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Abstract

A tight integrationof Mitchell’s versionspaceal-
gorithmwith Agrawal et al.’s Apriori algorithmis
presented.The algorithmcanbe usedto generate
patternsthatsatisfyavarietyof constraintsondata.
Constraintsthatcanbeimposedonpatternsinclude
the generalityrelationamongpatternsandimpos-
ing a minimum or a maximumfrequency on data
setsof interest.
The theoreticalframework is appliedto an impor-
tant applicationin chemo-informatics,i.e. that of
finding fragmentsof interestwithin a given setof
compounds.Fragmentsarelinearlyconnectedsub-
structuresof compounds. An implementationas
well as preliminaryexperimentswithin the appli-
cationarepresented.

1 Intr oduction
MannilaandToivonen[MannilaandToivonen,1997] formu-
late the generalpatterndiscovery task as follows. Given a
database� , a language� for expressingpatterns,anda con-
straint � , find the theory of � with respectto � and � , i.e.���	� ��
���

����������������� � ��
������ �"!#�%$'&)( . Viewed in this
way

�*�+� �,
���
���� containsall sentenceswithin thepatternlan-
guageconsideredthat make the constraint� true. This for-
mulationof patterndiscovery is genericin that it makesab-
stractionof several specifictasksincluding the discovery of
associationrules,frequentpatterns,inclusiondependencies,
functionaldependencies,frequentepisodes,... Also, efficient
algorithmsfor solving thesetasksareknown (cf. [Mannila
andToivonen,1997]).

So far the the type of constraintthat hasbeenconsidered
is rathersimpleandtypically relieson the frequency of pat-
terns. In the pastdecadethe datamining communityspent
a lot of effort to efficiently computepatternshaving a mini-
mumfrequency, suchase.g. Apriori [Agrawal et al., 1993].
In this paper, we will extendthis populardatamining model
by allowing the user to specify a variety of different con-
straintson the patternsof interest. The constraintsthat will
beconsideredinvolve generalityconstraintson patterns,e.g.
to specify that the patternsof interestare (resp. are not)
more generalthan a specificpattern,as well as frequency

constraints.Frequency constraintsthatareconsideredeither
imposea maximumor a minimum frequency on a dataset
of interest. Theseconstraintscanthenbe combinede.g. in
orderto discover all patternsthataremoregeneralthanpat-
tern - , have a minimumfrequency .0/ on thedataset1 , and
a maximumfrequency .32 on dataset 4 . Theresultis a flex-
ible and declarative query languageto specify the patterns
of interest. From this point of view, the work also fits in
the inductive databaseframework consideredby researchers
such as [Imielinski and Mannila, 1996; Han et al., 1999;
De Raedt,2000].

Thekey problemin discoveringtheoriesthatinvolveacon-
junctionof primitiveconstraints56/�798:8;8�735=< is to efficiently
combinethe solversfor the primitive constraints5=> . It is at
thispointwhereMitchell’sversionspaceapproach[Mitchell,
1982] is extremelyuseful. Indeed,eachof theprimitivecon-
straintsresultsin aversionspace.Considere.g.theminimum
frequency constraint.As shown by [Mannila andToivonen,
1997], theminimumfrequency constraintresultsin aspaceof
solutionswith themostgeneralpattern? astheonly element
of the @ -setandthe A"BDC boundaryasthe E -set. Because
this propertyholdsfor all primitive constraints,thespaceof
solutionsof the conjunctionof constraintscanalsobe spec-
ified asa versionspace.Moreover, it can F in principle F
becomputedusingHirsh’sversionspaceintersectionmethod
[Hirsh, 1994]. However, ratherthanapplyingHirsh’s frame-
work, we will employ a tighter integrationof versionspaces
with Apriori.

To demonstratetherelevanceof level-wiseversionspaces,
we presentan implementationaswell asexperimentsin the
domainof molecularfragmentfinding. Molecularfragments
are sequencesof linearly connectedatoms. They are use-
ful and important for the induction of so-calledStructure-
Activity Relationships(SARs),which arestatisticalmodels
that relatechemicalstructureto biological activity. The use
of automaticallyderived fragmentsin SARsoriginatesfrom
theCASE/MultiCASEsystemsdevelopedby [Rosenkranzet
al., 1999]. With more than 150 publishedreferences,the
CASE/MultiCASE systemsare the most extensively used
SARandpredictivetoxicologysystems.Previousapproaches
in theseareasarebasedon the“decomposition”of individual
compounds:thesemethodsgenerateall fragmentsoccurring
in a givensinglecompound.In this regard,our contribution
is a languagethatenablestheformulationof complex queries



regardingfragments– userscanspecifypreciselywhichfrag-
mentsG they areinterestedin. Wealsoimplementedanefficient
solver to answerqueriesin this language.Thus,from theal-
gorithmicpoint of view, it is no longernecessaryto process
theresultsof queriespost-hoc.

Molecular fragmentfinding hasalso beenstudiedwithin
the context of inductive logic programmingand knowl-
edge discovery in databases. For instance,Warmr [De-
haspeand Toivonen,1999] or the approachby Inokuchi et
al. [Inokuchi et al., 2000] have beenusedin this context.
Warmr is a systemdiscovering frequentlysucceedingData-
log queries,andthusis not restrictedto fragments.The ap-
proachby Inokuchi et al. dealswith arbitraryfrequentsub-
graphs,and thus is not restrictedto linear fragments. Both
approachesdiffer in thattheirpatterndomainis moreexpres-
sive, but finding frequentpatternsis likely to be more ex-
pensive andcomplex thanfor linear fragments.Anotherap-
proachto fragmentfinding is bottom-uppropositionalization
[KramerandFrank,2000]. All of theseapproacheshandle
only minimumfrequency thresholds.

In contrastto all theseapproaches,thepresentedwork al-
lows thespecificationof all sortsof constraints,for instance
regardinggeneralityor frequency. Also, for the first time,
onecanposeconstraintson themaximumfrequency of frag-
ments,andnot only on theminimumfrequency.

Finally, we would like to stressthat the integrationwith
versionspacesresultsin averycompactrepresentationof the
resultingsolutions.Previousmethodswould typically output
all patternswithin the versionspace.This is interestingfor
understandabilityreasonsandalso for further learningwith
thesefragmentsasfeatures.

The paperis organisedas follows : in Section2, we in-
troducethe molecularfragmentfinding task and the primi-
tivesfor queryingsuchfragments,in Section3, we present
the level-wiseversionspacealgorithm,in Section4, we dis-
cusssomeexperimentsin molecularfragmentfinding,andin
Section5, weconcludeandtouchuponrelatedwork.

2 Framework
2.1 Molecular fragment finding
Thetaskto which we will applyour integratedversionspace
- Apriori framework is thatof findingall molecularfragments
thatsatisfyaconjunctionof constraints5 / 7H8:8;8I7�5 < .

A molecularfragmentis definedasa sequenceof linearly
connectedatoms.For instance,’ J�FK�LFM5 ’ is afragmentmean-
ing: “an oxygenatomwith asinglebondto asulfuratomwith
asinglebondto acarbonatom”. In suchexpressions’ 5 ’, ’ 4 ’,
’ 5=N ’, etc.denoteelements,and’ F ’ denotesa singlebond,’=’
a doublebond,’#’ a triple bond,and’ O ’ an aromaticbond.
As commonin the literature,we only consider“heavy” (i.e.,
non-hydrogen)atomsin this paper.

We assumethat thesystemis givena databaseof example
compoundsandthat eachof the examplecompoundsin the
databaseis describedusinga 2-D representation.The infor-
mationgiven thereconsistsof the elementsof the atomsof
a moleculeand the bondorders(single,double,triple, aro-
matic). An examplecompoundin sucha representationis
shown in Fig. 1.

O
P

Cl
Q

N
HH

Figure1: Examplecompoundin a 2-D representation.’ 5=NRF5*OS5*OT5UOT5�FVJ ’ is anexamplefragmentoccurringin the
molecule.

A molecularfragmentW coversanexamplecompound& if
andonly if W consideredasa graphis a subgraphof example& . For instance,fragment’ 5=NXF35�OY5ZO[5ZO[5\F3J ’ coversthe
examplecompoundin Fig. 1.

Thereare a numberof interestingpropertiesof the lan-
guageof molecularfragments] :^ fragmentsin ] arepartiallyorderedby theis moregen-

eral thanrelation;whenfragment_ is moregeneralthan
fragment� we will write _a`b� ;^ within thispartialorder, two syntacticallydifferentfrag-
mentsare equivalentonly when they are a reversalof
oneanother;e.g. ’ 5cFVJ*Fd� ’ and’ ��FVJ*F95 ’ denotethe
samesubstructure;^ _[`e� if andonly if _ is a subsequenceof � or _ is a
subsequenceof thereversalof � ; e.g.’ 5fF*J ’ ` ’ 5fF*JLFU� ’.^ thereis auniquemaximallygeneralfragment(theempty
fragment),which wedenoteby ?^ thereis no maximally specificfragment;however, for
conveniencewe addan artificial one to ] , which we
denoteby g .

Notethattherepresentationof molecularfragmentsis rela-
tively restrictedcomparedto someotherrepresentationsem-
ployed in datamining, suchasfirst-orderqueries[Dehaspe
andToivonen,1999] or subgraphs[Inokuchietal., 2000]. Al-
thoughfragmentsarea relatively restrictedrepresentationof
chemicalstructure,it is easyfor trainedchemiststo recognize
thefunctionalgroup(s)thatagivenfragmentoccursin. Thus,
the interpretationof a fragmentrevealsmorethanmeetsthe
eye.

2.2 Constraints on fragments
The taskaddressedin this paperis that of finding the setof
all fragmentsWh�i] whichsatisfyaconjunctionof primitive
constraints56/R7a8:8;8
7"5=< . Theprimitiveconstraints5=> imposed
on theunknown targetfragmentsW are:^ Wd`j1 , 1H`TW , k � WV`l1�� and k � 19`�WR� : where W is the

unknown targetfragmentand1 is aspecificpattern;this
type of primitive constraintdenotesthat W should(not)



bemorespecific(general)thanthespecifiedfragment1 ;
e.g. the constraint’ 5�FbJ ’ `mW specifiesthat W should
bemorespecificthan’ 5�FVJ ’, i.e. that W shouldcontain
’ 5cF9J ’ asasubsequence;^ W'��&%� � W'
�Ba� denotesthefrequency of a fragmentW on a
setof moleculesB ; thefrequency of a fragmentW w.r.t.
a datasetB is definedasthenumberof moleculesin B
that W covers;^ W'��&%� � W'
�B / �n`b! , W'��&%� � W'
�B 2 ��op! where! is a positive
integerand BD/ and Bq2 aresetsof molecules;this con-
straintdenotesthatthefrequency of W on thedatasetBq>
shouldbe larger than(resp. smallerthan)or equalto ! ;
e.g. theconstraintW'��&%� � W'

rUJ��%�Zo�sItut denotesthatthe
targetfragmentsW shouldhaveaminimumfrequency of
100on thesetof moleculesrUJ�� .

Theseprimitiveconstraintscannow conjunctively becom-
binedin orderto declaratively specifythetargetfragmentsof
interest. Note that the conjunctionmay specify constraints
w.r.t. any numberof datasets,e.g. imposinga minimumfre-
quency on a set of active molecules,and a maximumone
on a set of inactive ones. E.g. the following constraint:�
’ 5'FvJ ’ `wWR��7*k � Wh` ’ 5'FqJ+Fx�RFq5'FvJ+Fv� ’ ��7�WL��&%� � W'

y�5z!��{os6t)t"7wW'�%&%� � W'

|)4}y,5z!��9`�~u� queriesfor all fragmentsthat

include the sequence’ 5�F�J ’, are not a subsequenceof
’ 5MFYJxF��vFY5MFYJDF�� ’, have a frequency on y,5z! that is
largerthan100andanda frequency on |)4}y,5=! thatis smaller
than5.

3 Solving constraints
In this section,we will discusshow to find the setof all so-
lutions �IJ�N � 56/,7�8;8:8�7V5=<�� in ] to a conjunctive constraint5 / 7h8;8:8%7�5 < .

3.1 The search space
Due to the fact that the primitive constraints5 > areindepen-
dentof oneanother, it follows that

�IJ�N � 5 / 7h8;8;8I7i5 < �����6J�N � 5 / �}�h8:8;8I�3�IJ�N � 5 < �
So,wecanfind theoverallsolutionsby takingtheintersec-

tion of theprimitiveones.
Secondly, eachof theprimitive constraints5 is monotonic

or anti-monotonicw.r.t. generality(cf. [MannilaandToivo-
nen,1997]). A constraint5 is anti-monotonic(resp. mono-
tonic)w.r.t. generalitywhenever� �)
 _D����� � _a`��%�R7 � �U�0�IJ�N � 5������ � _a���6J�N � 5��
�
(resp.

� _����IJ�N � 5������ � �����IJ�N � 5���� ). The basic
anti-monotonicconstraintsin our framework are:

� W�`1'�=
�W'��&%� � W'
�Ba�po�. , the basicmonotoniconesare
� 1�`WR�z
�W'��&I� � W'

Ba�Z`b. . Furthermorethenegationof a monotic

constraintis anti-monotonicandviceversa.
Monotonic and anti-monotonicconstraintsare important

becausetheirsolutionspaceis boundedby aborder. This fact
is well-known in both the datamining literature(cf. [Man-
nila andToivonen,1997]), wherethe bordersare often de-
notedby A"B C , aswell asthemachinelearningliterature(cf.

[Mitchell, 1982]), wherethe symbols E and @ aretypically
used.

To defineborders,we needthe notionsof minimal and
maximalelementsof a setw.r.t. generality. Let � be a set
of fragments,thendefine
.3�f- � �M���T��W��3���)k��X�K�����)W�`b�f(
.i��4 � �M�����%W�������k��X�"�����u�"`�W	(

We cannow definethebordersE � 5�� and @ � 5�� 1 of aprimitive
constraint5 as

E � 5����[.i��4 � �IJ�N � 56���	�)4}�*@ � 56����.3�f- � �6J�N � 5��
�
Anti-monotonic constraints5 will have @ � 5�������?K( and
for properconstraintsE � 5��0�����gK( ; propermonotoniccon-
straintshave E � 5��n����gK( and @ � 56�U��S��?K( . Furthermore,as
in Mitchell’s versionspaceframework we havethat

�IJ�N � 56���T��W��3] ��� �U�0E � 56�z
��¡_a�i@ � 5��n��_�`pWh`b�u(
This last propertyimplies that E � 5�� (resp. @ � 56� ) areproper
bordersfor anti-monotone(resp.monotone)constraints.

So,we have that thesetof solutions�IJ�N � 5 > � to eachprim-
itive constraintis a simpleversionspacecompletelycharac-
terizedby E � 5=>�� and @ � 5�>�� . Therefore,the setof solutions�IJ�N � 5 / 7�8;8:8 7j5 < � to a conjunctive constraint 5 / 7�8;8:8 7j5 <
will also be completelycharacterizedby the correspondingE � 56/�798;8:8�735=<�� and @ � 56/�798:8;8�735=< � . At this point thereare
two issues:

1. computingthe bordersE � 5=>�� and @ � 5�>�� for eachprimi-
tiveconstraint5 >

2. computingthe E � 56/ 7x8:8;8 7U5=<L� and @ � 56/L7q8:8;8 7U5=<'� given
theindividualbordersE � 5 > � and @ � 5 > �

The first issuecould be addressedusing (variantsof) the
commonlevel-wisealgorithmfor datamining (cf. [Mannila
andToivonen,1997]). The secondonecould – in principle
– be solved usingHirsh’s versionspacemerging algorithm.
By now, it is probablyclear that we needto integrate the
level-wisealgorithmwith that of versionspaces.However,
ratherthantakinga loosecouplingof thetwo approaches(as
sketchedabove) we will provide a tighter integrationof the
two approaches.As we will show in the experimentalsec-
tion, thiswill leadto computationaladvantages.

The integratedalgorithmcomputestheoverall bordersets
incrementally. It initializes the borders E and @ with the
minimal andmaximalelements,andthenrepeatedlyupdates
for eachprimitive constraint.To updatetheborderswith re-
gardto aprimitiveconstraintinvolving generality, it employs
Mellish ’s descriptionidentificationalgorithm. Mellish’s al-
gorithm extendsMitchell’s versionspacealgorithm in that
it not only allows to processconstraintsfo the type W�`�1
and k � WY`�1'� 2 but alsohandlesthe dual constraints1�`¢W
and k � 1Y`mWR� . Secondly, to updatethe versionspacew.r.t.
frequency constraints,theintegratedalgorithmusesa variant
of thelevel-wisealgorithmthatstartsfrom thegivenborders
ratherthanfrom ? or g .

1At thispoint,wewill follow Mitchell’s terminology, becausehe
works with two dual borders(a setof maximally generalsolutions£

and a set of maximally specificones ¤ ). In datamining, one
typically only workswith the ¤ -set.

2Thepositive andnegative examplesin concept-learning.



3.2 Mellish’sdescription identification algorithm
In orderto formulateMellish’s descriptionidentificational-
gorithm,we needto introducesomeoperationson fragmentsW / and W 2 .^ _XN¦¥ � Wu/I
�W�26���[.i�f-+�%Wh�uWu/�`bWq�f4}�UW�2§`bW	(

thesmallest“merged” fragments^ N¨$�¥ � Wu/I
�W�26���[.���4\��W0��Wh`pWu/��f4}�§W0`bW�2�(
thelargestcommonsubfragments^ .�_X� � Wu/%
�W�2�����.i�f-}��WH�uWu/�`pWx�f4}��4}J%! � Wh`bW�26��(
the smallestfragmentsmore specific than W / but not
moregeneralthan W�2^ .���_ � W / 
�W 2 ����.���4\�%WH��Wh`pW / �f4}��4}J%! � W 2 `�WR��(
thelargestfragmentsmoregeneralthan Wu/ but not more
specificthan W�2

Noticethattheseoperatorsmaygeneratemorethanonefrag-
ment; e.g. N©$R¥ �¨ª Jl�«5h��� ª 
 ª JV��� ª �a��� ª J ª 
 ª � ª ( . These
operationscannow beusedto instantiateMellish’salgorithm:

E := ��gK( ; @��¬����?K( ;
for all primitiveconstraint5 do

case5 of 1�`bW :E := ���U��Ep�z1�`p�u(@ := max ��_XN¦¥*�I_XN¦¥��i_XN¦¥ � 1+
�_X�R�f4}��_D��@[�f4}����U�0Ew��_XN¦¥Z`b�u(
case5 of W0`91 :@ := �6_D�i@¢�I_D`91}(E := min �%N©$R¥,��N¨$�¥,�iN¨$�¥ � 1+
��%�}�f4}�U�U��E��f4}��f_a��@���_a`wN¨$�¥%(
case� of k � W0`91'� :E := ���U��Ep��4}J%! � �U`91'�z(@ := max �6.��u�f_a�3@��u.­��.�_�� � _'
¦1'��f4}�§� �U�0El�u.­`b�u(
case� of k � 1�`�WR� :@ := �6_D�i@¢�%4}J%! � 1�`j_���(E := min �I.������M�3Ew��.­�i.��=_ � �)
¦1'��f4}�§�¡_a�i@���_D`p.H(

3.3 Variants of the level-wisealgorithm
Thealgorithmsoutlinedbelow employ refinementoperators.^ A refinementoperator®X¯ � WR�x�°.3�f-}��W ª ��] �\WT±W ª ( , i.e. extendinga fragmentby oneatom.^ A generalizationoperator ®)² � rM�V�³.i��4\�%W ª �´] �W ª ±�rv( , i.e. removing oneatomfrom onesideof a

fragment.

To dealwith the frequency constraints5 , we may employ
thefollowing generalizationof thelevel-wisealgorithm.This
is thedownwardsversion.

Let 5 bea constraint of type W'��&%� � W'
�Ba�cow.µ�¶ �¬�Y@ ; �·�¸�[t
while

µ >c���¹ do�{>��¬�T��1��=13� µ > andp satisfiesconstraint 5%(| > �¸� µ > Fd� > thesetof infrequentfragmentsconsideredµ > C / �¸�T�
1h���X�"� µ > �=1��i®X¯ � ����f4}�U���M�3Ew�=1�`b�n�)4}�*®f² � 1'�}� ��º+» | » ����¹§(�·�¸�[��¼[s

endwhile@��¸�Y� ¶
Ew�¸��.���4 ��º » � » �

To explain the algorithm, let us first considerthe case
where Ew����gK( and @�����?K( . In this case,theabovealgo-
rithm will behaveroughlyasthelevel-wisealgorithm.The

µ >
will thencontainonly fragmentsof size � andthe algorithm
will keeptrackof thesetof frequentfragments�{> aswell as
theinfrequentones.Thealgorithmwill thenrepeatedlycom-
putea setof candidaterefinements

µ > C / , deletethosefrag-
mentsthat cannotbe frequentby looking at the frequency
of its generalizations,andevaluatetheresultingpossiblyfre-
quentfragmentsonthedatabase.Thisprocesscontinuesuntilµ > becomesempty.

The basicmodificationsto the level-wise algorithm that
we madeareconcernedwith the fact that we neednot con-
siderany fragmentthat is not in the alreadycomputedver-
sion space(i.e. any elementnot betweenan elementof the@ andthe E set).Secondly, we have to computetheupdatedE set,which shouldcontainall frequentfragmentswhosere-
finementsareall infrequent.

Finding the updated@ and E setscanalsobe realizedin
thedualmanner. In this case,onewill initialize

µ ¶
with the

elementsof E andproceedotherwisecompletelydual.
Theresultingupwardsalgorithmis shown below:

Let 5 bea constraint of type W'��&%� � W'
�Ba�cow.µ ¶ �¬��E ; �·�¸�Yt
while

µ >c���¹ do� > �¬�T��1��=13� µ > andp satisfiesconstraint 5%(| > �¸� µ > Fd� > thesetof infrequentfragmentsconsideredµ > C /§�¸�T�
1h���X�"� µ >��=1��i®f² � ���+�f4}��f_D��@���_�`H1v�)4}�*® ¯ � 1��}� �¦º+» � » ���Y¹U(�·�¸�[��¼[s
endwhile@��¸����_D��@��I_U�I�f!#� �%W'��&��·5%(Ew�¸��.���4 ��º+» � » �

Whetherthe top down or bottomup versionworks more
efficiently is likely to dependon the applicationand query
underconsideration.At thispoint it remainsanopenquestion
asto whenwhichstrategy worksmoreefficiently.

Finally, it is alsopossibleto modify the above algorithms
(exploiting the dualities) in order to handlemonotonicfre-
quency constraintof theform W'��&%� � W'
�Ba��`b. . In this case,
onecanusethefollowing algorithm(or its dual):

Let 5 bea constraint of type W'��&%� � W'
�Ba�c`w.µ�¶ �¬�Y@ ; �·�¸�[t
while

µ > ���¹ do|=>��¸�T�
1h��1�� µ > andp satisfiesconstraint 5�(�{>��¬� µ >RF9|�> thesetof frequentfragmentsconsideredµ > C / �¸�T�
1h���X�"� µ > �=1��i®X¯ � ����f4}�U���M�3Ew�=1�`b�n�)4}�*® ² � 1'�}� ��º » | » ����¹§(�·�¸�[��¼[s
endwhile@��¸�[.i�f- �¦º » | » �Ew�¸�T�%�M�3Eb�����I�f!#� �IW'�#&��·5%(



3.4 Optimisations
Variousoptimisationsto thealgorithmsarepossible.

First, thoughwe have adoptedthe standardlevel-wiseal-
gorithm to searchfor the borderswhenhandlingfrequency
constraints,it would alsobepossibleto adoptsomemorere-
centandmoreefficient algorithms,suchas thosepresented
by [Bayardo,1998;Gunopuloset al., 1997]. Thesedirectly
focuson the mostspecific(the longest)patterns,i.e. the E -
set.

Secondly, Apriori-style algorithmscanbemademoreeffi-
cient, if elementsof onelevel in level-wisesearcharecom-
binedto give thecandidatesfor thesubsequentone.This can
alsobedonefor fragments.For instance,if ’ JKFw�*Fw5 ’ and
’ �'FK5�FKJ ’ areknown to befrequentat level3, ’ J}F"�'FK5�F"J ’ is
a candidatefor a frequentfragmentat level 4. However, sev-
eralvariants(with respectto order)havetobeconsidered;e.g.
’ J	FD�+Fx5 ’ and’ �+FqJ{Fx5 ’ canbecombinedinto ’ 5�Fx�+FxJ{Fq5 ’
aswell asinto ’ 5cFVJ,FV�,F95 ’.

Thirdly, we keeptrackof thefragmentsin canonicalform.
As indicatedearlier, eachfragmentis equivalentto its rever-
sal. In the implementation,we usethe canonicalform of a
fragmentwhich is definedasthe maximum(w.r.t. a lexico-
graphicordering)of thefragmentandits reversal.Theimple-
mentationof theoperatorstakescareof this.

Fourthly, one problem with the implementationof the
framework for fragmentsstemsfrom the fact that the bot-
tom g is not a “valid” fragmentthatcanbemanipulated.In
particular, ®f² � g§� is not defined.Thus,we cannotsearchup-
wardsfrom theset E if El�S��gK( . Instead,we have to search
downwardsfrom @ . If however, E is not equalto ��gK( , then
we can processmaximumfrequency constraints“upwards”
startingwith E . For the samereason( ®f² � g§� is undefined),
we cannotstarta querywith a constraintk � WV`w1'� , where1
is a concretefragment.

3.5 Optimisation primiti ves
Two primitivesthatseemespeciallyusefulareminimizeand
maximize. Indeed,one could imagine being interestedin
thosefragmentsthatsatisfyanumberof constraintsandin ad-
dition havemaximumfrequency on acertaindatasetor mini-
mally general.It is easyto extendtheframework with prim-
itives .���4R��.i��½f& � 5�
�5z�%��!�� and .3�f- ��.i��½f& � 5�
�5z�%��!�� that finds
thosefragmentsin ] that satisfya conjunctive constraint5
and that are minimal or maximal with regard to the speci-
fied criterion. In this paperwe consideronly criteria thatare
monotonicor anti-monotonic(suchasfrequency andgener-
ality).

In orderto find the elementswith regardto theseoptimi-
sationprimitives,onefirst computesthe E and @ setswith
regardto 5 andthenselectsthoseelementswithin E or @ (de-
pendingonthe 5z�%��! ) thatareminimalor maximalwith regard
to thecriterion.

4 Experiments
In orderto validateourapproach,weappliedit to thePredic-
tiveToxicologyEvaluationchallengedatasetof Srinivasanet
al. [Srinivasanetal., 1999]. Thisdatasetconsistsof over300
compounds(andtakesmorethan1 Mbyte of memoryin its

Prologencoding)andhasbeenusedasastandardbenchmark
in predictive toxicologyandartificial intelligence.In this ap-
plication,thegoalis to discovermolecularfragmentsthatare
(relatively) frequentin carcinogeniccompoundsand infre-
quentin non-carcinogeniccompounds.Suchactivating,toxic
fragmentsarecalledstructural alerts in thetoxicologicallit-
erature[Ashby andPatton,1993]. Oneinterestingquestion
in this context is whetherit is possibleto rediscover known
alerts. In the following, we summarizeour experiencewith
the new approachwith examplequeriesandsystematicex-
periments.

4.1 Someinterestingqueries
Oneopenresearchquestionin toxicological researchis the
role of chlorinatedcompoundsin carcinogenicity. In thenew
framework, an examplequery concerningchlorinatedfrag-
mentsthat arefrequentin active compoundsandinfrequent
in inactiveoneslooksasfollows:� ª 5�N ª `�WR�R7 � W'��&%� � W'

y�5z!��nob¾u~u�R7 � W'�%&%� � W'

|)4}y,5z!��n`b~u�

A relatedqueryconcernstheexistenceof activating,non-
halogenatedfragments:

k � ª W ª `bWR�}73k � ª 5=N ª `bWR�R73k � ª ¥�� ª `pWR�}7ik � ª � ª `�WR��7� W'��&%� � W'
�y,5z!���op¾u~)�R7 � W'��&%� � W'

|)4}y,5=!��n`p~)�
4.2 Quantitati ve results
To gathermorequantitativeevidence,we performedsystem-
atic experimentsin the above domain. Fromthe application
side, it is quite clear that structuralalertsarerelatively rare
for carcinogenicity, sothatit cansafelybeassumedthatalerts
have a frequency of lessthan25 in thepositive, active com-
pounds.Also,wearenotinterestedin fragmentswith anyfre-
quenciesin thepositive resp.negative examples.Rather, we
areseekingfragmentsthatare,statisticallysignificant,over-
representedin theactivecompoundsandunder-representedin
the inactives. Settingthe minimum frequency in the actives
to 6, 10, 16 and20, respectively, we apply the ¿ 2 -Testto a¾§ÀD¾ contingency tablewith theclassasonevariableandthe
occurrenceof thefragmentastheotheroneto determinethe
maximumallowablefrequency in theinactivecompounds.In
thisway, weobtainmaximumfrequency thresholdsof 0, 2, 5
and7, respectively. For instance,we requiretheminimumto
be6 andthemaximumto be0 for thefirst experiment.

Methodwise, we performeda comparisonof three ap-
proachesto the searchfor thesefragments. Eachof these
approachesconsistsof two stages:the first stagehandling
the minimum frequency query (using the first algorithm in
Section3.3), and the secondstagehandling the maximum
frequency query. The threeapproachesdiffer in the second
stage,dealingwith themaximumfrequency query.

The first approachis basedon versionspaces,searching
upwardsfrom E (usingthedualversionof thethird algorithm
in Section3.3). In Table1, the resultsfor this methodcan
be found in the columnfor $f1 . In contrast,the secondone
searchesdownwards,startingfrom ? until all elementsof set@ aredetermined(usingthethird algorithmin Section3.3 –



min max $f1 �)J%Á,4 1LJ��6!
6 0 353.4 335.0 436.5

10 2 166.7 137.9 163.9
16 5 60.2 61.1 70.6
20 7 49.2 53.8 55.7

Table1: Runtimesin secondson aPentiumII.

column �fJ%ÁZ4 in Table1). The third methodperformssim-
plepost-processing(column1LJ��6! in thetable):it filters those
fragmentsthataretoo frequentin the givendataset.Table1
summarizestheruntimesof thesethreemethodsfor thegiven
minimum/maximumfrequency parametersettingsin seconds
CPUtime.

Theoutcomeof theseexperimentsis not cleara priori, be-
causeadditionalbookkeepingis doneby our VersionSpace
approach.Still, theexperimentsshow thatin 7 outof 8 cases,
the VersionSpaceapproachpays: it outperformsthe rather
ad-hocpost-processingmethodin termsof computationtime.
Another result from the experimentsis that – for the given
queries– it doesnotmakeabig differencewhetherwesearch
upwardsor downwardsfor maximumfrequency queries.

Perhapsthemostimportantoutcomeof theexperimentsis
theanswersto thequeries,which areshown below. They in-
dicatethat– for thegivenqueries– versionspacesconstitute
indeeda suitableandcompactrepresentationfor thesolution
setsto thequeries.Also,asoutlinedabove,thecomputational
timeneededfor answeringthequeriesis reasonable.

6:0: G={c-c-c-c-o-c-c˜c}
S={c-c-c-c-o-c-c˜c˜c˜c˜c˜c}

10:2: G={c˜c-c˜c, br,
c-o-c˜c˜c˜c˜c˜c-n,c-o-c˜c-n}

S={c˜c˜c˜c˜c˜c-c˜c˜c˜c˜c˜c,
br-c, c-o-c˜c˜c˜c˜c˜c-n,
c-o-c˜c-n}

16:5: G=S={c-c˜c˜c˜c-n}
20:7: G=S={n-c˜c˜c˜c˜c˜c-o,

c-c˜c˜c˜c-n,n-c˜c-o}

Further results and experimentsin the context of fea-
ture constructionand propositionalizationcan be found in
[KramerandDeRaedt,2001].

5 Conclusionsand RelatedWork
Thepresentedwork contributesto 1) thetheoryof datamin-
ing andmachinelearningbecauseof its integrationof version
spaceswith thelevel-wisealgorithm,2) theframework of in-
ductive databases,becausetheconstraintscanandshouldbe
interpretedas queriesin a molecularfragmentfinding lan-
guage,and, as discussedabove, 3) to molecularfragment
finding. We briefly review thekey contributionsin thesedo-
mainsandrelateto relevantwork wherepossible.

With regardto 1) and2) our work builds on that by [De
Raedt,2000;1998], who presentsan integrationof the ver-
sion spaceandlevel-wisealgorithms. However, we expand
our earlier theoreticalwork in variousrespects.Indeed,in
contrastto ourearlierwork, wereporton animplementation,
experimentsthat show the validity of the framework andan

applicationin molecularfragmentfinding. Thus our work
provides– for thefirst time – evidencethat theframework is
not only of theoreticalinterestbut alsoeffective with regard
to applications.

With regardto 1), thepresentedalgorithmprovidesa gen-
eralizedtheoreticalframework for datamining. Theresulting
framework extendsthe bordersin the levelwise techniques
sketchedby [Mannila and Toivonen, 1997], who link the
level-wisealgorithmto the E setof Mitchell’s versionspace
approachbut do not furtherexploit theversionspacemodel.
Theexperimentalevidenceindicatesthatthisapproachcould
form a viableextensionto theclassicallevel-wisealgorithm.

Using two borders(i.e. the versionspacerepresentation)
to characterizethe spaceof solutionsto inductive queriesis
alsodoneby [DongandLi, 1999]. They usetheversionspace
representationto searchfor emergingpatterns.Emergingpat-
ternsaredefinedasitemsetswhosesupportsincreasesignif-
icantly from onedatasetto another. Suchpatternsarealso
closelyrelatedto thesignificantfragmentswe discoverusing
the ¿ 2 test. However, the primitive constraintswe support
seemto bedifferentfrom thoseby [DongandLi, 1999]. To
computethe borders,Dong and Li do not employ the lev-
elwise algorithm. Instead,they rely on moreefficient algo-
rithms suchasBayardo’s [1998] Max-Miner. In principle it
mustbepossibleto adaptthesemorerecentalgorithms[Ba-
yardo,1998;Gunopulosetal., 1997] to our framework too.

For what concerns2), our work canalsobe regardedasa
domainspecificinductive database[Imielinski andMannila,
1996;Meo et al., 1998]. As sketchedby [Hanet al., 1999],
inductive databasesallow the userto specifyconstraintson
the patternsof interest. Recently, many of theseconstraints
have beenconsideredin the datamining literature,cf. e.g.
[Ng et al., 1998; Han et al., 2000; 1999]. In this context
however, the useof frequency constraintson different data
setsseemsnew.

Finally, let usalsonotethatthepresentedwork on discov-
eringmolecularstructuresandregularities(alsousingversion
spaces)is relatedto thewell-known Meta-Dendralsystemby
[BuchananandMitchell, 1978].
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