weak order tree-inversions and lattice

s-Tamari lattice

How many trees?

s=(0,1,3,0,4,3)

Number of s-decreasing trees:

(14+3)x(1+3+4)
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s-decreasing trees
The s-Weak order tree-inversions and lattice

s-Tamari lattice

How many trees?

s=(0,1,3,0,4,3)

Number of s-decreasing trees:

(143)x(1+3+4) x (1+3+4+0)
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s-decreasing trees
The s-Weak order tree-inversions and lattice

s-Tamari lattice

How many trees?

s=(0,1,3,0,4,3)

Number of s-decreasing trees:

(14+3) x (143+4) x (143+440) x (14+3+4+0+3)
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s-decreasing trees
The s-Weak order tree-inversions and lattice

s-Tamari lattice

How many trees?

s=(0,1,3,0,4,3)

Number of s-decreasing trees:

(14+3) x (143+4) x (143+4+0) x (14+3+4+0+3) x (1+3+440+3+1)
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s-decreasing trees
The s-Weak order tree-inversions and lattice

s-Tamari lattice

How many trees?

s=(0,1,3,0,4,3)

Number of s-decreasing trees:

(14+3) x (143+4) x (143+4+0) x (14+3+4+0+3) x (1+3+440+3+1)
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s-decreasing trees
The s-Weak order tree-inversions and lattice

s-Tamari lattice

Permutations
s=(1,1,1,1,1,1)
Number of s-decreasing trees:

(141)x (1+141) x (1+ 1414 1) x (14 1+ 1+14+1) x (141 +1+1+141)
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s-decreasing trees
The s-Weak order tree-inversions and lattice

s-Tamari lattice

Permutations
s=(1,1,1,1,1,1)
Number of s-decreasing trees: 6!

(141)x (1+141) x (1+ 1414 1) x (14 1+ 1+14+1) x (141 +1+1+141)
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s-decreasing trees
The s-Weak order tree-inversions and lattice

s-Tamari lattice

Tree-inversions
For all b > a, we define 0 < #(b, a) < s(b).

AN

\ / « —J

a : a
#(b,a) =0 : #(b,a) =s(b)

LﬁbaN

F I IFFE I
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s-decreasing trees
The s-Weak order tree-inversions and lattice

s-Tamari lattice

The s-weak order
R, T, s-decreasing trees:

R< T Vb>a#p(ba) < #r(b,a)

Theorem (Ceballos, P.)

The s-weak order is always a lattice.
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(0,1,2)

(0,0,2)




s-decreasing trees

The s-Weak order tree-inversions and lattice
s-Tamari lattice

s-Tamari lattice
Select trees which avoid “pattern 231" a< b < ¢

Theorem (Ceballos, P.)

The set of 231-avoiding s-decreasing trees form a sublattice, the
s-Tamari lattice, isomorphic to the v-Tamari lattice.
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s-decreasing trees

The s-Weak order tree-inversions and lattice
s-Tamari lattice
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s-decreasing trees

The s-Weak order tree-inversions and lattice
s-Tamari lattice
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s-decreasing trees

The s-Weak order tree-inversions and lattice
s-Tamari lattice
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s-decreasing trees

The s-Weak order tree-inversions and lattice
s-Tamari lattice
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s-decreasing trees

The s-Weak order tree-inversions and lattice
s-Tamari lattice

Theorem (Ceballos, P.)

The s-Tamari lattice is a quotient lattice of the s-weak order if s
does not contain any zeros.
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s-Permutahedron
s-Associahedron
The s-Permutahedron and s-Associahedron Work in progress

Geometry: the s-Permutahedron
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Faces : pure intervals

(3)
o @ o
5

@
o
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Faces : pure intervals

o-@
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Faces : pure intervals
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Faces : pure intervals
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Faces : pure intervals
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Faces : pure intervals

A2,
3
> e

~ 0

Ca
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Faces : pure intervals

~

g
L7

Ca
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Faces : pure intervals

v\

£, £
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Faces : pure intervals

v R

£, £
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Faces : pure intervals
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Faces : pure intervals

Theorem (Ceballos, P.)

The intersection of two pure intervals is a pure-interval.
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Conjecture (Ceballos, P.)

The s-Permutahedron is a
polytopal complex

Conjecture (Ceballos, P.)

It can be realized as a polytopal Ve
subdivision of the classical A
permutahedron.
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Conjecture (Ceballos, P.)

The s-Permutahedron is a
polytopal complex

Conjecture (Ceballos, P.) SR
It can be realized as a polytopal NS
subdivision of the classical k

permutahedron. SES

Solved for s without 0 (Gonzélez D'Leon, Morales, Philippe, Tamayo
and Yip)
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s-Permutahedron
s-Associahedron
The s-Permutahedron and s-Associahedron Work in progress

The s—Associaedron

Theorem (Ceballos, P.)

The s-associahedron is isomorphic to the v-associahedron for
v = NES(M  NES(H),
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Conjecture (Ceballos, P.)

A realization of the
s-associahedron can be obtained
by “removing” some facets of the
s-permutahedron.
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Work in progress
Proof of Polytopal Complex conjecture for all s, using:
» The s-braid arrangement

» The ascentopes

W/
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s-Permutahedron
s-Associahedron
The s-Permutahedron and s-Associahedron Work in progress
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s-Permutahedron
s-Associahedron
The s-Permutahedron and s-Associahedron Work in progress

> 12 vertices
> 18 edges
> 8 facets
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s-Permutahedron
s-Associahedron
The s-Permutahedron and s-Associahedron Work in progress

f vector =
(1,2178,9801, 19008, 20790, 14082, 6099, 1680, 282, 26, 1)

Cesar Ceballos — s-weak order and s-permutahedra




s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress

Work in progress (Philippe, Pilaud)
Realization of the lattice quotients of the s-weak order using the
s-braid arrangement.
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s-Permutahedron
s-Associahedron

The s-Permutahedron and s-Associahedron Work in progress
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