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Dyck paths

m-Tamari lattices

> Bergeron, Préville-Ratelle : m-Tamari posets

» Bousquet-Mélou, Fusy, Préville-Ratelle : lattice structure and
number of intervals
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Tamari lattice
Binary trees

Dyck paths

Bijection binary trees - Dyck paths
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Tamari lattice
Binary trees

Dyck paths

Rotation on Dyck paths
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Right weak order
Quotient lattice
Interval-posets
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Right weak order

i f i |- . .
Construction of interval-posets Y (et

Interval-posets

Avoids 132 < Increasing poset is a forest
3 5
45213 12 4

Avoids 312 <« Decreasing poset is a forest
1
2 4 5

32451 3

Viviane Pons Interval-posets of Tamari



Right weak order

Construction of interval-posets Quotient lattice

Interval-posets

Link between the right weak order and the Tamari order

canonical binary search tree labelling

a 1/3\7
/N AN \ /\
< X > x 3 2 5 8

/\ /\
4 6
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Right weak order

Construction of interval-posets Quotient lattice

Interval-posets

Binary search tree insertion

2/4\5
1/ \3

15324 —

Characterization : the permutations sent to a given tree are its
linear extensions
15324,31254,35124,51324, . ..
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Construction of interval-posets I et
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final forest F~(T)
1 2 4
\ \
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Construction of interval-posets I et

Interval-posets

final forest F~(T)
1 2 4
4 ‘ ‘
3 5
/ \ VAN
5 5 6 7
/\ AN g
3 9
, / Initial forest F<(T)
4 5 9
VRN /N /N
6 8 2 3 7 8

\ \
1 6

9

Viviane Pons Interval-posets of Tamari



Right weak order

Construction of interval-posets UG (s

Interval-posets

Viviane Pons Interval-posets of Tamari



Right weak order

Construction of interval-posets UG (s

Interval-posets

Viviane Pons Interval-posets of Tamari



Right weak order

Construction of interval-posets UG (s

Interval-posets

Viviane Pons Interval-posets of Tamari



Right weak order

Construction of interval-posets UG (s

Interval-posets

Viviane Pons Interval-posets of Tamari



Right weak order

i f i |- . .
Construction of interval-posets I et

Interval-posets

/\ 8/
/ /\9

~. /\///\\

2/ \7 3—4  6—7

Viviane Pons Interval-posets of Tamari



Right weak order
Quotient lattice
Interval-posets

Construction of interval-posets

~. /\///\\

2/ \7 3—4  6—7

Viviane Pons Interval-posets of Tamari



Right weak order
Quotient lattice
Interval-posets

Construction of interval-posets

1
\/4 /7/ \9 ‘ \
2

~. /\///\\

2/ \7 3—4  6—7

Viviane Pons Interval-posets of Tamari



Right weak order
Quotient lattice
Interval-posets

Construction of interval-posets

1
\/4 /7/ \9 ‘ \
2

B /\///\\

\ 3—4  6—17
2 7

Viviane Pons Interval-posets of Tamari



Right weak order

i i |- . .
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Theorem (Chatel, P.)

Intervals of Tamari are in bijection with labelled posets of size n
and labels 1, ..., n such that
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Construction of interval-posets NI wslt s

Quotient lattice
Interval-posets

Theorem (Chatel, P.)

Intervals of Tamari are in bijection with labelled posets of size n
and labels 1, ..., n such that

» [fa<canda<cthenb<c foralla< b< c.
» [fa<candc<dathenb<aforalla<b<ec.
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Overview

Some results Composition of intervals

Theorem (Chapoton)

The generating functions of Tamari intervals satisfy the functional
equation

d(x,y) =B(®,9) +1

where

B(f,g) = ny(xjy)xg(x’f()__f(l’y)
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Overview

Some results Composition of intervals

Tamari Polynomials
Bt is recursively defined by

Theorem (Chétel, P.)

Bt counts the number of trees smaller than or equal to T in the

Tamari lattice according to the number of nodes on their left
border.
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Theorem (Chétel, P.)

Bt counts the number of trees smaller than or equal to T in the

Tamari lattice according to the number of nodes on their left
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Tamari Polynomials
Bt is recursively defined by

Theorem (Chétel, P.)

Bt counts the number of trees smaller than or equal to T in the

Tamari lattice according to the number of nodes on their left
border.
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XBR(X) — BR(].)

Br(x) := xB(x) 1

iviane Pons Interval-posets of Tamari




Overview

Some results Composition of intervals

XBR(X) — BR(].)
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XBR(X) — BR(].)

)
Bi(x)= x* + x?
)
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Some results Composition of intervals

By =1
Br(x) := x(x® + x*)(1 + x + x?)
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e

/N
%
N/
</‘>.

Br(x) = x®+2x* +2x° + x°
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e

7N

T

oS
NS
<//

Br(x) = x* 4+ 2x* +2x° + x°
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Br(x) = x® 4+ 2x* +2x° + x°
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</‘>.

Br(x) = x® 4+ 2x* +2x° + x°
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Some results Composition of intervals

//\
%
N/
</‘>.

Br(x) = x®+2x* +2x° + x°
Br(1)=6
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Symmetric statistic

A YAVAN
/ \ distribution
AN
N /

A
AN
N
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AN K3 Symmetric statistic
/ distribution
X2
X2
X
X

AN
N /

A
AN
N
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VAVA VAN

7

Symmetric statistic
distribution

x2, 2%

ZNA
AN
N

/\ X, Z

X3,z
X2,z
3
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AAN X3 Symmetric statistic

.z
/ distribution
PV
(2x 4 2x? + x3)
AN )
+ (P +x3)
VNS / + (P +xX7)
AN + X3
Z3

A
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AAN X3 Symmetric statistic

.z
/ distribution
PV \
23(2x 4 2x% + x3)
AN k)
+ (P +x3)
AN / + (P +xX7)
AN + X3
3

/\ X, Z
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AN 3

e \
SNAA
N

,z Symmetric statistic
X%,z + 22 (x + x>+ x%)
3

distribution

23(2x 4 2x° + x3)

2 Z2
+ (x> +x%)
£ (2
/\ .z
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AN 13,z Symmetric statistic
distribution

\ 23(2x 4 2x° + x3)
AN (xR )

+ 22 43

/ + (xX*+x°)

+ X3
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AN 13,z Symmetric statistic
distribution

\ 23(2x 4 2x° + x3)
AR ()

+ 22453

/ + z(x* 4 x3)

+ X3
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Some results Composition of intervals

AN 13,z Symmetric statistic
distribution

\ 23(2x 4 2x° + x3)
AN (xR )
+ 22453
/ + z(x* 4+ x3)
+ zx3
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SN /\/\
_— N

T~ T~ 1
/3 /4 e
2 3 2 3—4
X2 Z3
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Some results Composition of intervals

1 2—————4 1—2————4
| |
1—2 1 2—3 3 3
]B( ‘ ) ‘ ): +
3 4 5 6—7 5 6 —7
| |
8 8
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1—2———14 1—2————4
| |
1—2 1 2—3 3 3
]B( ‘ ) ‘ ): +

3 4 5 6—7 5 6 —7
| |
8 8

1—2——m—754

‘/

3
+

5 6—7

|

8
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1—2 171/4

=[] e

- g
RN s / SN
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Some results Composition of intervals

Tl AL T
x2 > 677
BRI o ARAREN

x2.x.x3 + X2.X.X2 =+ X2.X.X
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1—T 17?74
3 = ./.\.7./.\.i| 3

-X2 5 6*?

8

AT

J
;

x2.x.x3 + X2.X.X2 + X2.X.X + X2.X
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Tl AL 7
x2 > 677
L] e e
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Sri= Y [T, T]

T<T
St =B(S., Sr)

— Br(x) = xBL(X)BR(X)z — fR(l)
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o
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Y
1—3
<5
X3
./._> 1—2
X2

1—3—4
2 5—6
X?’.X.X2

Some results

Overview
Composition of intervals

R
3

N

S
/>\
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e e
)

\
B

v

1—3—4 1—3—4
2 5—6 _|_ 2 5—6
x3.x x2 —|—x3.x.x
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e e
)

\
B

v

1—3—4 1—3—4 1—3—4
/ \

2 5—6 _|_2 5—6+ 2 5—6

x3.x.x? + x3.x.x + x3.x
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1—3—4 1—3—4 1—3—4 1—3—4
/ v ava
2 5—6 + 2 5—6 4 2 5—6 + 2 5—6

X7 . X.X + x3.x.x + x3.x + x2.x.x
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1—3—4 1—3—4 1—3—4 1—3—4 1—3—4
/ Vv Yavs |/ |/
2 5—6 _|_2 5—6+ 2 5—6 _|_2 5—6_|_2 5—6
x?’.x.x2 + x3.x.x + x3.x + x2.x.x2 + x2.x.x
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1—3—4 1—3—4 1—3—4 1—3—4 1—3—4 1—3—4
/ Vv Yavs |/ |/ |/ /|
2 5—6 _|_2 5—6+ 2 5—6 _|_2 5—6_|_2 5—6 + 2 5—6
x3.x.x? + x3.x.x + x3.x + X2 x.x? + x2.x.x + x2 . x
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</> //\
SN
x3 +X2 % //>
So N/
<2 S
Br(x) — Bgr(1)

(3 4+ x2)x.(x* + x + 1) = xBr(x) 1
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A second composition
1—5

/
2 1—5 1—5
f/ W /\/
1 3 2 2—3
, 2 — 4 + | |

IB%’ 1—2 3—4 + 4
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A second composition

1—5
L
2 1—5 5
\ W /\/
1 3 2 2—
B’ 1—2 2 = 4 + 3‘)*4 + ‘
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1
1—2——14 yd
7 A
3
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m-Ballot paths
m-binary trees

. m-Interval-posets
m-Tamari

m-Tamari posets

(2011-2012) Bergeron, Préville-Ratelle, Higher trivariate diagonal
harmonics via generalized Tamari posets.
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m-Ballot paths
m-binary trees

m-Interval-posets

m-Tamari

m-Tamari posets

(2011-2012) Bergeron, Préville-Ratelle, Higher trivariate diagonal
harmonics via generalized Tamari posets.

Structure de treillis, intervalles

(2011) Bousquet-Mélou, Fusy, Préville-Ratelle, The number of
intervals in the m-Tamari lattices.
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. m-Interval-posets
m-Tamari

m-ballots paths

Example m = 2.

—
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m-Tamari

AN
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m-Ballot paths
m-binary trees

. m-Interval-posets
m-Tamari

m-Tamari posets are lattices

Bousquet-Mélou, Fusy, Préville-Ratelle : m-Tamari posets are
ideals of the Tamari lattice n x m.

m-ballot paths Dyck paths
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m-Ballot paths
-binary trees
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m-Ballot paths
ary trees

. m-Interval-posets
m-Tamari

m-binary trees
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m-Ballot paths
m-binary trees

. m-Interval-posets
m-Tamari

Ternary structure

N

Te Tr,

Tr,

Interval-posets of




m-Ballot paths
m-binary trees

. m-Interval-posets
m-Tamari

Dyck path m-binary tree

m-ballot path ternary tree

osets of Tam




m-Ballot paths
m-binary trees

m-Interval-posets

m-Tamari

Tamari lattice
(Chapoton)
® =1+ B(d,0)
B(f,g) = xf(x)A(g)

Alg) - xg(i)_— 1g(l)
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m-Ballot paths
m-binary trees

m-Interval-posets

m-Tamari

m-Tamari lattices
(Bousquet-Mélou, Fusy, Préville-Ratelle)

»® =14+ B@ A o®) ()

BO(f, g1, ) = xf(x)A(g1A(g2))

Alg) = xg(i)_—lg(l)
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m-Ballot paths
m-binary trees

m-Interval-posets

m-Tamari

5
1/\6 1 5
AN /|

3 2 3 6
/\ \

4 4
1 1
AN

3 2—3
/ N\
2 5 4—5

/\

4 6 6
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m-Ballot paths
m-binary trees

m-Interval-posets

m-Tamari

5
1/ \6 1 s
AN au
3 2" 3 6 1
/N \ /|
2 4 4 2—T
1 1 4—5
\3 2—3 é
/N
2 5 4—5
/\
4 6 6
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m-binary trees

. m-Interval-posets
m-Tamari 2

1
AN
il

Interval

osets of Tam




m-Ballot paths
m-binary trees

m-Interval-posets

m-Tamari

Theorem (Chétel, P.)

Let T be an element of m-Tamari composed from L, Ry, ..., Rny.
B(Tm) is defined recursively by

(m) _
B =1
B(Tm)(x) — B(m)(L, Ry,... R Rm)

Then B(Tm) counts the number of elements smaller than or equal to
T in the m-Tamari lattice.
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B(ﬁ) = B@(x,x, x)
= x2A(xA(x))

R o

=2x%2 +2x3 + x*

L
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m-Ballot paths
m-binary trees

m-Interval-posets

m-Tamari

B(ﬁ) = B@(x,x, x)
= x2A(xA(x))

R o

=2x%2 +2x3 + x*

S
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m-Ballot paths
m-binary trees

m-Interval-posets

m-Tamari

B(ﬁ) = B@(x,x, x)
= x2A(xA(x))

g o

=2x%2 + 253 + x*

T
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m-Interval-posets

m-Tamari

B(ﬁ) = B@(x,x, x)
= x2A(xA(x))

R o

=2x%2 4+ 2x3 + x*

L
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