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A +� . 0 �$ �� �� �� & " � " .� p(dy|x, a)� � ) � �.� - �" .� �  -. ! (�� & � r(x, a)1

/ . $ � $� � 
 � � � � � �� � π : X → A +& . " � $� - � " � � � � �� (� � �. � ! �� -� � �.� - � " .�

4 �) � $ � � � - �$ �) "&  � 0 ≤ γ < 1 � �4 � - � . � " � .� �� ! ( . � � ) "� �� "

V π(x) = E
[∑

t≥0

γtr(xt, at) |x0 = x, at = π(xt)
]

�� � � �� � � � � �� � �� 
 � 
 � � �� � � V ∗ = maxπ V π�& � ) � ( . "� � � �� V ∗ = T V ∗

�� ) � � 
 � 
� � �� 
� � � �� � �� �*

T f(x) = max
a∈A

[
r(x, a) + γ

∫
p(dy|x, a)f(y)

]
.

�� . (  � � �� $ � T�& � $� � - .� �� � - � " .� �� L∞ + � .� - V ∗ � �� � - �) -$ )  ( � �

" �  � � �" .� & & $ � ) �& 4 �) � $ �& Vn+1 = T Vn1

� � "7 � :  Lp3  7 " 9 # � ; # " = = "� 5 �� 3 � � " = 5 ��  7 	
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� � � �� � � � �*

Vn+1 = AT Vn,

.� T�& � )�� 0 ,�� - + 	 �� - � � � � � �� + 
 � � A$� 0 ,�� - + 	 �� - � � + , , - 0�/ � + 	/ 0 
 �

� � � � 
 � �* F�& � $� & . $& � �& ( � -� 4 � - �. � "� )

�� � " ! �� & " .� �� "� + � � A$� � ( � . �� - � " .�

. � �� . � .� �) � �� . � ! � L2 �& $ � F1

	 
� 
 
� � � � � *

• T�& � $� � -.� �� � - � " .� �� � . � ! � L∞ +
• A�& �� .� � � � ( �� & " ��� � . � ! � L2

Vn

TVn

Vn+1

V * F

T

A

	 
�
 � � � � * .� � � (� $ � � "�� � " � � �� )�� . (  � � �� $ � -. ! � "�  AT�
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�� � � �& � � �& � �& " �& "� ) "& + 7 � �6 � � � �. � � � " .� & $ � ) � , �- 	 � V ∗ − V πn�� �.� - � " .�

��& �- - �� -� � � + , , - 0�/ � + 	/ 0 
 en = T Vn −AT Vn*

lim sup
n→∞

||V ∗ − V πn ||∞ ≤
2γ

(1− γ)2
lim sup

n→∞

||en||∞.

	 
�
 � � � � * � � �� 
 � � L∞ �� � � 
 �� 
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� � ��
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� � � �� � � � � � � � � �� � � � � �� � 
� � � � � 
�� 
� � 
� �� � � �� �� *

• �� � � � � $ � $� " �. � ! � ||en||∞ = supx∈X |en(x)|�& � � " � - " ) � ! �� �  4 �) $ � �) �

�� �.� - �" .� �� )�� � � � � $ � � ! ( " � " #$ � |en(xk)| �$ � � .� �  �& {xk}1≤k≤K +

• ,� �  �  � �) + $� . (  � � �� $ � �� � ( ( � . � " ! � � " .� �  �) "& � $� ( � . �) �! � ��

! "� " ! "& � � " .� � ! ( " � " #%$ � �� � . � ! � Lp �� � 1 �  � � �& & " .� ) "�  � " � � + �  & � �$ �

�� � � $ � .� �& + � $ ( ( . � � �� - �. �& + !  �� . ��& �� . 0 �$ � +�1 1 1 �1

� � "7 � :  Lp3  7 " 9 # � ; # " = = "� 5 �� 3 � � " = 5 ��  7 3
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� � � � � � � � �

� . " � µ$� � � "& �� " � $ � " .� & $ � X1 � � ( (� ) * ||f ||p,µ =
( ∫

µ(dx)|f(x)|p
)1/p1

�  �� "& & .� & C(µ) �� ) ) � #%$ � p(·|x, a) ≤ C(µ)µ(·) + ( . $ � �. $& x ∈ X, a ∈ A1

' ) . �& � � $� .& + 2 5 56 �*
lim sup

n→∞

||V ∗ − V πn ||∞ ≤
2γ

(1− γ)2
C(µ)1/p lim sup

n→∞

||en||p,µ.

� � �. � � � " .� �� �.� - � " .� �� )�� � � � � $ � �� � ( ( � . � " ! � � " .� �� � . � ! � Lp1

� 
 
 
 � �� � � � � � �� �� � � � � � �� � * ! � �. � � � " .� �� ||en||p,µ + -/ � ��� �� 	- � 
 	 � - � �

�. $ � � � � $ � �� �  �  � �) "& � � " .� � +�� �.� - � " .� � $ -/ � �� � �� ,/ -/ ��� � �. $ � � � � $ �

�� � ( ( � �� �"& & � �� �

[
1

K

∑K
k=1
|en(xk)|p

]1/p �  � ) ) � ! �� � ! "� " ! "&  +

||en||p,µ ≤
[ 1

K

K∑

k=1

|en(xk)|p
]1/p

+ E
(
K, � � (F), . . .

)

� � �� ) � - � ( � - " �  �� F � � " ! �� & " .� �� � � +� . ! � � � �� -. $ 4 � � �$ � � +�1 1 1 �1

� � "7 � :  Lp3  7 " 9 # � ; # " = = "� 5 �� 3 � � " = 5 ��  7 
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 � �� �� � * .� � "& ( .& � �� $� ! . � �) � �  �  � � �" � + " 1 � 1 � " � � � y ∼ p(·|x, a)1

� � � � 
 � � * � .� & �� $ " � N � ( ( � . � " ! � � " .� & {Vn}1≤n≤N& $ - -�& & " 4 � ! �� � +& � ) .�

71 �� ) � - �" .� �� K  � � �& (xk)k=1...K � " �  & & � ) .� µ +

21 ,� - � � #%$ �  � � � xk + ( . $ � - � � #$ � � - �" .� a + � " � � �� �� M  � � �& & $ " 4 �� �&

{ym
k,a}1≤m≤M ∼ p(·|xk, a)$ � " ) "& �� � $� ! . � �) � �  �  � � � " � +� � - �) -$ ) ��

)�� . (  � � �� $ � �� � � ) ) ! ��  - � �� �" ) ) .� �  
vk = max

a

[
r(xk, a) + γ

1

M

M∑

m=1

Vn(ym
k,a)

]

>1 �  �� � ! "� � Vn+1 ∈ F + ( � � $� ( � . �) �! � �� ! "� " ! "& � �" .� *

Vn+1 = arg min
f∈F

1

K

K∑

k=1

l
(
f(xk)− vk

)

.� l�& � $� � �.� - � " .� � "& #%$ � � #%$ � � � � � " #%$ � + � �& . ) $ � + ε−"� & �� & " �" 4 � + 1 1 1 �1

� � "7 � :  Lp3  7 " 9 # � ; # " = = "� 5 �� 3 � � " = 5 ��  7 �
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� � �� 
 � � � �

� � $� .& � �� � (�& 4 � � " + 2 5 56 � � . "�� � ε > 0� � δ > 01 � $ ( ( .& .� & #$ � F�& � �� )

#%$ � ) � � "& � �� -� �� �� � T F� � F�& � ≤ ε + " 1 � 1

sup
g∈F

inf
f∈F
||T g − f ||p,µ ≤ ε.

' ) . �& " ) � � "& �� ��& �� � "� �& N �� . ! � � � �� " �  � � � " .� & � + K �� . ! � � � �� � .� �  �& �

� � M �� . ! � � � ��  � � �& & $ " 4 �� �& � �4 � - N) "�  � " � � �� log 1

ε + K� � M

( . ) 0� . ! " �$ � �� 1

ε + log 1

δ + logN (ε/C(µ),F) + �� )& #$ �

P
(
||V ∗ − V πN ||∞ < ε

)
≥ 1− δ.

� � 
 � �� � �� � 
�� 
 
� 
 
 � 
� � � � � � � � �� � � � * .� �� �  � $ " � $� �

-. ! ( ) � � " �  ��  - � �� � " ) ) .� & �� �.� - � " .� �� ) � � " ! �� & " .� O
(
(log 1/ε)d

) �$ ) "� $

� $ �  & $ ) � � � �� � � � . � � � �& " �& "� ) "& + 7 � 
 � ��� O
(
1/εd

)
.

� � "7 � :  Lp3  7 " 9 # � ; # " = = "� 5 �� 3 � � " = 5 ��  2 5
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 � � � � � � � � ��

� . $ �� )�� �� �) 0& � L∞�� ( � . � � � ! ! � � " .� � 0� � ! " #%$ � �4 � - � ( ( � . � " ! � � " .� & �

�  �  � �) "& � � ) �� . � ! � Lp1

• �� � 
� � � � �� � � 
� �� 
 � � � � � �� �� � � $� .& + 2 5 5 > �1 /� � �. � ! �� -�

�& 0 ! ( �. � " #%$ �

lim sup
n→∞

||V ∗ − V πn ||∞ ≤
2γ

(1− γ)2
C(µ)1/pεF .

! � �. �  � �� �.� - � " .� �� ) � - � ( � - " �  � � ( �  & �� � � � " .� � � ) ) � �� )�� � � - � " �� - �$ � �

�� � ( ( � . � " ! � � " .� εF = lim supn inff∈F ||V
πn − f ||p,µ.

• � � �� �� � � � � � � � � 
� � � � � � � � �� � �� � � � $� .& + 2 5 56 �

||V ∗ − V π||∞ ≤
2

1− γ
C(µ)1/p||T V − V ||p,µ

•� � �. $ ��& ) � $ �& 4 � � " �� ��& � ( ( � �� � "& & � �� ( � � � �� �. � -� ! �� �1

� � "7 � :  Lp3  7 " 9 # � ; # " = = "� 5 �� 3 � � " = 5 ��  2 7
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! "� " ! "& � � " .� � � �� �& & � � � $ �" ) " �  � ( ( ) " - � � " 4 � 1

• �� �� � � � � 
� �� � �� �� � �� 
� � � �� �� � � � 
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� '� �) 0& � ' � � �4 � - � � ( �  & �� � � �" .� �� �.� - � " .� & � ( � � �" � �� � .� �  �&

� � � � + !  �� . ��& �� . 0 �$ � � �� & � � � � + 1 1 1 �

� �  �� . � . ) . � "� !  �� . ��& �� . 0 �$ � � �4 � - / 1 ' 1 � . #%$ � ) "� �

� �� �  � � � �" .� � �� & (*) � �� �. � ! � � , �
 �� � 1 1 �� 0 � �$ � � � �1 � � ) ) 0 � +� �

-. ! � "� � "& .� �4 � - !  �� . ��& �  � �� � . ! "& � � " .� � '� � ' � / � 1� �

& . $ ! "& � + � ( (*) " - � � " .� �� ! � � � � � �1
• / � . �� � �� � � ' � $ �$ �& �� #%$ � � � �� #%$ �� � " �) �� � �� "� � � + � �4 � - / � 1 / � � $ � +

� 1 � �4 0 + � 1 � . $ ) . ! + , 1 � $ � .& + / � 1 � �� � � � � � � � +
• � . �� & � . ( � � � � 2 5 5 6 +�� �- 
 � �	 � 	
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 � 
 �� 
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� � � �� � �� �� � � �� � �� � � �

� �� � �� � � �� ( � ��� � � ��� � ' .� ( � ( � � � � �� % �� � �� � % % �� �� .� �� ( .� % � ' '� . � � � � %

• �� . � !" � � �. '� ( " ( % �� ( .� ' � � � " �� � ( � � �

• �� . � � % %� % ' � � � ( �� � �" �� � . % �� � � � � %

•! . " �( � �� � ! % � �� ( � � �� � �� � �" �� �

#%$ & � < ' '( )

• *+ ,-. /0 / ,1 � .� � �� & �� � �� �� � � %� ( " �� �� � � � &� �32

� ( �� � � . � % � � �� � % � "� � " ( � � � % � � �� �� %.� � ( � � .� 2

� � � % # �� . % � < ' '4 )

θ

θ

1

2

� . . � ( � � � " . ( � �
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 �

! "� � " ( � � � � �� �� " ( � ( %� �� �" ' % �� � � ( � � 1

dxt

dt
= f(xt, at), x0 = x.

�� � � �� � � � �� � '� � ( � ( � � � at = πα(t, xt) ' � � � " �� � � � � �( " �� ( " ( % �� � & �( � �

�� �  � !" � � �� '� ( " ( % �� ( � � 1 � �� �� " ( � �� α � �( " �� ( " ( % �

α→ V πα =

∫
γtr(xt)dt.

&( � �� � � � ( � ( % � �� �� &� � ( � � " � � �� " ' � &� � � ( �� � 1 α← α + η∇αV πα ,� � �

 � %� ( � � � � �� �� " ( � �� � � ��� 0� 	
� / ∇αV πα � ! �� ( � � �� � � � ��� � � ( �� � � 1

∇αV πα =

∫
γt∇r(xt)∇αxtdt.


� � � � �� � zt = ∇αxt �� � � z0 = 0 �� �� �� fα(x) = f(x, πα(x)) �

dzt

dt
= ∇αfα(xt) +∇xfα(xt)zt.
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# � " " �� � � %� ( " �� zt = ∇αxt� � � % � � �� � � "� � " ( � � �� � �� �� fα � %� ( � �� � � � ��

� , /- � 
 1 ' �� � � �  �� �� � �� � ( � �" �� � � � '� � ( � ( � � � �( � � � � � ( � ( % �� �� � �� ��	 � 
�� 


�	� �
 � �	 � 
�� 
 �� & � � � �� � �� �� � � � �� � �� � %� �� � %� � � � %( � � �� � �� � � % ∆t ) �

α

π α At
+

tx

� � � � 
 , , - , , / � �� 0 , / 	 � - 
 (X∆t
t )1

• At � %� � � � ( %( � % �� � � � � '� � ( � ( � � � ' �� � � �  � �
•# �� � � � �� ( � � � %� " �( � � �� � � �� � %� �� � � ' �� � �� � ∆t �

f(x,u)
f (x)
α

t∆X t xt

x

� � � � � 	+ /+ � 
 � �� , 	 , /0 � � 
 . � � 0. 
 E[X∆t
t+∆t−X∆t

t ] = fα(X∆t
t )∆t+ o(∆t),

�� � � %1 # �� � % � < ' '4 ) (X∆t
t )

∆t→0
−→ xt '� � % � � � %� � �" �� � �
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�. � �� 	 /�� 
 1 � � �� � � %� �� � � � � � ��� � ( � � (X∆t
t ) �� � � �� � � � � (Z∆t

t ) �

� ( %� � �� ( % �� ( � � � � &� � � ( �� � zt = ∇αxt � % �� � �

Z∆t
t+∆t = Z∆t

t +∇α log πα(At|X
∆t
t )∆X∆t

t

+∇x log πα(At|X
∆t
t )∆X∆t

t Z∆t
t + ∇̂xf(X∆t

t , At)Z
∆t
t ∆t,

� � ∇̂xf � %� �� � %� ( " �� �� � " � ( � � � � %2 � � � � � %1

∇̂xf(X∆t
t , At) = (∆t)−1

(
∆X X ′ −∆X X ′

)(
X X ′ −X X ′

)−1
.

� �� � 
 � � 
� � 
 1 # �� � % � < ' '4 ) �� � (X∆t
t , Z∆t

t )
∆t→0
−→ (xt, zt) '� � % � � �

%� � �" �� � � �� � � � %� ( " �� �� � � � � � �� � � � ( �� �� � � �� & � 1
∫

γt∇r(X∆t
t )Z∆t

t dt
∆t→0
−→ ∇αV πα .
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