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Theorem (Châtel, P.)

Intervals of Tamari are in bijection with labelled posets of size n
and labels 1, . . . , n such that

I If a < c and a C c then b C c for all a < b < c.

I If a < c and c C a then b C a for all a < b < c.

1

4
⇒

1 2 3

4

4

1
⇒

4 3 2

1
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Theorem (Chapoton)

The generating functions of Tamari intervals satisfy the functional
equation

Φ(x , y) = B(Φ,Φ) + 1

where

B(f , g) = xyf (x , y)
xg(x , y)− g(1, y)

x − 1
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Tamari Polynomials

BT is recursively defined by

B∅ := 1

BT (x) := xBL(x)
xBR(x)− BR(1)

x − 1

avec T =
L

•

R

Theorem (Châtel, P.)

BT counts the number of trees smaller than or equal to T in the
Tamari lattice according to the number of nodes on their left
border.
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m-Interval-posets

m-Tamari posets

(2011-2012) Bergeron, Préville-Ratelle, Higher trivariate diagonal
harmonics via generalized Tamari posets.

Structure de treillis, intervalles
(2011) Bousquet-Mélou, Fusy, Préville-Ratelle, The number of
intervals in the m-Tamari lattices.
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intervals in the m-Tamari lattices.

Viviane Pons Interval-posets of Tamari



Tamari lattice
Construction of interval-posets

Some results
m-Tamari

m-Ballot paths
m-binary trees
m-Interval-posets

m-ballots paths

Example m = 2.

−→

Viviane Pons Interval-posets of Tamari



Tamari lattice
Construction of interval-posets

Some results
m-Tamari

m-Ballot paths
m-binary trees
m-Interval-posets

Viviane Pons Interval-posets of Tamari



Tamari lattice
Construction of interval-posets

Some results
m-Tamari

m-Ballot paths
m-binary trees
m-Interval-posets

m-Tamari posets are lattices

Bousquet-Mélou, Fusy, Préville-Ratelle : m-Tamari posets are
ideals of the Tamari lattice n ×m.

m-ballot paths Dyck paths

Viviane Pons Interval-posets of Tamari



Tamari lattice
Construction of interval-posets

Some results
m-Tamari

m-Ballot paths
m-binary trees
m-Interval-posets

Viviane Pons Interval-posets of Tamari



Tamari lattice
Construction of interval-posets

Some results
m-Tamari

m-Ballot paths
m-binary trees
m-Interval-posets

Viviane Pons Interval-posets of Tamari



Tamari lattice
Construction of interval-posets

Some results
m-Tamari

m-Ballot paths
m-binary trees
m-Interval-posets

Viviane Pons Interval-posets of Tamari



Tamari lattice
Construction of interval-posets

Some results
m-Tamari

m-Ballot paths
m-binary trees
m-Interval-posets

Viviane Pons Interval-posets of Tamari



Tamari lattice
Construction of interval-posets

Some results
m-Tamari

m-Ballot paths
m-binary trees
m-Interval-posets

m-binary trees

Viviane Pons Interval-posets of Tamari



Tamari lattice
Construction of interval-posets

Some results
m-Tamari

m-Ballot paths
m-binary trees
m-Interval-posets

Viviane Pons Interval-posets of Tamari



Tamari lattice
Construction of interval-posets

Some results
m-Tamari

m-Ballot paths
m-binary trees
m-Interval-posets

Ternary structure

TL TR1

TR2

Viviane Pons Interval-posets of Tamari



Tamari lattice
Construction of interval-posets

Some results
m-Tamari

m-Ballot paths
m-binary trees
m-Interval-posets

Dyck path m-binary tree

m-ballot path ternary tree

Viviane Pons Interval-posets of Tamari



Tamari lattice
Construction of interval-posets

Some results
m-Tamari

m-Ballot paths
m-binary trees
m-Interval-posets

Tamari lattice
(Chapoton)

Φ = 1 + B(Φ,Φ)

B(f , g) = xf (x)∆(g)

∆(g) =
xg(x)− g(1)

x − 1
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B(2)(f , g1, g2) = xf (x)∆(g1∆(g2))

∆(g) =
xg(x)− g(1)

x − 1
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Theorem (Châtel, P.)

Let T be an element of m-Tamari composed from L,R1, . . . ,Rm.

B(m)
T is defined recursively by

B(m)
∅ := 1

B(m)
T (x) := B(m)(L,R1, . . . ,Rm)

Then B(m)
T counts the number of elements smaller than or equal to

T in the m-Tamari lattice.

Viviane Pons Interval-posets of Tamari



Tamari lattice
Construction of interval-posets

Some results
m-Tamari

m-Ballot paths
m-binary trees
m-Interval-posets

B(2)T = B(2)(x , x , x)

= x2∆(x∆(x))

= x2∆(x(1 + x))

= x2(2 + 2x + x2)

= 2x2 + 2x3 + x4
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