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Abstract

A tight integration of Mitchell’s versionspaceal-
gorithmwith Agrawal et al.’s Apriori algorithmis
presented.The algorithm canbe usedto generate
patternghatsatisfya varietyof constrainton data.
Constraintghatcanbeimposedon patterndnclude
the generalityrelationamongpatternsandimpos-
ing a minimum or a maximumfrequeng on data
setsof interest.

The theoreticalframeawork is appliedto animpor-
tant applicationin chemo-informaticsi.e. that of
finding fragmentsof interestwithin a given setof
compoundsFragmentarelinearly connectedub-
structuresof compounds. An implementationas
well as preliminary experimentswithin the appli-
cationarepresented.

1 Intr oduction

Mannilaand Toivonen[MannilaandToivonen,1997 formu-
late the generalpatterndiscovery task as follows. Givena
database, alanguagel for expressingpatternsanda con-
straint g, find the theory of » with respectto £ andg, i.e.
Th(L,r,q) = {¢ € L | q(r,¢) is true}. Viewedin this
wayTh(L,r,q) containsall sentencewvithin the patternlan-
guageconsideredhat make the constraintg true. This for-
mulationof patterndiscovery is genericin thatit makesab-
stractionof several specifictasksincluding the discovery of
associatiorrules, frequentpatterns,nclusiondependencies,
functionaldependencies$requentepisodes,.. Also, efficient
algorithmsfor solving thesetasksare known (cf. [Mannila
andToivonen,1997).

Sofar the the type of constraintthat hasbeenconsidered
is rathersimple andtypically relieson the frequeng of pat-
terns. In the pastdecadethe datamining community spent
a lot of effort to efficiently computepatternshaving a mini-
mum frequeng, suchase.g. Apriori [Agrawal etal., 1993.
In this paperwe will extendthis populardatamining model
by allowing the userto specify a variety of different con-
straintson the patternsof interest. The constraintghat will
be considerednvolve generalityconstraintson patternsge.g.
to specify that the patternsof interestare (resp. are not)
more generalthan a specific pattern,as well as frequeng

constraints.Frequenyg constraintshat are considereceither
imposea maximumor a minimum frequeng on a dataset
of interest. Theseconstraintscanthenbe combinede.g. in
orderto discover all patternghatare moregeneralthan pat-
ternz, have aminimumfrequeng m, onthe datasep, and
amaximumfrequeny m, ondatasetn. Theresultis aflex-
ible and declaratve query languageto specify the patterns
of interest. From this point of view, the work also fits in
the inductive databasdramework consideredy researchers
such as [Imielinski and Mannila, 1996; Han et al., 1999;
De Raedt,2004.

Thekey problemin discoveringtheorieghatinvolveacon-
junctionof primitive constraints:; A ... A ¢, is to efficiently
combinethe solversfor the primitive constraintse;. It is at
this pointwhereMitchell’ s versionspaceapproaciMitchell,
1987 is extremelyuseful. Indeed eachof the primitive con-
straintsresultsin aversionspace Considere.g.theminimum
frequeng constraint. As shavn by [Mannilaand Toivonen,
1997, theminimumfrequeng constraintesultsin aspaceof
solutionswith themostgenerabpatternT astheonly element
of the G-setandthe BD* boundaryasthe S-set. Because
this propertyholdsfor all primitive constraintsthe spaceof
solutionsof the conjunctionof constraintscanalsobe spec-
ified asa versionspace. Moreover, it can— in principle —
be computedusingHirsh’sversionspacentersectiormethod
[Hirsh, 1994. However, ratherthanapplyingHirsh’s frame-
work, we will employ atighterintegrationof versionspaces
with Apriori.

To demonstrat¢he relevanceof level-wiseversionspaces,
we presentanimplementatioraswell asexperimentsin the
domainof molecularfragmentfinding. Molecularfragments
are sequence®f linearly connectedatoms. They are use-
ful and importantfor the induction of so-calledStructure-
Activity RelationshipgdSARs), which are statisticalmodels
that relatechemicalstructureto biological activity. The use
of automaticallyderived fragmentsn SARsoriginatesfrom
the CASE/MultiCASEsystemslevelopedby [Rosenkranet
al., 1999. With more than 150 publishedreferencesthe
CASE/MUltiCASE systemsare the most extensvely used
SARandpredictivetoxicologysystemsPreviousapproaches
in theseareasarebasen the“decomposition”of individual
compoundsthesemethodsgeneratall fragmentsoccurring
in a givensinglecompound.In this regard,our contribution
is alanguagehatenablegheformulationof complex queries



regardingfragments- userscanspecifypreciselywhichfrag-
mentshey areinterestedn. We alsoimplementedinefficient
solver to answergueriesin this language.Thus,from the al-
gorithmic point of view, it is no longernecessaryo process
theresultsof queriespost-hoc.

Molecularfragmentfinding hasalso beenstudiedwithin
the context of inductive logic programmingand knowl-
edge discovery in databases. For instance, Warmr [De-
haspeand Toivonen, 1999 or the approachby Inokuchi et
al. [Inokuchiet al., 2004 have beenusedin this context.
Warmr is a systemdiscovering frequentlysucceedindata-
log queries,andthusis not restrictedto fragments.The ap-
proachby Inokuchietal. dealswith arbitraryfrequentsub-
graphs,andthusis not restrictedto linear fragments. Both
approachediffer in thattheir patterndomainis moreexpres-
sive, but finding frequentpatternsis likely to be more ex-
pensve andcomplex thanfor linear fragments.Anotherap-
proachto fragmentfinding is bottom-uppropositionalization
[Kramerand Frank,200d. All of theseapproachesandle
only minimumfrequeng thresholds.

In contrastto all theseapproacheshe presentedvork al-
lows the specificationof all sortsof constraintsfor instance
regardinggeneralityor frequeng. Also, for the first time,
onecanposeconstrainton the maximumfrequeng of frag-
ments,andnotonly onthe minimumfrequeng.

Finally, we would like to stressthat the integration with
versionspacesesultsin avery compactepresentationf the
resultingsolutions.Previous methodswould typically output
all patternswithin the versionspace. This is interestingfor
understandabilityeasonsand alsofor further learningwith
thesefragmentsasfeatures.

The paperis organisedas follows : in Section2, we in-
troducethe molecularfragmentfinding task and the primi-
tivesfor queryingsuchfragments,in Section3, we present
the level-wiseversionspacealgorithm,in Section4, we dis-
cusssomeexperimentsn molecularfragmentfinding, andin
Section5, we concludeandtouchuponrelatedwork.

2 Framework

2.1 Molecular fragment finding

Thetaskto whichwe will applyourintegratedversionspace
- Apriori framework s thatof finding all molecularfragments
thatsatisfya conjunctionof constraints:;; A ... A ¢,,.

A molecularfragmentis definedasa sequencef linearly
connecte@toms.Forinstance;o—s—c¢’ isafragmentmean-
ing: “an oxygenatomwith asinglebondto a sulfuratomwith
asinglebondto a carbonatom”. In suchexpressionsc’, 'n’,
‘cl’, etc. denoteelementsand’ —’' denotesa singlebond,’=’
adoublebond,’# atriple bond,and’~’ anaromaticbond.
As commonin theliterature,we only consider‘heavy” (i.e.,
non-hydrogenatomsin this paper

We assumehatthe systemis givena databasef example
compoundsandthat eachof the examplecompoundsn the
databasés describedusinga 2-D representationThe infor-
mation given there consistsof the elementsof the atomsof
a moleculeandthe bond orders(single, double,triple, aro-
matic). An examplecompoundin sucha representatioris
shavnin Fig. 1.
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Figurel: Examplecompoundn a2-D representation’.cl —
¢~ cn~cn~c— o0 isanexamplefragmentoccurringin the
molecule.

A molecularfragmentf covers anexamplecompounck if
andonly if f consideredsagraphis a subgraptof example
e. Forinstancefragment ¢l —c¢ ~ ¢ ~ ¢ ~ ¢— 0’ coversthe
examplecompoundn Fig. 1.

There are a numberof interestingpropertiesof the lan-
guageof molecularfragmentsM:

e fragmentsn M arepartially orderedby theis more gen-
eral thanrelation;whenfragmenty is moregenerathan
fragments we will write g <'s;

o within this partialorder, two syntacticallydifferentfrag-
mentsare equivalentonly whenthey are a reversal of
oneanothere.g.’c — o — s’ and’s — o — ¢’ denotethe
samesubstructure;

e g < sif andonly if g is a subsequencef s or g is a
subsequencef thereversalof s; e.g.’c—o0’ <’c—o0—5".

o thereis auniquemaximallygenerafragmenttheempty
fragment) whichwe denoteby T

e thereis no maximally specificfragment; however, for
corveniencewe add an artificial oneto M, which we
denoteby | .

Notethattherepresentatioof molecularfragmentds rela-
tively restrictedcomparedo someotherrepresentationem-
ployedin datamining, suchasfirst-orderqueries[Dehaspe
andToivonen,1999 or subgraph§inokuchietal., 200d. Al-
thoughfragmentsarea relatively restrictedrepresentationf
chemicalstructurejt is easyfor trainedchemistgo recognize
thefunctionalgroup(s)thatagivenfragmentoccursin. Thus,
theinterpretationof a fragmentrevealsmorethanmeetsthe

eye.

2.2 Constraints on fragments

The taskaddressedh this paperis that of finding the setof
all fragmentsf € M whichsatisfyaconjunctionof primitive
constraints; A ... A ¢,,. Theprimitive constraintg; imposed
ontheunknawn targetfragmentsf are:

e f<pp< f,~(f <p)and=(p < f): wheref isthe
unknown targetfragmentandp is a specificpattern;this
type of primitive constraintdenoteghat f should(not)



bemorespecific(generalthanthe specifiedragmentp;
e.g. theconstraint c — o' < f specifiesthat f should
be morespecificthan’c — ¢, i.e. that f shouldcontain
'c — o' asasubsequence;

e freq(f, D) denoteshefrequeny of afragmentf ona
setof moleculesD; thefrequeng of a fragmentf w.r.t.
adatasetD is definedasthe numberof moleculesn D
that f covers;

e freq(f,D1) <t, freq(f,D2) > t wheret is apositve
integerand D, and D» aresetsof moleculesithis con-
straintdenoteghatthefrequeng of f onthedatasetD;
shouldbe largerthan (resp. smallerthan)or equalto ¢;
e.g.theconstraintfreq(f, Pos) > 100 denoteghatthe
targetfragmentsf shouldhave aminimumfrequeng of
1000nthesetof moleculesPos.

Theseprimitive constraintcannow conjunctively becom-
binedin orderto declaratvely specifythetargetfragmentsof
interest. Note that the conjunctionmay specify constraints
w.r.t. any numberof datasetse.g. imposinga minimumfre-
gueny on a setof actve molecules,and a maximumone
on a set of inactive ones. E.g. the following constraint:
(c=0'< f)A(f <'e—o—s—c—o—s")Afreq(f, Act) >
100 A freq(f,InAct) < 5) queriesfor all fragmentsthat
include the sequence€c — o', are not a subsequencef
'c—o0—s—c—o—¢s, have afrequeny on Act thatis
largerthan100andandafrequeng on InAct thatis smaller
than5.

3 Solving constraints

In this section,we will discusshow to find the setof all so-
lutions sol(cy A ... A ¢,) in M to a conjunctve constraint
ciN\...\Ncy.

3.1 The search space

Dueto thefactthatthe primitive constraintse; areindepen-
dentof oneanotheyit followsthat

sol(c1 A ... N ep) = sol(er) N ... N sol(ey)

So,we canfind theoverallsolutionsby takingtheintersec-
tion of the primitive ones.

Secondlyeachof the primitive constraints: is monotonic
or anti-monotoniow.r.t. generality(cf. [Mannilaand Toivo-
nen,1997). A constraintc is anti-monotonig(resp. mono-
tonic) w.r.t. generalitywhenever

Vs, g€ M : (g < 8)A(s € sol(c)) = (g € sol(c))

(resp. (g € sol(c)) — (s € sol(c))). The basic
anti-monotonicconstraintsin our framework are: (f <
p), freq(f,D) > m, the basic monotoniconesare (p <
1), freq(f,D) < m. Furthermorehe negationof a monotic
constrainis anti-monotoniandvice versa.

Monotonic and anti-monotonicconstraintsare important
becauseheir solutionspacds boundedy aborder Thisfact
is well-known in both the datamining literature(cf. [Man-
nila and Toivonen, 1997), wherethe bordersare often de-
notedby BDT, aswell asthemachindearningliterature(cf.

[Mitchell, 1983), wherethe symbolsS andG aretypically
used.

To define borders,we needthe notions of minimal and
maximal elementsof a setw.r.t. generality Let F' be a set
of fragmentsthendefine

mazx(F)={feF|-JgeF:f<q}
min(F)={f€F|-JgeF:q< f}
We cannow definethebordersS(c) andG(c)! of aprimitive
constrainic as

S(c) = min(sol(c)) and G(c) = mazx(sol(c))

Anti-monotonic constraintsc will have G(c¢) = {T} and
for properconstraintsS(c) # {L}; propermonotoniccon-
straintshave S(c) = {1} andG(c) # {T}. Furthermoreas
in Mitchell’s versionspacdramevork we have that

sol(c) ={feM|3Ise S(c),I3g € G(c) : g < f < s}

This last propertyimplies that.S(c) (resp. G(c)) are proper
borderdfor anti-monotongresp.monotonexonstraints.

So,we have thatthe setof solutionssol(c;) to eachprim-
itive constraintis a simpleversionspacecompletelycharac-
terizedby S(c;) andG(c;). Therefore the setof solutions
sol(c1 A ... A ¢p) tO @ conjunctive constrainte; A ... A ¢,
will alsobe completelycharacterizedy the corresponding
S(e1 A ... Aep) andG(er A ... A ¢,). At this pointthereare
two issues:

1. computingthe bordersS(c;) andG(c;) for eachprimi-
tive constraint;

2. computingthe S(¢1 A ... Acy) andG(er A ... Acy,) given
theindividual bordersS(c;) andG(c;)

The first issuecould be addressedising (variantsof) the
commonlevel-wisealgorithmfor datamining (cf. [Mannila
and Toivonen,1997). The secondonecould—in principle
— be solved using Hirsh's versionspacememing algorithm.
By now, it is probably clear that we needto integrate the
level-wise algorithmwith that of versionspaces.However,
ratherthantakingaloosecouplingof thetwo approachegas
sketchedabove) we will provide a tighter integration of the
two approachesAs we will showv in the experimentalsec-
tion, thiswill leadto computationahdwantages.

The integratedalgorithmcomputeghe overall bordersets
incrementally It initializes the bordersS and G with the
minimal andmaximalelementsandthenrepeatedlyupdates
for eachprimitive constraint. To updatethe borderswith re-
gardto a primitive constraininvolving generalityit employs
Mellish 's descriptionidentificationalgorithm. Mellish’s al-
gorithm extendsMitchell’s version spacealgorithm in that
it not only allows to processconstraintsfo thetype f < p
and—(f < p)? but alsohandlesthe dual constraintg < f
and—(p < f). Secondlyto updatethe versionspacew.r.t.
frequeng constraintstheintegratedalgorithmusesa variant
of the level-wisealgorithmthatstartsfrom the givenborders
ratherthanfrom T or L.

LAt thispoint, wewill follow Mitchell’sterminology becausée
works with two dual borders(a setof maximally generalsolutions
G and a setof maximally specificonesS). In datamining, one
typically only workswith the S-set.

2The positive andnegative examplesin concept-learning.



3.2 Mellish’sdescription identification algorithm

In orderto formulate Mellish’s descriptionidentificational-
gorithm,we needto introducesomeoperationn fragments

fiandfs.
® glb(f1, f2) = maz{f | fi < fand f> < f}

thesmallest'merged” fragments

o lub(f1, f) =min{f | f < fiand f < f2}

thelargestcommonsubfragments

o mygs(fi, f2) = maz{f| fi < fandnot(f < fo)}
the smallestfragmentsmore specificthan f; but not
moregenerakhan f,

o msg(f1, f2) = min{f | f < fi andnot(f> < f)}
thelargestfragmentamoregenerakhan f; but notmore
specificthan f,

Noticethattheseoperatorsnaygeneratenorethanonefrag-
ment;e.g. lub('o = ¢ = §',)o = §') = {!0',s'}. These
operationgannow beusedo instantiateMellish’salgorithm:

S={L};,G:={T}
for all primitive constraintc do
casecofp< f:
S={seS|p<s}
G :=max{glb | glb € glb(p,g) and g € G and
ds € S :glb < s}
casecof f <p:
G:={g€G|g<p}
S = min {{ub | lub € lub(p,s) and s € S and
dg € G: g <lub}
casei of =(f < p):
S:={se S |not(s <p)}
G:=max{m |3g € G: m € mygs(g,p)
and3Is € S :m < s}
caseiof =(p < f):
G ={g € G|not(p < g)}
S:=min{m |3s € S : m € msy(s,p)
and3g e G:g9g<m}

3.3 Variants of the level-wisealgorithm
Thealgorithmsoutlinedbelony employ refinemenbperators.

o A refinementoperatorp,(f) = maz{f' € M | f <
f'}, i.e. extendinga fragmentby oneatom.

e A generalizatioroperatorp,(P) = min{f' € M |
f' < P}, i.e. removing one atomfrom onesideof a
fragment.

To dealwith the frequeng constraints:, we may employ
thefollowing generalizatiorof thelevel-wisealgorithm. This
is thedownwadsversion.

Letc bea constaint of type freq(f, D) > m
Lo:=G;i:=0
while L; # ( do
F, .= {p| p € L; andp satisfiecconstaint c}
I; := L; — F; thesetof infrequentfragmentsonsidered
Liyi:={p|3q € Li : p € ps(q)
andIs € S:p<sandpy(p) N (U;I;) =0}
t:=1+1

endwhile
G .= Fo
S = mm(Uij)

To explain the algorithm, let us first considerthe case
whereS = {1} andG = {T}. In this casetheabove algo-
rithmwill behareroughlyasthelevel-wisealgorithm.The L;
will thencontainonly fragmentsof sizei andthe algorithm
will keeptrackof the setof frequentfragmentsF; aswell as
theinfrequentones.Thealgorithmwill thenrepeatedlycom-
putea setof candidaterefinementsl;,, deletethosefrag-
mentsthat cannotbe frequentby looking at the frequeng
of its generalizationsandevaluatethe resultingpossiblyfre-
quentfragmentonthedatabaseThis processontinuesuntil
L; becomegmpty

The basic modificationsto the level-wise algorithm that
we madeare concernedvith the factthat we neednot con-
siderary fragmentthatis notin the alreadycomputedver-
sion space(i.e. ary elementnot betweenan elementof the
G andthe S set). Secondlywe have to computethe updated
S set,which shouldcontainall frequentfragmentsvhosere-
finementsareall infrequent.

Finding the updatedG and.S setscanalsobe realizedin
the dualmanner In this caseonewill initialize Ly with the
elementof S andproceedtherwisecompletelydual.

Theresultingupwardsalgorithmis shaovn below:

Letc bea constaint of type freq(f, D) > m

Ly:=S;i:=0

while L; # ( do
F; := {p| p € L; andp satisfiexconstaint c}
I; := L; — F; thesetof infrequentfragmentsconsidered
Litv1:={p|3q € L;i:p€ py(q) and

dgeG:g<pandps(p)N(U;F;) =0}

1:=1+1

endwhile

G :={g € G| g satisfies c}

S == min(U; Fj)

Whetherthe top down or bottom up versionworks more
efficiently is likely to dependon the applicationand query
underconsiderationAt this pointit remainsanopenquestion
asto whenwhich stratgyy works moreefficiently.

Finally, it is alsopossibleto modify the above algorithms
(exploiting the dualities)in orderto handlemonotonicfre-
queng constrainof theform freq(f, D) < m. In thiscase,
onecanusethefollowing algorithm(or its dual):

Letc bea constrint of type freq(f, D) < m

Lg := G;i:=0

while L; # ( do
I, :={p| p € L; andp satisfiecconstaint c}
F; := L; — I, thesetof frequentfragmentsconsidered
Liyi:={p|3q€ Li:p€psq)

and3s € S:p<sandpy,(p) N (Y;I;) =0}
1:=1+1
endwhile

G = maz(J;I;)
S :={s €S| s satisfies c}



3.4 Optimisations

Variousoptimisationgo thealgorithmsarepossible.

First, thoughwe have adoptedthe standardevel-wiseal-
gorithm to searchfor the borderswhen handlingfrequeng
constraintsjt would alsobe possibleto adoptsomemorere-
centand more efficient algorithms,suchasthosepresented
by [Bayardo,1998; Gunopuloset al., 1997. Thesedirectly
focuson the mostspecific(the longest)patterns,.e. the S-
set.

SecondlyApriori-style algorithmscanbe mademoreeffi-
cient, if elementsf onelevel in level-wise searcharecom-
binedto give the candidate$or the subsequerne. This can
alsobe donefor fragments.For instancejf 'o — s — ¢’ and
's—c—o' areknownto befrequentatlevel 3,’0—s—c—o’ is
a candidateor a frequentfragmentat level 4. However, sev-
eralvariantgwith respecto order)haveto beconsiderede.g.
'o—s—c¢ and’'s—o— ¢’ canbecombinednto’c—s—o0—c¢’
aswell asinto’'c—o—s—c¢.

Thirdly, we keeptrack of thefragmentsn canonicaform.
As indicatedearlier eachfragmentis equivalentto its rever
sal. In the implementationwe usethe canonicalform of a
fragmentwhich is definedasthe maximum(w.r.t. alexico-
graphicordering)of thefragmentandits reversal. Theimple-
mentationof the operatorgakescareof this.

Fourthly, one problem with the implementationof the
frameawork for fragmentsstemsfrom the fact that the bot-
tom L is nota*“valid” fragmentthatcanbe manipulated.in
particular p, (L) is not defined. Thus,we cannotsearchup-
wardsfrom thesetS if S = {L}. Insteadwe have to search
downwardsfrom G. If however, S is notequalto {_L}, then
we can processmaximumfrequeng constraints‘upwards”
startingwith S. For the samereason(p,(L) is undefined),
we cannotstarta querywith a constraint-(f < p), wherep
is aconcretedfragment.

3.5 Optimisation primiti ves

Two primitivesthat seemespeciallyusefulare minimizeand
maximize Indeed, one could imagine being interestedin
thosefragmentghatsatisfyanumberof constraint@ndin ad-
dition have maximumfrequeng on a certaindatasebr mini-
mally general.lt is easyto extendthe frameavork with prim-
itives minimize(c, crit) and maximize(c, crit) thatfinds
thosefragmentsn M that satisfya conjunctive constrainte
and that are minimal or maximal with regardto the speci-
fied criterion. In this paperwe consideronly criteriathatare
monotonicor anti-monotonigsuchasfrequeny andgener
ality).

In orderto find the elementswith regardto theseoptimi-
sationprimitives, onefirst computeshe S andG setswith
regardto c andthenselectghoseelementswithin S or G (de-
pendingonthecrit) thatareminimal or maximalwith regard
to the criterion.

4 Experiments

In orderto validateour approachye appliedit to the Predic-
tive Toxicology Evaluationchallengedatasebf Srinivasanet
al. [Srinivasaretal., 1999. This datasetconsistof over300
compoundgandtakesmorethan1 Mbyte of memoryin its

Prologencodinglandhasbeenusedasa standardenchmark
in predictive toxicologyandartificial intelligence.In this ap-
plication,thegoalis to discoser molecularfragmentghatare
(relatively) frequentin carcinogeniccompoundsand infre-
guentin non-carcinogenicompoundsSuchactivating,toxic
fragmentsarecalledstructural alertsin thetoxicologicallit-
erature[Ashby and Patton, 1993. Oneinterestingquestion
in this context is whetherit is possibleto rediscaver known
alerts. In the following, we summarizeour experiencewith
the new approachwith example queriesand systematioex-
periments.

4.1 Someinterestingqueries

Oneopenresearchguestionin toxicological researchis the
role of chlorinatedcompoundsn carcinogenicityIn the nen

framework, an example query concerningchlorinatedfrag-

mentsthat are frequentin actve compoundsand infrequent
in inactive oneslooksasfollows:

(el < f) A (freq(f, Act) > 25) A (freq(f, InAct) < 5)

A relatedqueryconcernghe existenceof activating, non-
halogenatedragments:

(S H A < A" < f) A=< A
(freq(f, Act) > 25) A (freq(f, InAct) < 5)

4.2 Quantitativeresults

To gathermorequantitatve evidence we performedsystem-
atic experimentsin the above domain. Fromthe application
side, it is quite clearthat structuralalertsare relatively rare
for carcinogenicitysothatit cansafelybeassumedhatalerts
have a frequeng of lessthan25 in the positive, active com-
pounds Also, we arenotinterestedn fragmentswith anyfre-
guenciesn the positive resp. negative examples.Rather we
areseekingfragmentghat are, statisticallysignificant,over
representeth theactive compoundsndunderrepresenteih
theinactives. Settingthe minimum frequeng in the actves
to 6, 10, 16 and 20, respectiely, we apply the x2-Testto a
2 x 2 contingeny tablewith the classasonevariableandthe
occurrenceof thefragmentasthe otheroneto determinethe
maximumallowablefrequeng in theinactive compoundsin
thisway, we obtainmaximumfrequeng thresholdf 0, 2,5
and7, respectiely. For instancewe requirethe minimumto
be 6 andthe maximumto be 0 for thefirst experiment.

Methodwise, we performeda comparisonof three ap-
proachego the searchfor thesefragments. Each of these
approachegonsistsof two stages:the first stagehandling
the minimum frequeny query (using the first algorithmin
Section3.3), and the secondstagehandling the maximum
frequeng query The threeapproachesliffer in the second
stagedealingwith the maximumfrequeny query

The first approachis basedon versionspacessearching
upwardsfrom S (usingthedualversionof thethird algorithm
in Section3.3). In Table 1, the resultsfor this methodcan
be found in the columnfor up. In contrast,the secondone
searcheslownwards startingfrom T until all elementof set
G aredeterminedusingthethird algorithmin Section3.3—



[ min| max || wup [ down | post |
6 O || 353.4| 335.0| 436.5
10 2 || 166.7] 137.9] 163.9
16 5 60.2 61.1| 70.6
20 7 49.2 53.8| 55.7

Tablel: Runtimesin second®naPentiumil.

columndown in Table1). The third methodperformssim-
ple post-processingcolumnpost in thetable):it filters those
fragmentshataretoo frequentin the givendataset.Table 1
summarizesheruntimesof thesethreemethoddor thegiven
minimum/maximunfrequeng parametesettingsn seconds
CPUtime.

The outcomeof theseexperimentds not cleara priori, be-
causeadditionalbookkeepingis doneby our VersionSpace
approachStill, theexperimentshaw thatin 7 out of 8 cases,
the Version Spaceapproachpays: it outperformsthe rather
ad-hocpost-processinmethodin termsof computatiortime.
Anotherresultfrom the experimentsis that — for the given
gueries-it doesnotmake a big differencewvhethemne search
upwardsor downwardsfor maximumfrequeng queries.

Perhapghe mostimportantoutcomeof the experimentss
theanswergo the querieswhich areshovn below. They in-
dicatethat— for the givenqueries- versionspacesonstitute
indeeda suitableandcompactrepresentatiofor the solution
setstothequeries Also, asoutlinedabove, thecomputational
time neededor answeringhe queriess reasonable.

6:0: G={c-c-c-c-0-c-cc}

10:2:

br-c, c-o0-c’c’cc’ce-n,
c-0-c"c-n}
G=S={c-c"c’c"c-n}

16:5:
20:7:
c-cc"c"c-n,n-c"c-0}

Further results and experimentsin the contet of fea-
ture constructionand propositionalizationcan be found in
[KramerandDe Raedt2001].

5 Conclusionsand Related Work

The presentedvork contributesto 1) thetheoryof datamin-
ing andmachindearningbecausef its integrationof version
spacesvith thelevel-wisealgorithm,2) the framework of in-
ductive databasedyecausehe constraintcanandshouldbe
interpretedas queriesin a molecularfragmentfinding lan-
guage,and, as discussedabore, 3) to molecularfragment
finding. We briefly review the key contributionsin thesedo-
mainsandrelateto relevantwork wherepossible.

With regardto 1) and 2) our work builds on that by [De
Raedt,2000; 1994, who presentsan integration of the ver
sion spaceand level-wise algorithms. However, we expand
our earliertheoreticalwork in variousrespects.Indeed,in
contrasto our earlierwork, we reporton animplementation,
experimentsthat show the validity of the framewnork andan

applicationin molecularfragmentfinding. Thus our work
provides— for thefirst time — evidencethatthe framework is
not only of theoreticalinterestbut also effective with regard
to applications.

With regardto 1), the presentedilgorithmprovidesa gen-
eralizedtheoreticaframeawork for datamining. Theresulting
framework extendsthe bordersin the levelwise techniques
sketchedby [Mannila and Toivonen, 1997, who link the
level-wisealgorithmto the S setof Mitchell’s versionspace
approachbut do not further exploit the versionspacemodel.
The experimentakvidenceindicateshatthis approactcould
form aviable extensionto the classicalevel-wisealgorithm.

Using two borders(i.e. the versionspacerepresentation)
to characterizeghe spaceof solutionsto inductive queriesis
alsodoneby [DongandLi, 1999. They usetheversionspace
representatioto searcHor emepging patternsEmewging pat-
ternsaredefinedasitemsetswhosesupportancreasesignif-
icantly from one dataseto another Suchpatternsare also
closelyrelatedto the significantfragmentsve discover using
the x? test. However, the primitive constraintswe support
seemto be differentfrom thoseby [DongandLi, 1999. To
computethe borders,Dong and Li do not employ the lev-
elwise algorithm. Instead,they rely on more efficient algo-
rithms suchasBayardos [1998] Max-Miner. In principle it
mustbe possibleto adaptthesemorerecentalgorithms[Ba-
yardo,1998;Gunopulosetal., 1997 to our framework too.

For what concerns2), our work canalsobe regardedasa
domainspecificinductive databasélimielinski and Mannila,
1996;Meoetal., 1999. As sketchedby [Hanetal., 1999,
inductive databasesallow the userto specify constraintson
the patternsof interest. Recently mary of theseconstraints
have beenconsideredn the datamining literature,cf. e.g.
[Ng et al., 1998; Han et al., 2000; 1999. In this context
however, the useof frequeng constraintson differentdata
setsseemaen.

Finally, let usalsonotethatthe presentedvork on discov-
eringmolecularstructuresandregularities(alsousingversion
spaces)s relatedto thewell-known Meta-Dendrakystemby
[BuchanarandMitchell, 197§.
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